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Abstract. Robust optimization is one of typical approaches to optimize a system with
incomplete information and considerable uncertainty. The standard robust optimization problem
minimizes maximum cost by focusing on the considerable worst case. In some application field, it
is certainly important to consider the worst case among all considerable cases, but this min-max
criterion tends to lead an overly conservative decision.

In this paper, we regard statistical learning problems as uncertain problems, and introduce
a risk measure known as the conditional value-at-risk (CVaR) in order to dissolve overly con-
servativeness of robust optimization and depresses influence of outliers or measurement error
which may be included in assumed uncertainty set. Monte Carlo sampling is applied to obtain
an optimal solution of CVaR robust problem approximately, and convergence property of the
solution is proved by using Vapnik and Chervonenkis theory. We point out that in the context
of machine learning, CVaR robust problem is identical to v-support vector classification or v-
support vector regression with apt uncertainty, and show that proposed approach is useful to
deal with measurement errors in observations.
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1 Introduction

Uncertainty is an inevitable feature of decision-making environments, and many researches have
been developed for optimization under uncertainty. There are two typical approaches to optimize
a system with incomplete information and considerable uncertainty: stochastic programming
(see, e.g. [14]) and robust optimization (see [3, 4, 9, 10, 16]). For an uncertain optimization
problem whose objective function includes uncertain data, standard stochastic programming
models assume that probability distributions governing the data are known or can be estimated,
and maximize the expectation of cost function including random variables. On the other hand,
robust optimization approach assumes that the uncertain data are known only within certain
bounds, which is called uncertainty set ¢/, and minimizes maximum cost by focusing on the

considerable worst case in U.

In some application fields such as typical technological process in chemical industry and
topology design of truss structures, it is important to consider the worst case among all consid-
erable ones, but the min-max criterion tends to lead an overly conservative solution. In fact,
tradeoff between the uncertainty set size and the level of conservativeness has been thoroughly
explored both empirically and theoretically. Ben-Tal & Nemirovski [2, 3, 4] and El-Ghaoui &
Lebret [9] proposed less conservative robust models by considering uncertain problems with el-
lipsoidal uncertainties. Also, Bertsimas & Sim [6] proposed to adjust the level of conservatism

of the robust solutions in terms of probabilistic bounds of constraint violations.

In this paper, we regard statistical learning problems as uncertain problems, and utilize
a popular risk measure in financial risk management, known as the conditional value-at-risk
(CVaR) introduced by [13], for addressing overly conservativeness of robust optimization. The
risk measure CVaR indicates the [-tail expectation of the cost function. Minimizing CVaR
regards worst 100 x (1 — 3)% cases in all considerable ones as the worst class, and provides
an optimal solution which minimizes the conditional expectation of costs in the worst class. In
other words, for any decision, we consider not only the worst case but the worst class including

the worst case. The corresponding CVaR robust problem has the following properties:

(i). CVaR robust problem connects stochastic programming problem, which minimizes the
expectation of cost function, and robust optimization problem by one parameter § €
(0,1). By adjusting (3 nicely, CVaR robust problem becomes sufficiently close to the robust
optimization and also, stochastic programming problem. Clearly, adjusting 8 implicitly
changes the level of conservatism of the robust solution, or the risk aversion of the decision
maker. When the best decision determined by the robust problem is too conservative,

CVaR robust problem with proper 3 is helpful.

(ii). The optimal decision induced from CVaR robust problem possibly depresses influence of
outliers or measurement error, and thus, fit statistical learning problems well compared to a

decision of robust optimization. CVaR robust problem may provide an appropriate decision



even if the underlying distribution function or uncertainty set ¢ includes some error, while
the decision of robust optimization entirely depends on the choice of uncertainty set U
and is greatly influenced by such error. The resulting CVaR robust problems induced
from statistical learning problems are almost identical to v-support vector classification

(v-SVC) and v-support vector regression (v-SVR) [15].

The problem of minimizing CVaR is a kind of stochastic programming and requires probability
distributions governing the uncertain data instead of uncertainty set &. However, we also assume
that uncertain data are within uncertainty set i/ in order to show the relationship between the

proposed problem and robust optimization.

CVaR risk measure has been recently used in both the robust optimization and stochastic
optimization communities. For instance, Nemirovski & Shapiro [12] use CVaR to evaluate
approximate solutions to chance-constrained problems. Recent work by Bertsimas & Brown
[5] utilizes CVaR risk measures as a means of constructing uncertainty sets ¢. In this paper,
we introduce CVaR risk measure to statistical learning problems in order to dissolve overly
conservativeness of robust optimization and depresses influence of outliers or measurement error
which may be included in assumed uncertainty set. Actually, we show empirically that CVaR

risk measure fit statistical learning problems well compared to the min-max criterion.

CVaR robust problem, whose CVaR risk measure is defined in the integral form, is difficult
to solve exactly when the uncertainty set U consists of infinite number of cases, while the CVaR
problem can be solved easily when the number of all considerable cases is finite, i.e., U consists of
finite scenarios. To deal with infinite I/, we generate samples w1, ..., uy, that is, N realizations
of the random vector u € U based on Monte Carlo sampling, and solve CVaR robust problem
approximately via empirical CVaR robust problem constructed from samples wq,...,uy. In
this paper, we discuss how large N is necessary to ensure that the gap between the optimal
value of CVaR robust problem and that of its empirical problem becomes sufficiently small with
high probability, differently from [8] and [18]. They estimated N for a more general uncertain
problem which includes uncertainty in constraints, so that the optimal solution of the sampled

problem is feasible to the original problem with high probability.

The rest of this paper is organized as follows. In Section 2 we describe uncertain problems
and then, introduce the definition of risk measures CVaR. Section 3 discusses CVaR robust
problems for two kinds of uncertainty sets: one is finite uncertainty set U and the other is
infinite uncertainty set . Section 4 provides the proof of the theorem related to convergence
property of empirical CVaR robust problems, presented in the previous section. In Section 5,
we apply our CVaR robust approach to statistical learning problems: linear classification and
linear regression problems. From numerical results, we see that CVaR robust problem pursues
two objectives by minimizing the conditional expectation of cost function while avoiding poor
performance for any considerable cases. Finally, we conclude the paper by adding some remarks

and a possible extension.



2 Preliminaries

2.1 Uncertain Problem

We consider an uncertain optimization problem whose objective function f(x,u) includes un-
certain data w, where @ = (x1,...,x,) is a decision variable vector in this problem. Feasible
set for « is denoted by X. The coefficient vector w = (uy,...,u,) of f(x,u) is unknown at
this present moment, but we know that w of a given uncertainty set U will be revealed in the
future. The usual robust optimization problem focuses on the worst case maxqyey f(x,u) and
minimizes maximum cost such as

1
R R .

Throughout this paper, we assume that the regions X of  and U of u are bounded. Also,

suppose that f(x,u) is convex in x and the feasible set X is convex.

When given uncertainty set U consists of finite elements, robust problem (1) can be solved
exactly by some existing convex optimization techniques. For an uncertainty set U generally
defined as some region (for example, a polytope defined by hyperplanes), however, the robust
problem (1) becomes difficult to be solved. Therefore, for robust optimization problems, several
kinds of uncertainty sets U are proposed in [4, 3, 10] so that the resulting problems (1) are
solvable. Here we consider robust optimization problem whose objective function is convex
quadratic such as f(z,u) := f(x,(Q, q,7)) = ' Qx+q x+~. For uncertain data (Q, q,~), [4]
assumed an uncertainty set L~lq shown below and proposed the robust problem called uncertain
QCQP problem, which is reduced to a semidefinite programming. Moreover, other kinds of
uncertainty sets such as polytopic uncertainty set L{ and norm-constrained uncertainty set L{

are discussed in [10]. These uncertainty sets L{p, U, and Ll are defined as follows.

e Polytopic uncertainty set [10] :

ap =1(Q.q,7) : Q.47 ;uﬂ Q;:4;:75) ’
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e Norm-constrained uncertainty set [10] :

l
Z;[vn = (Q’q7,}/) . (Q’q77) = (Q07q0770) + ;U](quﬁfyj) ’

Q;=0.j=0,1,....0, uclh
Up = {w:u>0, ul <1}

14
f@u) = (@ Qz+q] e +7)u + (@ Quz +aje+7), @€ X, ucl.
=1

e Quadratic uncertainty set [4] :

Y4 l
Q=(Ro+> uiR) (Ro+> R
j=1 j=1

_ : :
Z/{q = (Q’q77) : (q,’)/) — (quYO) + Zuj(q]'/}/j)

j=1

L u € U,
Uy = {u: ull <1}

¢ ¢
f(z,u) = Z (z' R} Rjz)u;uj + Z {mT(RgRj + R]-TRO):B + qum + 'Yj} u;j
ij=1 j=1
—i—(wTRgRow + qga: +%), x€ X, uecl,.

Our empirical CVaR robust problem, presented in Section 3, requires no particular assumption
on uncertainty set u , but if a suitable uncertainty set such as described above is provided, it
is possible to ensure the convergence of the empirical CVaR robust problem to CVaR robust

problem.

2.2 A Risk Measure: Conditional Value-at-Risk

For introducing a risk measure to be minimized, we regard w as a random vector, governed by
a probability measure on ¢/. The distribution function ®( - |x) of f(x,u) and a threshold ag(x)

with some confidence level § € (0, 1) are defined as follows:

P(afz) = Pr{ f(z,u) <a},
ag(x) :=min{a : ®(alx) > [}
We note that ag is well-defined because ®(« |x) is right continuous and non-decreasing with

respect to a. ag is known as the value-at-risk (VaR) in the context of financial risk management,
and it is expected that f exceeds ag only in (1 — ) x 100%.

Following the discussion of [13], we introduce the (-tail distribution function to focus on the
tail part of ®(«|x) as
0 for a < ag(x)
Cplafz):=q P(a|z)-p
1-p

for a > ag(x)
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Figure 1: Tllustration of the (-tail expectation ¢(x) of f for fixed x

Using the expectation operator Eg[-] under the §-tail distribution ®g, let us define the [(-tail
expectation of f by

¢p(z) = Eg[ f(z,u)], (2)
which is the risk measure known as the conditional value-at-risk (CVaR). Denoting the expec-

tation under the original distribution ® by E[], the following relation shown in [13]:

ag(e) < E[f(@,u)| f(z,u) > as(x)] < ¢s(x) < E[f(z,u)|f(z,u) > as(@)]

implies that ¢g is approximately equal to the conditional expectation of f which exceeds the

threshold ag with fixed variables .

To minimize ¢g(x), [13] introduces a simpler auxiliary function Fz: R"*1 — R, defined by
Fa(x,a) == a+ ﬁE [[f(m,u) — a]"’] )
where [X]1 := max{X, 0}, and confirms the formula
¢p(x) = min Fy(z, o).
This equality provides a shortcut to minimizing ¢g(x) as

| . ;
pindol@) = min (@), )

that is, the minimal value ¢g(x) and an optimal solution can be achieved by minimizing Fj(x, a)
with respect to € X and « € R simultaneously. Furthermore, it is shown in [13] that, with an
optimal solution (x*, a*) of the right-hand side optimization problem, a* is almost (or sometimes

exactly) equal to ag(x*).

It should be noted that the optimal value of (3), i.e., min g o)e x x r F5(, @) is non-decreasing
with respect to 8. Let its optimal solution be (wg, 042). For arbitrary (Z,a) and 0 < 81 < (2 < 1,
we have Fj (Z,&) < Fp,(,@). Therefore, we see that

min  Fg (z,a) = Fg (x} ,a% ) < Fg (x5, a%) < Fg,(x5,,05 )= min Fg(z,«
(:B,a)EXXR /81( ) /81( ,31 ,31)— ﬁl( ﬁg ,32)— 52( 52 ,32) (m,a)GXXR 52( )



which prove the non-decreasingness of min (g oyexxr F3(, @) with respect to 3.

The following proposition, which is a part of Proposition 8 of [13], evaluates the VaR for the
extreme case where discreteness of probability distribution rules entirely, as in scenario-based

optimization under uncertainty.

Proposition 2.1 (VaR for scenario models) : Suppose the probability measure is concen-
trated in finitely many points ui,...,uy of U. Fizing x, let those corresponding values be or-
dered as f(x,u1) < ... < f(x,un), with the probability of f(x,uy) being pr > 0. Let kg be the
unique index such that ZZil pr > B> lei_llpk. Then, the VaR is given by ag(x) = f(x, uk,).

3 CVaR Robust Optimization Problem
3.1 Finite Uncertainty Set U/

We consider an uncertainty set &/ which consists of a finite number of elements such as U =
{u1,...,un}. The elements uq,...,uy are regarded as scenarios for uncertain data, and as-
sumed to have the same occurrence probability. CVaR robust problem minimizes the (-tail
expectation of f(x,u) over 100 x (1 — )% worst cases, that is, f(x,u) > ag(x). This problem

is described as

. 1 N A
A28, O gy 2 ) ol @

which can be transformed into the problem:

s.t. zi > f(eyu) —a, i=1,...,N
z>0, e X.

This problem is solvable since X is convex and f(x,u) is convex in .

We explore the relation between CVaR robust problem (4) and the usual robust problem (1)
which minimizes the worst case among u € U. The following theorem implies that the min-max
robust optimization problem (1) is a special case of the proposed problem (4) with 5 € (1— %, 1)
and we can say that (4) is a general robust optimization problem with a parameter 8 € (0,1)

which corresponds to confidence level of the conditional value-at-risk measure.

Theorem 3.1. When [ is sufficiently close to 1, concretely, 1 — % < B <1, (4) is equivalent

to (1).



Proof: Fixing € X, let an optimal solution of max;—1 . n f(x,u;) be uy+, where k* may
depend on . Proposition 2.1 shows that if the probability of the worst scenario ui« € U is
greater than 1 — (3, then ¢g(x) = f(x, uy+) holds for any © € X. Therefore, under uniform
distribution,

min ¢p(z) = min max f(z, u;)

holdsforl—%<6<1. ]

From the above theorem and the property that the optimal value of (3) is non-decreasing

with respect to (3, we see that the optimal value of (4) with parameter # < 1 is less than that
of (1), i.e.,

1
2T AN D (@ w) — ol < min mox f(w,u).

As ( decreases from 1 to 0, the optimal value of (4) decreases. This implies that when the best
decision determined by the robust problem is too conservative, the conservativeness is eased by

CVaR robust problem with appropriate parameter § < 1.

Theorem 3.2. When (3 is sufficiently close to 0, (4) corresponds to a scenario-based one-stage

stochastic programming problem, minge x % Zf\il flx,u;).

Proof:  From Proposition 2.1, we see that ag(x) = min,—,__n f(x,u;) holds for 3 satisfying
0<p< % Therefore, the objective function of (4) is replaced by

i_rlnian(mvul N Z < 4y uZ . mlan(mvuZ)> )

=1,.. =

)

and CVaR robust problem (4) converge to mingex % Zfil flx,u;) as §— 0. g

3.2 Infinite Uncertainty Set U/

Supposing that U is a bounded Lebesgue measurable set with positive volume, we provide a

probability density function g(u) over U and consider CVaR robust problem:

1
min Fg(xz,a) = a+—E (x,u) — q]

e
(P) reX,a

()

_ _t a1t
= a+1—ﬂ/ueu z,u) — o] g(u)du.

It is difficult to solve the problem (5) with a generally defined uncertainty set U, and thus, by

using a finite set Uy = {u1,...,un} C U which consists of independently and identically

distributed random samples on U and replacing the integral with empirical mean, one has

N
(Px) | guin, Fyla.0) = o+ g > )~ (6)



Furthermore, the empirical CVaR robust problem (Py) can be transformed into

1 N
B ot TN
st.  z > fle,u) —a, i=1,...,N
z>0, € X.

Note that (Py) is solvable since X is convex and f(x,u) is convex in . When the number of
samples is sufficiently large, (Py) would be a nice approximation for (P) while computational

tasks increase.

To elucidate the convergence property of (Py), we need some results in the field of machine
learning [19]. The assertion related to convergence properties of (Py) is stated below without
proof. The proof of Theorem 3.3 is provided in Section 4, together with brief reference to
Vapnik-Chervonenkis (VC) dimension h.

Theorem 3.3. Suppose that |f(x,u)| < M for any x € X and w € U, and the VC dimension

h of function set

.@:{a+T%#ﬂ%q—M#u—wmxexﬂepﬂmM@ (7)

is finite. Then, inequality

in F, — min F < E3(N
IBHEl;ga ﬁ(ﬂ?,a) IBrél_%?a Ig(ﬂ?,OJ) _5,3( 777)

holds with probability at least 1 —n, where

2M (3 — B) \/hlog ON + h — hlog h — log(n/4)

1
e + 2. (8)

N,n) =

Corollary 3.4. Suppose that the VC dimension of Fg is finite. For any € > 0, the optimal

>€}:0.

value of (Py) converges to that of (P) in probability, i.e.,

in F ~ min F,
IBHEl_%ga ﬁ(w7a) ZDrél_%}a 13(:]2,04)

lim Pr {

N—oo

Now we show the relation between the usual robust problem (1) and the proposed CVaR

robust problem (5) (or the empirical approximation (6)).

Theorem 3.5. For an arbitrary 3 € (0,1), the optimal values of (5) and (6) are less than that
of (1).



Figure 2: The constraint on o and the uncertainty set ¢ in Example 3.6.

Proof: ~ The definition of ¢g(x), presented in (2), implies ¢g(x) < maxycy f(x,u) for any

B € (0,1). Denoting an optimal solution of mingecx maxqyecy f(x,u) as *, we have

- o _ “ < PN '
Join Fs(@,0) = min ¢5(z) < d(2”) < max f(2, u) = min max f(z, u)

Likewise, we have

2, Folem o) < (e < Jag J(@w) <y w0 = gy o)

Above inequalities prove this theorem.

It is likely that the optimal value of CVaR robust problem (5) converges to that of the robust

problem (1) as [ converges to one. We show a simple example in which it is the case.

Example 3.6. Let X and U be

X = {(21,22) € R? | 1 — 2 = 1,1 > 0,22 < 0},

U= {(U1>U2) € R? | Ul +ug = 1,u1 > 0,us ZO}

The objective function f(x,wu) is defined as f(x,u) = x1u; + z2uz. The constraint X and the

uncertainty set U are depicted in Figure 2.

For any © = (x1,22) € X, 1 > x2 holds, and then, one has x5 < f(xz,u) < x1,Vu € U.
Thus the optimal value of robust problem for f(x,u) is equal to zero because
i = mi -1 -0=0.
iy /(o) = iy L0 =0
We suppose that uniform distribution is defined on . By referring Figure 2, we find that the
distribution function of f(x,u) for fixed € X is given as
f(z,u) To } z z T — T2
Pr{ < +rzp=—= , 0<z<8 ——7+—
lzlla — llzll2 L (21 —x2)/|zl2 [l
—=Pr{f(z,u) <z + P21 —22)} =, 0<B<1L




st total : 1 — 3 + 55(N, n

LA : R
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.

. e . <= Variance : E3(N,n)

.....
......
......
_______

Figure 3: Upper bound of mingex maxyey f(x, w) — mingex o F3(x, a) and minimizer of the
bound, 8*, are depicted.

Hence, the value-at-risk of f(x,u) is equal to ag(x) = x2 + S(z1 — x2) = 21 + § — 1, and the
inequality
-1< < <
f—1<ag(x) < dp(x) < max f(z, u)

holds for an arbitrary & € X, and then, one has

f—1< minag(x) < min ¢5(z) < min max f(z,u) =0.

Consequently, mingex o F(x, a) converges to mingex maxycy f(x,u) as § — 1, that is,

b i o) — _
O G, TR o) = iy g ) =0

holds in this example. Moreover, the difference between the optimal value of robust problem
and that of empirical CVaR problem is upper bounded in probability at least 1 — n as follows,
B () e, )

{ iy page f (w) = min Fp(w, @)} +{ min Fo(@,0) = min Fy(,0)}

since mingey maxyey f(x,u) = 0 and f — 1 < mingex,o Fp(x,a) = mingex ¢g(x). Note
that M in £3(N,n) is equal to 1, and VC dimension h is at most 3 (cf. Example 4.2). In
the machine learning literature, first term, 1 — 3, in the upper bound is regarded as bias and
second term, £g(N,n), is deemed to be variance. As shown in Figure 3, an optimal solution 5*,
which minimize the difference mingex maxyey f(x,w) — mingex,o Fp(x, o), is determined by
trade-off between bias and variance. The strategy for selecting 3 is similar to the structural risk
minimization principle [19]. When n = 1/N, the upper bound 1 — 3+ £3(N,1/N) converges to
zero by putting 1 — 3 = O((log N/N)*/*) and the optimal value of ﬁﬁ(:c, u) converges to that
of the robust problem in probability.

10



4 Convergence Property for Empirical Problem

4.1 Proof of Theorem 3.3

To ensure the convergence property of (Py), we need fundamental results in the field of machine

learning [19]. Let us define

lg(u;x, ) ==+ ﬁ[f(m,u) —a]t,
then, the auxiliary function Fj and its empirical approximation ﬁﬁ are respectively given as
Fs(x,a) = E[lg(u;z,a)], and ﬁg(w,a) = %Zi\il lg(u;;x, o). For each (x,a), ﬁg(w,a) con-
verges to Fg(x,«) in probability as N — oo by the law of large numbers. However, it is rather
nontrivial whether the optimal value of (Py) converges to that of (P) because generally an op-
timal solution of (P) is different from that of (Py). Hence, instead of the law of large numbers,

we apply the uniform law of large numbers to prove convergence properties of (Py).

Theorem of the uniform law of large numbers [19] requires the condition that ig(u; x, «) is
bounded for any  and o. When an upper bound of | f(z, w)| is estimated such as |f(x,u)| < M
for & € X and u € U, then, that of |l3(u; x, )| is also estimated with M. Recall that an optimal
solution of (P) and that of (Py) have the form of (x*, ag(x*)), and clearly ag(x*) is bounded
in the interval [—M, M] regardless of distribution on uncertainty set. Thus, boundedness of

|lg(u; x, )| is derived as follows:

1
llg(w;, )| <ol + m”f(%u) — o]
1
< laf + m\f(%u) —a
2M
<M+ m
~ M@B-p)
1-p

Let F3 be function set defined as (7), that is,
Fs={lg(-;z,0) : U - R|xe X aec|[-M M|},

then, direct application of uniform law of large numbers leads to Theorem 4.1. In the theo-
rem, combinatorial complexity of F3 called VC dimension governs the worst-case convergence

property of empirical means.

Theorem 4.1 (uniform law of large numbers [19]) : Let h be the VC dimension of Fg,

11



then, one has inequality,

N
1
Pr sup ‘— lg(u;x, ) — Ellg(u; x,a)]| > €
{weX,ae[—M,M] N; ’ g
2
log 2N —hl 1 1
<dexp hlog2N + h — hlogh 2<6__> ey

N <2M(3—,8)> N

for arbitrary N such as 2N > h.

The statement of Theorem 4.1 is rephrased as follows: fixing n € (0, 1), with probability at least
1 — 7, inequality

< &(N,n) (9)

1 N
‘N Zlﬁ(u’i; Z, Oé) - E[lﬂ(u’ z, Oé)]
i=1

holds for any = € X and a € [-M, M], where £3(N,n) is defined as (8). Note that the bound
E3(N,n) does not depend on probability distribution on ¢/. That is, the bound is valid for any

distribution on U.

Uniform law of large numbers assures the uniform convergence of empirical means:

N
1
sup — lg(u;; ¢, ) — Ellg(u; x,
L N; 5( ) -~ Ells(u; 2, a))
= sup | F(z, ) — Fy(z,a)| — 0 (N — o0),

TeX,oc[—M,M)
if the VC dimension of Fj is finite.

Now we are ready to prove Theorem 3.3, which evaluates the difference between the optimal
value of (P) and that of (Py).

Proof of Theorem 3.3: We denote an optimal solution of (Py) by (Zxy,ay) and
that of (P) by (x*,a*). Note that Fz(x*,a*) < Fg(Zn,an) and ﬁg(ﬁ:N,&N) < ﬁg(a:*,a*)
hold. In addition, (9) ensures that inequalities —Eg(N,n) < ﬁg(i’N,@N) — Fz(xn, ) and
ﬁﬁ(a:*, o) —Fg(x*, o) < E3(N,n) hold simultaneously with probability at least 1 —7. Hence,

one has
~E3(N,n) < Fy(n, ay) — F3(Zn, an)
< Fy(@n, an) — Fy(@n, an) + Fs(@n, an) — Fy(a®,a")
— Fa(@n,an) — Fa(a*, o)
< Fy(zy,an) — Fy(a*, o) + Fa(z*,a") — Fs(ay, an)
= Fy(a",a") - Fs(a",a")
< &3(N,m),

12
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Figure 4: Three points can be separated into two classes in all 2% possible ways using affine
functions, but not four: The points w9, us3 cannot be separated by a line from the vectors
Ui, Uy.

with probability at least 1 — 7, and then,

in I — min F, < E5(N
i 5(x, a) S B, a)| < E(N,n)

is proved.

4.2 Estimate of VC dimension and Upper Bound for |f(x,u)|

Theorem 3.3 requires finite VC dimension h of 3 and an estimate of upper bound M satisfying
|f(x,u)] < M for any x € X and v € Y. VC dimension is a key concept for the uniform
convergence of empirical means. For the detailed definition of VC dimension, one can refer [19].

Here, we show some examples to illustrate the definition of VC dimension.

Example 4.2. (VC dimension for set of affine functions): Let [(u;~) be affine function
such as [(u;y) = Yo + y1u1 + Yous, where u = (ug,us) € R%, and F be F = {l(u;7) | v =
(70,71,72) € R3} which consists of all affine functions on R?. For any v € R3, I(u,7y) >

0 or l(u,v) < 0 holds, and we denote I{(u,y) > 0 by '+’ and Il(u,y) < 0 by '—’. Let
{u1,us,u3} be a set of three points in R?, then there are eight possible ways for signs of
{l(ub7)7““277)7““37’7)}7 that iS, {+a =+, +}7 {_7 +, +}> s 7{_) R _}' We can find three fixed

points in R? such that all these combinations occur by varying parameter . However, there does
not exist four points set {w1, w2, uz, us} in R? such that all 2* possible ways, {4+, +, 4+, +},...,{—, —, —, =},
occur. Consequently, we find that VC dimension of F is equal to three. This is the maximum

cardinality of subset in R? such that all possible combinations of signs occur (see Figure 4).

Example 4.3. (VC dimension for set of polynomial functions [18]): Let I(u;~y) be
polynomial function on R™ whose degree is at most two and let F be a subset of polynomials

2
on R™ up to degree two. Then, the VC dimension of F is less than or equal to @
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There are various kinds of objective functions f(x,u) and uncertainty sets U such that a finite
upper bound M for |f(x,u)| and finite VC dimension h are available. Here, for quadratic objec-
tive functions f(x,u) = ' Qx + q' x + v and the uncertainty sets U described in Section 2.1,
we have actually evaluated upper bounds M and VC dimension h. Let r, be sufficiently large

number so that maxgex ||| < r, holds, and 0,4, (Q) be the maximum eigenvalue of matrix

Q.
e Polytopic uncertainty set :

l
My = /1 Omar( Q)12 + lig; e + )2,
hy < (+1.

e Norm-constrained uncertainty set :

My = /S (Omae(@)r2 + 1 ll7a + )2 + Tmaa( Q)72 + [l + 0,
hy, < /¢+1.

e Quadratic uncertainty set :

l ¢
My = r20ma(S L RTR) + /S (Omae (B Ry + B] Ro)r2 + g1 +7)?
+‘7maz(R(—)rR0)Tg2g + llgollrz + Yo,
hy < (m+1)%/2.
We show the computation of M only for norm-constrained uncertainty set and similar discussion
holds for other sets. we have
T T
max x Qxr+q =+
' Qx+q{xz+m
< nmax +mgx{mTQ0w+qgm+’yo}
' Qux+q) T+

l
< i Omaa( @) + e+ 19)? + O (Q0)rE + ol + 0 = M

In empirical CVaR robust problem, it is possible to assume any kind of uncertainty set
U. Convergence property of empirical CVaR robust problem is ensured under boundedness
of f(x,u) and finiteness of VC dimension. These conditions are enough general to deal with
practical problems, while uncertainty set of robust problems should be well-structured, such as

polytopic, norm-constrained, or quadratic uncertainty set.

5 Applications to Statistical Learning Problems
5.1 Linear Classification

In this section we consider CVaR robust problem with finite uncertainty set for binary classifi-

cation problem. We suppose that a set of training data x; € R™ which are labeled with binary

14



values y; € {1} fori=1,...,N:

(wlayl)a sy (:DNayN) € R" x {i1}7

is provided. The binary classification problem seeks to find a decision function g : R™ — {£1}
using these training data so that g will predict as accurately as possible the labels of new data

points, which are generated from the same probability distribution with training data.

If given set of training data is linearly separable, i.e., there exists (w, b) such that w # 0 and
yi({w,x;) +b) > 0 hold for i = 1,..., N, the hard margin support vector classification (HSVC)
[19] provides a most reasonable decision function g = sign({(w*, x) + b*), where (w*,b*) is an

optimal solution of

(HSVC) max min
w#0pi=1,...N [|w]|

and sign(€) is a function such that sign(§) =1 if £ > 0 and —1, otherwise. (HSVC) is actually

transformed to the equivalent problem

1 .
Hul}lbliH’wW st yi ((w,z)+b)>1, i=1,...,N

and solved as an convex quadratic program. It should be noted that %

with the Euclidean distance from x; to the hyperplane (w,xz) + b = 0. When we regard

coincides

U = {(x1,y1),...,(xn,yn)} as an uncertainty set which consists of finite elements, (HSVC)

corresponds to the robust optimization problem (1).

Recently, [11] proposed conditional geometric score optimization problem based on CVaR
risk measure:

. 1 KT yi((wz)+b) 17
(CGS) | min a+m;[— ol —al (10)

w+#0,b,a

not only for linearly separable but for non-separable training data set. Its numerical results
imply the advantages of (CGS) over other kinds of linear classification such as v-support vector
classification (v-SVC) [15] and robust linear programming approach [1]. (CGS) corresponds to
CVaR robust problem (4) with a finite set & while (HSVC) does to the usual robust problem
(1).

For linearly non-separable training data set, the optimal value of (HSVC) becomes negative
and hence, (HSVC) is reduced to a difficult nonconvex problem. Similarly, for the same data
set, (CGS) is transformed to a nonconvex optimization problem when the parameter 3 of (CGS)
exceeds some level and its optimal value becomes positive. Hence, from a local optimum solution
(wp, by,) of (HSVC) and (we, b.) of (CGS), we construct hyperplanes f;(x) = (wp, ) + by, and
fe(x) = (we, ) + b, respectively, and compare training error and test error rates between these
two problems. A local optimum solution (wp, by) of (HSVC) is actually obtained by (CGS) with

parameter § > 1 — % according to Theorem 3.1. For an local optimization algorithm to solve

(CGS), see [11].
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Figure 5: Training error and test error rates over DIABETES dataset.

To show potential superiority of our CVaR robust problem (CGS) over (HSVC), we per-
formed ten-fold cross-validation for DIABETES dataset obtained from the UCI repository of
machine learning databases [7]. We separate data into two groups: training data set and test
data set. (HSVC) and (CGS) are formulated from training data and their decision function
g = sign((w, x) + b) are tested over test data set. Figure 5 shows training error and test error
rates obtained by (CGS) for N7 = 691 training data set and No = 77 test data set, respectively.
For 8 > 0.47, those error rates are measured with a local optimal solution of (CGS), while
numerical results of [11] shows that minimum error rate can be achieved at § = 0.51. Also, we
see that (HSVC) corresponds to (CGS) with > 0.999 = 1 — N% for training data. Figure 5
(right) implies that the prediction via the optimal solution of the robust problem does not hit
right very often, compared with that of CVaR robust problem with G = 0.5.

5.2 Linear Regression

In linear regression problems, the main issue is to estimate linear function of input vector x,
flxz;w,b) = (x,w)+b, x,weR" bER, (11)

that best approximates response values. Selection of desired function is based on a training
set of m independent and identically distributed training data, (x1,91),.-., (€m,Ym), drawn

according to a probability distribution, where y; € R,i = 1,..., m denote response values.

Least square estimator is commonly used to estimate parameters w and b. It is often pointed
out that a few number of outliers, which are far away from the bulk of observations, seriously
degrade the accuracy of least square estimator. However, even if gross error occurs in response

values, L1 estimator defined as an optimal solution of

1
min — 3 [y — f(asw, b)),



depresses influence of outliers. Square regularization term is often added to objective functions

such as
. C 2
min — Y |y — f(zi;w,b)| + —IIwH (12)

where smoothing parameter C' is a constant that adjusts effect of regularization. It has been
clarified from experimental and theoretical viewpoints that square regularization term raises

generalization ability by avoiding over-fitting to training data.

When training data is contaminated and the uncertainty of observation is represented by U,

min-max estimator defined as an optimal solution of

C b —_ 2 13
rqnvnbl (:gly%éu ly — f(x;w,b)| + HwH (13)

is expected to provide conservative estimation results according to robust optimization principle.

In the following, we study CVaR robust problems derived from the min-max estimation (13)
with apt uncertainty set. Both finite and infinite uncertainty set are considered. Average error

and worst case error are computed to evaluate statistical stability of the estimated function (11).

5.2.1 Finite Uncertainty Set

First, function estimation under finite uncertainty set is studied. Here, uncertainty is defined as
a set of training data, U = {(x1,91),. .., (Tm,ym)}. Robust optimization with square regular-
ization term is the form of

Lo
I’lnunl}z maXmC‘yz <w7 x;) — bl + 5”“’” ) (14)

and then, for uniform distribution on &, CVaR problem is given as

m
1
in C - — b —a]" + < |w|? 15
B0+ (7= g ol — () =0 =l gl (15)
where maximum residual is replaced by mean value of 100 x (1 — 3)% largest residuals. Note
that for 8 = 0, CVaR problem is identical to L; estimator with square regularization term as
shown in Theorem 3.2. That is, CVaR problem connects L; estimation problem and robust

optimization problem by one parameter 3.

CVaR problem (15) is identical to v-support vector regression (v-SVR) [15] with v =1 —
and smoothing parameter %, and Scholkoph, et al., have proved that local movements of outliers
do not influence solution of (15), where outlier denotes a sample that has worst 100 x (1 — 3)%
error in whole samples. According to Theorem 3.1, when ratio of outliers in U is more than
1/m, robust optimization problem (14) would provide an unstable solution, though the optimal

solution is stable under less than 1/m outlier ratio. To deal with more than 100 x (1 — 3)%
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outliers in observations, CVaR problem (15) is useful and will provides accurate prediction to

typical observations, not to worse-case observations.

In numerical experiments, we study accuracy of estimated function (11) based on observation
set U. Worst case error and average error are computed to evaluated the accuracy. Robust
optimization will provide an optimal solution that has the smallest worst-case error, but may
have large average error. On the other hand, an solution of CVaR problem is expected to have

small average error.

In the following numerical experiments, input vectors @1, ..., ,, in observations are indepen-
dent and identically distributed from uniform distribution on [—5,5]", where vector dimension
is n = 3 and sample size is m = 20. Response values are prepared as y; = (w*, @;) + b* + ¢;
for w* = (1,1,1) and b* = 1, where noise terms ¢;,5 = 1,..., m are independently generated
from nominal distribution with mean 0. Almost all noise terms have small variance, 1.0, and
a sample (x,y) = (0,5) is mixed with set of observations as an outlier. Objective functions in
robust problem and CVaR problem have smoothing parameter C, and in experiments, C is fixed
to 10 x m. Estimation accuracy of solution (w,b) is evaluated in two ways: one is the worst-case
error, max; |y; — (w,x;) — b|, and the other is average error, = 3> |y; — (w, ;) — b|. Here,
the observation set, U, is also used to evaluate estimation accuracy. 100 sets of observations are
generated with different random seed, and mean values of average errors and worst case errors

are computed over these 100 sets.

For each 3, mean values of worst case errors and average errors are plotted with error bars
in Figure 6. Note that robust optimization problem corresponds to CVaR problem with 3 such
as 1 — % < B < 1, and Ly estimation does to CVaR problem with 3 = 0. Robust solutions
minimize worst case errors as expected, while in average error, CVaR solutions are fairly better
than robust solutions. That is, an outlier, (x,y) = (0,5), significantly affects robust solutions
and degrades estimation accuracy to the other typical observations. On the other hand, L
estimation minimizes average error, but takes relatively large worst case error in comparison

with CVaR problem with § > 0.

5.2.2 Infinite Uncertainty Set

Infinite uncertainty set is useful to deal with measurement error. L estimator depresses influence
of outliers in response y as stated before. In addition to outliers in response values, measurement

error may mislead conclusions for inference. Typical form of measurement error is given as

(-
Yy Y;

where measurement error, @, is n + 1 dimensional vector and (z{,y;) is i-th nominal data. If

there is not measurement error, observation (x, y) is identical to nominal data (x7,y;). Suppose
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Figure 6: Worst case error and average error with error bars under finite uncertainty set.

that (x,y) € U, where U is a compact set in R"*! defined as

~ €T x°
7= <w,y>' — (™) + Do, Jul <1, we R
Yy Yi
Matrices D; € R"HXE are given as D; = [d;1,...,d;y], and specify directions of measurement

errors. Thus, robust problem under infinite uncertainty set U is constructed as

min max Cly — (w,z) — b| + —||w||2
Wb (x,y)eu
and one can reformulate it as a second-order cone programming problem using the technique of

[3].

For CVaR problem, let us define probability density p on U as

_1

m

7y) € ul)a

M=

Vol

=1

where 1(+) is indicator function, and Vol(i/) indicates the volume of a set ¢. That is, nominal
data (x7,y?) is uniformly chosen from {(x%,v}),..., (x5, vyr,)}, and then, observation (x,y) is

generated uniformly from Z/le CVaR problem under uncertainty set U is given as

C 1 2
11(1)1})1;C’a+1—E{ ly — w,m)—b|—a]+}+§”wu ) (17)

and empirical approximation of expectation is constructed as

1
£120a+mﬁz ly; — (w, x;) — b —a]++§H'wH2, (18)

where (x;,y;),i = 1,..., N are independently and identically distributed from the probability
p(x,y).
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Figure 7: Left figure: Optimal value of empirical approximation of CVaR problem with 90%
confidence interval. Right figure: width of 90% confidence interval for optimal value.

In Theorem 3.3, we have proved that optimal value of empirical approximation (18) converges
to that of CVaR problem (17). Convergence in probability is confirmed by a simple numerical
experiments as follows. Input vectors of nominal data (x7, y5) are randomly chosen from [—5, 5]",

where n = 3 and m = 20, and response values are prepared as
y; = (w,x;) + 0" +¢€, i=1,...,20, (19)

for w* = (1,1,1) and b* = 1. The noise term ¢; is according to nominal distribution with mean
0 and variance 0.5%, i.e. N(0,0.52). All components of perturbation matrices, D;, are extracted
uniformly from [—1,1]. To compute the distribution of optimal value (18), 100 sets of samples

on U are generated by different random seeds.

For each (3, optimal values of (18) with C' =1 x m = 20 are plotted in Figure 7. In Figure
7 (left), optimal values seem to distribute around a constant value for each 3. On the other
hand, width of confidence interval for empirical CVaR problem decreases as IN increases, as
shown in Figure 7(right). Consequently, numerical experiments indicate that optimal value of
(18) converges to a constant value. Moreover, optimal value increases as 3 — 1. In Section 2,
we have proved that optimal value of CVaR problem is non-decreasing function with respect to
(G, and this is the case even for empirical approximation of CVaR problem. In our experiments,

this property is confirmed.

We have also provided the convergence rate of optimal value, £3(N,7), which is increasing
function with respect to 5. Applying statistical curve fitting technique to our numerical results,
we find that the width of confidence interval approximately decreases in the order of O(ﬁ)
which is almost same as the order of £3(N,n). We also find that width of confidence interval
increases as [ increases. This is also similar to the property of £3(IN,7), which is increasing

function with respect to (.

Next experiments illustrate that CVaR robust problems provide accurate estimation results

in the sense of average error, compared with robust problems under infinite uncertainty set U.
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Input vectors of nominal data are uniformly distributed on [-5,5]> € R?® and corresponding
response values y7,7 = 1,...,m are prepared by (19), where m = 20 and €,7 = 1,...,m
are independently distributed according to N(0,22). Matrices D; for uncertainty set U are all

identical and proportional to identity matrix I.

Integration is involved in exact CVaR problem (17), and is approximated by empirical mean
such as (18). In our experiments, 100 samples are uniformly distributed on Z/le for each ¢ =
1,...,m, and then, total number of samples, N, is equal to 100 x m = 2000. Solution (w,,b,) of
robust problem and (w., b.) of empirical CVaR problem are computed with smoothing parameter
C =1 xm = 20, and estimation accuracy of parameter (w,b) under uncertainty is evaluated
by worst case error,

max |y - <’ll), w> - b|7
(xy)eu

and approximated average error,

Elly — (w,z) - bl] =

3=

=1

1 1000
—0 Z ‘yzk w mzk> b|

I
S|~
Ms

=1

where samples, (Z;, Uir), k = 1,...,1000, are uniformly distributed on LN{Z For fixed uncertainty
set U, we repeated experiments 100 times with different random seeds for scenario sampling in
empirical CVaR problem (18).

Figures 8, 9, and 10 show average error and worst case error with error bar. For each figure,
uncertainty set is defined by D; = 21, D; = 31, and D; = 51, respectively. Estimation error of

“nominal” defined as an optimal solution of

= Y —b 2
I{lvublmZIyz |+ = H'wH

is also depicted in these figures. Note that nominal solution does not take into account mea-

surement error represented by the uncertainty set U.

Solutions of robust problem minimize worst case error in any experiments for a certainty.
We also find that when 3 comes close to 1, both average error and worst case error for empirical
CVaR problem tend to converge to those for robust problem, as illustrated in Example 3.6.
For D; = 2I (Figure 8), nominal problem provides smaller average error than empirical CVaR
problem with 8 > 0.7 and robust problem because relatively small measurement error does not
causes significant loss of information. As measurement error becomes larger, the estimation
via empirical CVaR problem outperforms the other competitors in the sense of average error.
Our experimental results indicate that empirical CVaR problem provides fairly good estimation
results in comparison with robust problem on average, especially when measurement error, w,

causes information loss for estimated function more than noise term e.
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Figure 8: Estimation error plots of optimal solutions for robust problem, nominal problem, and
empirical CVaR problem with D; = 21,7 = 1,...,m. Left figure: average error. Right figure:
worst case error.

6 Conclusions

We applied a robust optimization approach based on conditional value-at-risk measure to sta-
tistical learning problems whose objective functions include uncertain data. The CVaR robust
problem includes one parameter § € (0,1), and minimizes expected value of costs in the worst
class defined by f-quantile point (VaR) while the usual robust optimization minimizes cost in
the worst case. When ( is close to 1, CVaR robust problem is almost same as usual robust
problem, and as 3 is far from 1, CVaR robust problem becomes more interested in the objective
of minimizing average cost than the objective of minimizing maximum cost. Therefore, when
the best decision determined by robust problem is too conservative, the conservativeness is eased

by CVaR robust problem with appropriate parameter 3 < 1.

Throughout numerical experiments, we confirmed that CVaR robust problem dissolves overly
conservativeness of robust optimization and depresses influence of outliers or measurement error
which may be included in assumed uncertainty set. Furthermore, it is shown that CVaR robust
approach is effective for linear classification problem and linear regression problem, which are
studied frequently in the field of machine learning. CVaR robust problems are closely related to
statistical learning models: »-SVC and v-SVR.

One of interesting research directions is to develop applications of CVaR robust optimization
technique to more wide range of statistical learning. Also, it might be possible to solve CVaR
robust problem parametrically by changing parameter § or provide some appropriate strategy

for the selection of .
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Figure 9: Estimation error plots with D; =31, =1,...,m.
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Figure 10: Estimation error plots with D; =5I,:=1,...,m.
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