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Abstract.
In this report we treat nonlinear programs Pro(f, h; K') having an objective function f, a
finite number of equality constraints h(x) = (hi(x),- - -, he(x)) = 0, and an abstract convex

constraint @ € K with its convex set K. Our particular interest is an algebraic criterion for
a locally isolated stationary solution to be strong stable, in the sense of Kojima, under a
Linear Independence Constraint Qualification condition defined to those programs. First,
we introduce a simple sufficient condition for semismoothness of the Euclidean projector pj.
onto K. Semismoothness of the Euclidean projectors onto closed convex cones pointed at
0 follows directly from this sufficiency. Secondly, under the condition of semismoothness of
pj and what we call the regular boundary condition for K, we characterize strong stability
of a locally isolated stationary solution &*, with (&, \) its associate stationary point, in
terms of B-subderivative Oz (&, \; f, h) of some appropriately defined map 1 (x, \; f, h) for
programs Pro(f, h; K). This result is a generalization of the theory that Kojima developed
in his famous paper. Thirdly, we state an explicit formula for the Jacobian of the Euclidean
projector onto any closed convex set satisfying the C? stratification, and interpret the regular
boundary condition in terms of principal curvatures of the stratum.
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1 Introduction.

Through this study, we investigate strong stability of a locally isolated stationary solution
of the following nonlinear programs with a finite number of equality constraints and an
abstract convex constraint « € K, which we refer to as NPAC:

minimize  f(x)
Pro(f, h; K) subject to x € K ,

where K is a closed convex set in R" and f, h; (i = 1,---,¢) are C? functions on R".
Then, & € K is called a stationary solution of program Pro(f, h; K) if both —D, f(Z) €
RD h(Z) + ox(x)" and hi(x) = 0 (i = 1,---,¢) hold. Here, D, f(z) (resp. D,h;(x))
denotes the Jacobian of f (resp. h;) at &, RD,h(Z) denotes the affine space spanned by
{D,hi(x) : i =1,--- £}, og(x) is the normal cone of K at &, and ox(x)" denotes the
transpose of ox (&), i.e., ox ()" = {w : w' € ox(x)}. The stationary solution Z is de-
fined to be strongly stable if there exist ¢ > 0 such that, for any small perturbation (f’, ')
of (f,h), there exists a unique stationary solution @(f’,h’) of Pro(f’,h'; K) that satisfies
lz(f', 1) — &|| <9, and the correspondence (f',h') — x(f', 1) is continuous at (f,h).

Let pj. denote the Euclidean projector onto K, ™ = pj.(x), and x~ = ¢ —x*. Given a
map F': R" — R", the variational inequality VI(K, F') is to find a vector & € R" such that
F2'(x) = 0 with Fi'(x) = F(x™) + . Under the assumption that pj is semismooth, it
follows from Theorem 3 of [6] that a locally isolated solution & of VI(K, F') is strongly stable
if and only if the coherent orientation property holds for the B-subderivative dpF3' (&), i.e.,
sgn detA is nonzero constant for any A € dgF}"(Z). Such a condition that is described in
terms of B-subderivative is referred to as algebraic.

For any triplet (f, h; K), there exists a map F and a closed convex set K such that sta-
tionary solutions of Pro(f, h; K') and solutions of VI(K, F) correspond bijectively. However,
we cannot simply derive an algebraic criterion to characterize the stability for Pro(f, h; K)
from the above criterion for VI(K, F') (see Remark 4.3 for details).

In one paper [20], an analog of Kojima’s approach [14] was constructed under the Linear
Independence Constraint Qualification (abb. LICQ) condition defined to Pro(f, h; K') and
an additional condition that we call the regular boundary condition for K. As a result,
we derived that for every stongly stable stationary solution &+ of Pro(f,h; K) with its
associate stationary point (, ), the B-subdifferential dp1)(Z, \; f, h) satisfies the coherent
orientation property. In this study, we deduce from the implicit function theorem of Gowda
[6] that this coherent orientation property is an algebraic criterion for stability in the case
that the Euclidean projector pj. is semismooth.

We also introduce a simple sufficient condition for semismoothness of pj.. Consequently,
we prove that pj. is semismooth for any closed convex cone K pointed at 0, especially both
for the cone S (n) of positive semidefinite symmetric matrices, and for any polyhedral cone
pointed at 0. On the other hand, because we know from [19] that the regular boundary
condition holds for S, (n), the above coherent orientation property determines the stabil-
ity of a locally isolated stationary solution of Pro(f, h;S,(n)). A similar result holds for
any polyhedral cone pointed at 0 because the Euclidean projector onto any polyhedron is
semismooth.

In the final section, we investigate the regular boundary condition for any closed convex
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set K C R" such that every stratum naturally defined from convexity of K is a C? subman-
ifold of R". We deduce an explicit formula of B-subderivative dzp}(Z); we also interpret
the regular boundary condition in more geometric terms, i.e., principal curvatures of the
stratum.

In section 2,

e we define stationary solutions and strong stability and prepare a series of elementary
results and facts; and

e under LICQ conditions defined to program Pro(f, h; K), we state one theorem that
provides a necessary and sufficient condition for strong stability of stationary solutions
by virtue of one-to-one maps.

In section 3,

e we prepare several kinds of derivatives for sections 4 and 5 and known results about
them;

e we propose a simple condition sufficient for the Euclidean projector pj; onto K to be
semismooth; and as a result we deduce the semismoothness of p}- in case of any closed
convex cone K pointed at 0.

In section 4, under LICQ condition,
e we deduce the one necessary condition, which we call the coherent semiorientation
property, for any stationary solution of Pro(f, h; K) to be strongly stable:

e in the case that the Euclidean projector pj is semismooth, we prove that the co-
herent orientation property is sufficient for a locally isolated stationary solution of
Pro(f, h; K) to be strongly stable:

e in the case that the Euclidean projector pj. is semismooth and the regular boundary
condition holds for K, we prove that the coherent orientation property is an algebraic
criterion for the stability of a locally isolated stationary solution.

In section 5,
e we treat a closed convex set K C R" such that every stratum naturally defined from
convexity of K is a C? submanifold of R"; we also deduce an explicit formula of
B-subderivative dppj(Z), and

e we provide the more geometric interpretation of the regular boundary condition than
the way of its definition.

2 Preliminaries.

In this preliminary discussion we define strong stability in the sense of Kojima and we
prepare a series of elementary results and facts. For their preparation, we list notations
used throughout this report:



A\ B
A-B
RA
int(A)
cl(A)
relint(A)
F

the field of all real numbers,

the space of n dimensional real column vectors,

{teR: t>01},

{(t1, -, tn) eR": t; >0 (1 <i<n) },

the set of all m x n real matrices,

the set of all n x n real matrices,

the set of all n x n symmetric real matrices,

the set of all n x n positive semidefinite symmetric real matrices,
the set of all n x n symmetric real matrices with r positive eigenvalues
and s negative eigenvalues,

the set of all n x n nonsingular symmetric real matrices,

the set of all n x n nonsingular real matrices with positive determinants,

the set of all n x n nonsingular real matrices with negative determinants,

the set of all n x n orthogonal matrices,

the r x r identity matrix,i.e., the identity map on R",
the zero matrix of an appropriate size,

the standard inner product of , y € R",

the zero vector of appropriate size,

the transpose of the vector x,

{x” :x € Z} for a set Z of vectors,

the determinant of a matrix C|

1 (t>0)
0 (=0,
-1 (t<0)

the convex hull of a subset A of a vector space V,

n
Z |z;]2 for & = (z1,--+,2,)" € R",i.e., the Euclidean norm of R",
i=1

{u e R": (u,a) =0 for any a € A} for any subset A of R",
(a,b) =0 for any a € A, b € B, where A, BC R",

the disjoint union of subsets A, B C R",

{a € A: a ¢ B} for subsets A, B C R",

{a—beR": ac A, be B} for subsets A, BC R",

the linear subspace of R" generated by A for a subset A C R",
the interior of A in R" for a subset A C R",

the closure of A in R" for a subset A C R",

the interior of A in RA for a subset A C R",

{(fah):(f>hla"'>hé):f7h1a"'>hZ€CQ(Rn)}a



where C?(R") is the set of all functions on R" of C? class,
F|A : the restriction of a map F to a subset A of the domain where F' is defined,
Er = {x €U : F is differentiable at «, i.e., D, F(x) exists at  } for F: U — R"™,

where U is the domain of F.

Throughout this report, K denotes a closed convex subset of R" that is fixed. Let ok (x)
be the normal cone of K at z € K, i.e, og(x) ={ve R": (y—z,v) <0 (Vy € K)}, and
pi : R" — R" be the Euclidean projector onto K. Denote ™ = pf(x) and define ™ by
x~ =ax —x". It is readily inferred that = € ox (™).

Definition 2.1. Let (f,h) € F. D, f(x) and D, h(x) respectively denote the Jacobians of
f(x) and h(zx). In addition, RD,h(x) = S'_, RD,h;(z) denotes the affine space spanned
by {D,hi(x) :i=1,---,£}. Then (Z, \) is called a stationary point of program Pro(f, h; K)
if both D, f(Z") + S+, MD.hi(Z") + ()" = 0 and hy(Z") =0 (i = 1,---,¢) hold. If
(&, ) is a stationary point, then & is called a stationary solution of Pro(f, h; K).

Following are some notations used in the remainder of this report. For (f,h) € F, we
define L(-,; f,h) : R"™ = R, (-, f,h) : R - R"™ QC R""" x F,Z2C R" x F and
X : 2 — = as follows.

¢

L(z X f.h) = f(z)+ > Nihi(e),

i=1

O(@, A\ foh) = (D,L(z", X\ f,h) + (@), DyL(z™, X; f, h))

Q = {(x,\ f,h) € R"™ x F: (x,\) be a stationary point of Pro(f, h; K)}
= {(z,\ f,h) € R"™ x F :4p(x, )\, f,h) = 0},
= = {(z, f,h) € R" x F: x is a stationary solution of Pro(f,h; K)},
x(@, N\, f,h) = (xF, f,h),i.e,x:Q— = is a natural projection.

For f € C*(R") and a subset B C R", a norm || f||p is defined as

1£1l5 = sup{|f ()], | Do f ()|I, |1 D2 ()| : = € B}.

For (f,h) € F and a subset B C R", a norm || - || is defined as

I(f; )l = max{[|f(2)|[ , [hi(z)lls:1 << £}

We denote by Fp the space F with || - ||g-topology and Bs((f,h); B) denotes a closed
ball centered at (f,h) with radius ¢ in Fp, i.e., Bs((f,h); B) = {(f,h) € F:|(f,}F)—
(f; W)lls < 6}

In general, given a normed vector space V' with its norm || - ||, we define a closed ball and
an open ball by Bs(x) ={y € V : |ly — x| <0} and int(Bs(x)) ={y €V : ||ly — x| <}
for x € V and a positive real number § > 0.



Definition 2.2. (see [11], [14]) Let & € R" be a stationary solution of Pro(f,h; K).
is said to be strongly stable if there exist neighborhoods U = Bgs(&) of & in R" and V
of (f,h) in Fy such that the natural projection pr : Z((U x V) — V is bijective and
pr=':V — ZN(U x V) is continuous at (f,h).

We refer to the following condition as the LICQ condition 2.3 because, under the condi-
tion, each stationary solution corresponds to a unique stationary point and this condition
takes a role in program Pro(f, h; K) just as the LICQ condition does in the setting of [14].

Condition 2.3.
(i) For any x € R", D h;(x) (1 <i <) are linearly independent.

(ii) For any x € K with h(x) =0, RD h(z) (| Rox(x)" = {0}.

Under the LICQ condition 2.3, the following proposition holds.

Proposition 2.4. (see [18]) Under the LICQ condition 2.3, for any subset U C R",
X QN(pk) 1 (U) x R x Fyy) — ZEN(U x Fuv) is a homeomorphism.

Definition 2.5. Under the LICQ condition 2.3, we refer to a stationary point (x,\) of
Pro(f, h; K) as strongly stable if and only if ™ is a strongly stable stationary solution of
Pro(f,h; K).

We can prove the following theorem that gives an equivalent condition for strong stability
under the LICQ condition 2.3. This theorem plays an important role to prove the sufficiency
of a condition for stability in proof of Theorems 4.2.

Theorem 2.6. (see [20]) Suppose that the LICQ condition 2.8 holds. Let (f,h) € F and
(2,\) € R"™ be a stationary point of Pro(f,h; K). Then the following (i) and (ii) are
equivalent.

(i) (z, ) is strongly stable.

(i1) There exist neighborhoods U = Bgs«(&1) of €T in R™ and W = Bs((x,\)) of (&, \)
with W C (pt)"H(U) x R" satisfying the following two conditions.
(a) F is a unique stationary solution in U for Pro(f,h; K).

(b) V ={(f,h) € F (-, f, h) is one-to-one on W} is a neighborhood of (f,h) in
Fu.



3 Several Kinds of Derivatives and a Sufficient Condi-
tion for Semismoothness of Euclidean Projectors.

In this section, we introduce several kinds of derivatives and known results about them
in preparation for later sections. In the last part of this section, we introduce a simple
condition about the B-subderivative that suffices semismoothness for locally Lipschitz maps.
This condition is, in some sense, sufficiently reasonable that, in the case that K is a closed
convex cone K pointed at 0, the Euclidean projector p}. satisfies the condition and therefore
follows semismoothness of pj.. As an example, semismoothness of p§+ (n)? which is well known
by Lemma 4.12 of [24] follows immediately because Si(n) is a closed convex cone pointed
at O.

Definition 3.1. Let Vi and V5 be normed vector spaces with their norms denoted by || - ||,
U are an open subset of Vi, and f: U — V5 be a map.

(i) In that case, f is called Lipschitz continuous if there exists a constant M such that
| f(x) — f(y)|| < M||x — y|| for any @, y € U. This constant M is called a modulus
of a Lipschitz continuous map f.

(ii) f is called locally Lipschitz continuous if for any & € U there exists an open neigh-
borhood W C U of @ such that f|W : W — Vj; is Lipschitz continuous.

(iii) If f is Lipschitz in a neighborhood of & and f~! is Lipschitz in a neighborhood of
f(&), then f is called Lipschitz homeomorphic around Z.

The operator p}; is well known as Lipschitz continuous with its modulus 1. It satisfies the
inequality || (@) — pi (Y)]| < [l — yl| (see [4], [26]).

Definition 3.2. Let U be an open subset of R™ and f : U — R" be locally Lipschitz con-
tinuous. f is called Bouligand-differentiable (B-differentiable) at & if there exists a positively

JR— 4 5 JR— , . JR— 4%
homogeneous map f'(Z;-) : R™ — R" such that lim f(@) f(’tz — £||(as, z-2) =0. In
this case, f'(&;-) is revealed as locally Lipschitz continuous in the second variable and is
called the B-derivative of f at .

Definition 3.3. Let U be an open subset of R™ and f: U — R".

o) — (3
(1) f is called directionally differentiable at & in the direction v if tlirJIrlo f(@+ 1;) /(@)

exists. That limit is called the directional derivative of f at & in the direction v.

(2) f is called directionally differentiable at @ if f is directionally differentiable at &
in the direction v for any v € R". In this case, (df|z)(-) denotes the map v
S+ )~ (@)

Jim ; and is called the directional derivative of f at .

Remark 3.4. (see [23]) Let U be an open subset of R™ and f : U — R" be locally
Lipschitz continuous. Then it is provable with little difficulty that f is B-differentiable at
z if and only if f is directionally differentiable at Z. In this case, f'(&;-) = (df|z)(-) holds.

6



Before we state the next definition, we remark that any locally Lipschitz continuous map

is differentiable almost everywhere in the sense of Lebesgue measure using Rademacher’s
Theorem (see [5]).

Definition 3.5. Let U be an open neighborhood of & in R" and f be a locally Lipschitz
continuous map from U to R™. Then the B-subderivative dp f(&) of f at & is defined by
an(i) = { limy oo Dz.f(a:k) Xy € Ef, (k) =1,2,-- ) and limy_,. xr = & }

The following is well known.

Fact 3.6. (see [3], [6]) If f is a locally Lipschitz map, then Opf(x) is a compact set;
furthermore,  — Op f(x) is upper semicontinuous at every x. That is, for any € > 0, there
exists 0 > 0 such that Opf(Bs(x)) = J{0pf(2) : ' € Bs(x)} C Opf(x)+ B.(0) holds.

There exists another concept of derivative which is called the generalized Jacobian in
the sense of Clarke.

Definition 3.7. The generalized Jacobian df(&) of f at & is defined to be a convex hull
of the B-subderivative, i.e., 0f(&) = conv dp f(Z).

The generalized Jacobian is “blind” to sets of Lebesgue measure zero as described in the
following remark. On the other hand we do not know whether this blindness holds for the
B-subderivative.

Remark 3.8. (see [3], [25]) For any locally Lipschitz map defined on U and any subset
N C U of Lebesgue measure zero, the following equality holds:

of(x) ={ l}Ln;ODIf(mk)wk € Ef\N,(k=1,2,---) and kll_{gozck::’c }.

In the following remark, we state some corrections to our previous documents, [19] and
[20], that do not markedly affect their results.

Remark 3.9. (i) The following type of chain rule for generalized Jacobians is readily
inferred.

Let U and V be open subsets of R" and R™ respectively, and f : V — R’
and g : U — V. If [ is differentiable at y = g(&), then the chain rule
for generalized Jacobians of f and g holds at &. That is, O(f o g)(®) =
D, f(y)0g(x) holds.

(ii) In Remark 4.3 of [20] we stated that the chain rule of generalized Jacobians holds, but
that is false. Nevertheless, all assertions of [20] are still correct because some kind of
chain rule holds for generalized Jacobians, as explained in (i). Therefore, we present
the following relation

2 + . +\T'
syt o) = { ( PHE LG O PAEDTY ¢ opia

because of

Yle, N f,h) = (Dof(xt) + 0, D hi(zt) + @, h(zt))
(@,0) + (D, f(x*) + Yy MDD, ha(x*) — &, ha™)).



We require the concept of strict differentiability in section 5.

Definition 3.10. Let U be an open subset of R" and F' : U — R™ be a locally Lipschitz
map. Then F is called strictly differentiable at & € U if there exists a matrix A € M (m,n)

+ (5 tv) — ph(x
Pr@Fu+10) = pe(@+0) s for any © € R

such that lim
u—0 t

t]10

It is readily inferred that strict differentiability implies directional differentiability. It
follows from Proposition 2.2.4 of [3] that strict differentiability can be characterized using
the B-subderivative.

Proposition 3.11. (see [3]) Let U be an open subset of R", F : U — R™ be a locally
Lipschitz map, and & € U. Then F is strictly differentiable at & if and only if OpF (&) is a
singleton, i.e., a set consisting of only one element.

The concept of degree plays an important role in study of stability.

Definition 3.12. (see [9]) Let U be an open subset of R" and € U. For a continuous
map f : U — R" satisfying that there exists a positive real number § > 0 such that

Bs(x) ([~ (f(x)) = {x}, the map degree of Brouwer deg(x; f) is definable.
The following property of degree is important.

Fact 3.13. (see pp.130-132 of [4]) Let U be an open subset of R", and f : U — R" be a
continuous map, and & € U. Suppose that f~1(f(x)) = {x} and that f is differentiable at
Z and that det D, f(Z) # 0. In that case, deg(&; f) = sgn det D, f(&) holds.

We require the concept of semismooth maps in the sense of Gowda.

Definition 3.14. (see [6]) Let U be an open subset of R" and f : U — R™ be a locally
Lipschitz continuous map. In that situation, f is called semismooth at & € U if f(x;) —
f(&) — Ax(xr, — ) = o(||xr — x||) holds for any sequence x);, — & and any Ay € Opf(xy).

To prove Theorem 4.2 we need the following important result of Gowda [6] for semis-
mooth maps referred to as Proposition 3.15.

Proposition 3.15. (see [6]) Let W be an open subset of R" and & € W. Suppose that
f: W — R" is semismooth and that deg(&; f) =1 (or, —1) and sgn detA = deg(Z; f) holds
for any A € Opf(Z). Then f has a local semismooth inverse at &, i.e., there exists an open
neighborhood U C W of & such that V = f(U) is an open subset of R", flU : U — V is
bijective, and the inverse (f|U)™' : V — U is semismooth on V. Moreover, dpf~'(f(x)) =
{A7Y: Aedpf(z)} holds.

For a locally Lipschitz map f to be semismooth, the following condition is sufficient. We
define Op f(x)y as Opf(x)y = {Cy : C € Opf(x)} and o(-) stands for Landau’s small o.

Condition 3.16. Jpf(x)x = {f(x)} for any x € R".



We can deduce the following proposition.

Proposition 3.17. Let f : R" — R™ be a locally Lipschitz map that satisfies Condition
3.16. Then, f is semismooth on R".

Proof:  We have the following calculation:

f(x) = fly) - 0pf(x)(x—y) = f(x)—f(y)—Osf(x)x+ Opf(2)y
= —f(y) +0sf(x)y
= (Of(x) - 08/ (y))y.

With the above identity f(x) — f(y) — Opf(x)(x —y) = (Opf(x) — Ipf(y))y, semis-
moothness of f follows from upper semicontinuity of dp f(x) stated in Fact 3.6.

Definition 3.18. A subset K C R" is called a closed convex cone pointed at 0 if it is a
closed convex set satisfying the condition of tx € K for any & € K and t > 0.

Proposition 3.19. Let K C R" be a closed convex cone pointed at 0. Then the Fuclidean
projector pl; onto K satisfies Condition 3.16. Therefore, p}; is semismooth on R".

Proof: K is a closed convex cone pointed at 0. For that reason, pj(tx) = tpk (x) holds
n - oV — T Pi(Z+ET)—pf (T)

for any * € R" and t > 0. Let & € Ep;. Then D,pj(Z)x = lim,_ 4 - =

+ BVt (F + oy F (o

lim;_ 1o pK((Ht)a;) 2@ Yim, (Ht)pK(:f) e@®) — 5t (z). Next, presume that @ ¢

Ep; and C' € dgp(x). Then, from definition of B-subderivative, there exists a sequence

xp € E v (k = 1,2,--+) converging & with limy .o D,pj(x) = C,. From continuity
of the matrix multiplication we can calculate C, & = limy .o, D,pk () - limy oo 1, =
limy, oo D, ok (xg) ) = limg oo pje(x1) = pie(Z). Therefore, pj. satisfies Condition 3.16.
In addition, it follows from Proposition 3.17 that p}; is semismooth.

Sy (n) is a closed convex cone pointed at O. Therefore, it follows from Proposition 3.19
that p§+ (n) is semismooth.

4 Characterization for Strong Stability of the Station-
ary Solution of Pro(f,h; K).

In this section, we investigate the relation between strong stability of a locally isolated
stationary solution of Pro(f, h; K') and B-subderivative dgi(x, X; f, h) of (-, -; f, h) under
the LICQ condition 2.3. We deduce one necessary condition for stability of (Z, \) in terms of
Op (2, \; f,h). On the other hand, if the Euclidean projector pj. is semismooth, we deduce
another sufficient condition for the stability. Moreover, under the LICQ condition 2.3 and
an additional condition that we will call the regular boundary condition 4.4, we prove that
this sufficient condition is necessary for stability, i.e., it stands for an algebraic criterion to
the stability. In either the case where K is a polyhedral cone pointed at 0, or the case where
K = S, (n), the Euclidean projector p}; is semismooth and the regular boundary condition
holds for K. Therefore, this criterion is effective for these two cases. This characterization



is a complete generalization of Kojima'’s theory stated in Theorem 3.3 and Corollary 4.3 of
[14]. o )

Where 1 is a stationary solution of Pro(f, h; K) with (&, \) the associate stationary
point, we consider the relation between the following statements. We notice that for a locally
isolated stationary solution &+ of Pro(f,h; K) and the associate stationary point (2, ),
we can introduce deg((Z, \);¥(-,-; f,h)). We abbreviate this degree as deg(Z, \; f, h).

a) * is a strongly stable stationary solution of Pro(f, h; K):

bl) sgn detA = deg(&, \; f,h) # 0 for any A € dv(z, X; f, h):

b3) sgn detA = 0 or, g(z, \; f,h) for any A € Ogp(x, \; f, h):

(
(
(b2) sgn det A = deg(&, \; f,h) # 0 for any A € dgv)(x, \; f, h):
( =de
(c) ¥(x, \; f, h) is one-to-one in the neighborhood of (&, \):

(

d) &* is a locally isolated stationary solution of Pro(f, h; K).

We refer to (b1) as the nonsingularity of dy(&, X; f, h), to (b2) as the coherent orien-
tation property of dg) (&, A; f, h), and to (b3) as the coherent semiorientation property of

aBQZ](a_:? )‘7 f> h’)

Remark 4.1. It is readily inferred that the implications (bl)=-(b2)=-(b3) always hold.
The implication (bl)=>(a) follows from the Implicit Function Theorem proved by Jongen,
Klatte, and Tammer [10]. The implication (c)=-(d) always holds. On the other hand,
the implications (bl)<(b2) ( i.e., the equivalence of (bl) and (b2)) also holds in case
K=R!'xR"™={xecR":2;,>0(i=1,---,m)} by Theorem 3.1 of [10] or Corollary
3.5 of [11].

We use, for simplicity, the notation (b2)4(d) to the effect that both (b2) and (d) are
satisfied. Similarly, we use the notation (b3)+(c). Under the LICQ condition 2.3 the
following theorem states the relation of (a), (b2)+(d), and (b3)+(c). In the proof of the
following theorem, we deduce from Theorem 2.6 that the implication (a)=-(b3)+(c) holds in
general. Supposing the semismoothness of p};, we also deduce the implication (b2)+(d)=(a)
by virtue of Proposition 3.15.

Theorem 4.2. Suppose that the LICQ condition 2.3 holds. Let (,\) be a stationary
point of Pro(f,h;K). Consequently, (a)=(b3)+(c) always holds. On the other hand,
(b2)+(d)=(a) also holds under the assumption that pj. (therefore, {(x, \; f,h)) is semis-
mooth.

Proof:  (a)=(b3)+(c): We will prove this implication by deduction of a contradiction
about values of deg(x, A; f,h). It follows immediately from Theorem 2.6 that (a)=-(c).
Let s = deg(w \; f,h) (= £1). Suppose that (b3) does not hold, i.e., that there exists
A € Op(x, \; f,h) with sgn detA = —s. If that were true, then there exists (z/, \')
sufficiently near (2, A) such that sgn det D,v(2’, s f, h) = —s. From Fact 3.13, it follows
that deg(’, \'; f, h) = —s, which contradicts that deg(ax, \; f, h) = s.

(b2)+(d)=-(a): It follows from (b2) that sgn detA = s for any A € dpy)(&, \; f,h). Let
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p= { j_L Ej z 1_)1> . Then dpth(Z, A; f,h) C GLy(n + £) holds. Because dg(&, ; f, h)

is compact as a result of local Lipschitzness of ¢ (x, A; f,h) and because GL,(n + /) is an
open set of M(n) and dpy) (&, \; f,h) C GL,(n + ¢), there exists € > 0 such that

Opt(Z, \; f, h) + B.(0) C GLy(n + ). (1)

As stated in Fact 3.6, it follows from local Lipschitzness of i (z, \; f,h) that (x,\) —
Op(z, A; f,h) is upper semicontinuous at every (x,\), i.e., for any € > 0, there exists
6 > 0 such that dp(Bs((2,A)); f,h) C Op(,A; f,h) + B1(0) holds. Setting W =

Bs((x,\)) we can restate this inclusion as
Op(W: £.F) C O0(@. X 1) + By (0). )

Set §* = ¢ and let U = Bgs(xT). Then, because pj. is Lipschitz continuous with
its modulus 1, pk(Bs+(x)) C U holds, from which it follows that W C (pj) ' (U) x
R’. On the other hand, it is readily inferred that (f,h) — 9gyp(W; f,h) is also upper
semicontinuous at every (f, h) with respect to the topology of Fy, i.e., there exists d; > 0
such that

OpY(W; By, ((f,h);U)) C 0p (W f, h) + B1;(0). (3)

With the inclusion dpy(W; Bs((f, h);U)) C GL,(n +£) that is readily deduced from (1),
(2), and (3), Proposition 3.15 asserts that for any (f,h) € Bs, ((f,h); U) ¥(z, \; f, h) has
the semismooth inverse on a neighborhood of W. By Theorem 2.6 we can conclude that
Z7 is a strongly stable solution of Pro(f,h; K). y

One remark must be made before the description of Theorem 4.6.

Remark 4.3. (see [4]) We investigate the relation between strong stability of locally iso-
lated stationary solutions of NPAC and strong stability of locally isolated solutions of vari-
ational inequality in this remark.

Let K be a closed convex subset of R", x — x™ a Euclidean projector onto K, and F :
R" — R" be a locally Lipschitz map. Define F3'(x) = F(x™) + . Then the variational
inequality, denoted as VI(K, F), is to find & € R" satisfying Fj'(x) = 0. Let SOL(K, F)
denote the set of solutions of VI(K, F'), i.e., SOL(K,F) = {x € R" : F(z") + = = 0}.
From Theorem 3 of [6] it is provable without difficulty that a locally isolated solution &
of VI(K, F) is strongly stable if and only if the coherent orientation property holds for
OpF3 ().

Let SOL(f, h; K) denote the set of stationary points of Pro(f, h; K), i.e., SOL(f, h; K) =
{(z,A) € R"*" : ¢(x,\; f,h) = 0}. Let K = K x R, F(x,\) = D[, L(z, X; f,h) =
(D@L, X; f,h)T, and y = (2,A). Then, it is readily inferred that y* = pf(y) =
(*,A), ¥y~ = pg(y) = (x7,0), and ¥(z*, A f,h)" = F(y") +y~ because ¢(x, \; f,h) =
(D, L(x, X\; f,h) + ()", DyL(xt, \; f,h)) = D yL(xt, A f,h) + ((7)",0). This fact
implies that SOL(f, h; K) = SOL(K, F).

First, consider the case of NPAC that has no equality constraints: i.e., £ = 0. In this
case, the concept of strong stability for SOL(f, 0; K) is the same for SOL(K, D, f) because
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the perturbation of f that affects solutions is nothing but the perturbation of D, f. There-
fore, in this case, we have an algebraic criterion for stability of a locally isolated stationary
solution ™ of Pro(f,; K) that the coherent orientation property holds for dpi(&; f).
Next, consider the case in which program NPAC has some equality constraints, i.e. £ # 0.
In this case, however the concept of strong stability for SOL(f, h; K) is weaker than that for
SOL(K, F) because perturbations of (f, h) comprise only a part of the perturbations of F.
Therefore, we cannot merely apply the result of strong stability of locally isolated solutions
of variational inequality VI(K, DZ;_’ yL(@, A; f, h)) to locally isolated stationary solutions of

Pro(f, h; K).

We must construct an analog of Kojima’s approach to overcome this difference of per-
turbations stated in Remark 4.3 and to prove necessity for strong stability, i.e., to prove
(a)=(b2)4(c) just as Jongen et al. [10] attributed proof of necessity to a result of Kojima
[14]. We can construct an analog of Kojima’s approach for where the following condition
4.4 holds (see [19], [20]). We refer to it as the regular boundary condition 4.4 for K. In
the statement of the condition, V(C,;= 0) denotes the kernel of the operator C, i.e.,
V(Ci;=0)={ue R": Ciu=0}.

Condition 4.4. V(Cy;=0) C Rog(x™) for any Cy € dppk(x).

The above regular boundary condition 4.4 is equivalent to the condition that V(Cy;=
0) C Rog(x™) for C € dpj(x) introduced in [20], because conv(dzpj (x)) = dpj (x) and
dpj(x) C Sy (n) stated in Proposition 3.9 of [20]. Therefore, it follows from Lemma 4.15 of
[19] that the regular boundary condition 4.4 is always fulfilled in case K = S (n).

In the remainder of this section, we assume that both the LICQ condition 2.3 and
the regular boundary condition 4.4 hold. Under these two conditions, we can prove that
(a)=(b2)4(c) in Proposition 4.5. In [20] antecedent to [19], we constructed an analog
of Kojima’s approach [14] for programs Pro(f, h;Sy(n)) under the LICQ condition 2.3.
However, this construction is in fact applicable to Pro(f, h; K) for any closed convex set
K satistying the LICQ condition 2.3 and the regular boundary condition 4.4 (see [20]). In
fact, the following proposition 4.5 is deduced immediately from the proof of Proposition 4.7
of [19].

Proposition 4.5. (see [20]) Presume that the LICQ condition 2.3 holds and that the reg-
ular boundary condition 4.4 holds for K. Let (&, \) be a stationary point of Pro(f,h; K).
Then (a)=(b2)+(c) holds.

Under the LICQ condition 2.3 and the regular boundary condition 4.4, the following
theorem provides several conditions that are equivalent to strong stability. We remark that
the semismoothness of pj. is required only for proof of the implication (4) = (2) of the
theorem.

Theorem 4.6. Suppose that the LICQ condition 2.3 holds and that the reqular boundary
condition 4.4 holds for K. Then the following (i) and (ii) hold.

(i) The following (1)-(4) are equivalent if p}; is semismooth.

(1) &+ is a strongly stable stationary solution of Pro(f,h;K).
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(2) (-, f, h) is locally Lipschitz homeomorphism around (&, \).
(3) (b2)+(c) holds for (-, f,h) at (&, \).
(4) (b2)+(d) holds for (-,-; f,h) at (z,N).

(ii) If pi. is semismooth and directionally differentiable at &, and if the inclusion dppl () C
Ip(dpi|z)(0) holds, the above (1)-(4), and the following (5)-(7) are all equivalent.

(5) (d(z, X; £, h)| @) (-, ) is globally Lipschitz homeomorphism.
(6) (b2)+(c) holds for (d(z, X; f, )| @x)(-+) at (0,0).
(7) (b2)+(d) holds for (dy(, X; f,h)|@s)(,-) at (0,0).

Proof:

(i): Implication (4)=-(2) follows from Corollary 4 of [6] for semismooth maps. Also,
(2)=(1) follows from Theorem 2.6. (1)=(3) follows from Proposition 4.5. (3)=-(4) is
readily inferred. Therefore, (1), (2), (3), and (4) are equivalent.

(ii): (2)=(5) follows from Proposition 2.2 of [17] about locally Lipschitz maps that are
directionally differentiable at a point. (5)=(6) is a special case of (2)=-(3) that is proved
without the assumption of semismoothness. (6)=-(7) is readily inferred. Therefore, we
have only to prove implication (7)=>(4).

(b2) of (4) immediately follows from (b2) of (7) because we have the inclusion
Op(x, \; f,h) C Opdip(z, \; f, h)(0,0) from the assumption dppi () C dp(dpj|z)(0).
Consider statement (d). Suppose that (d) of (4) does not hold, i.e., there exists a sequence
(i, A\e), (K =1,2,---) such that limy_o (s, \i) = (2, ) and Y(xp, M\; £, h) = 0 (k =
1,2,---). Taking a subsequence, we can assume that limy .. % = (u,§) #
(0,0). Therefore, we have

lim w(mka >\k; f? B) - ¢(537 5‘; fﬂ B)

= = 0.
hooo @y — 2] £ [| Ak = Al

On the other hand, because 9 (x, A; f,h) is directionally differentiable at (z,)\) and
W(x, A; f, h) is locally Lipschitz continuous, it is readily inferred that
lim ¢($kaAk§f 71) v(z, {h)

k=0l — ] + A — Al

= @D/(fia 5‘; f> ;L)(U,f)

Therefore, we have deduced ¢'(z, \; f, h)(u, &) = 0 for (u, &) # (0,0), which contradicts
(b2) of (7) because o' (2, \; f, h)(tu,t£) = 0 for any ¢ > 0.

The following corollary readily follows from Proposition 3.19 and Theorem 4.6.

Corollary 4.7. Let K be a closed convex cone pointed at 0. Presume that the LICQ condi-
tion 2.3 holds and that the reqular boundary condition 4.4 holds for K. Then the following
(i) and (ii) hold.

(i) The following (1)-(4) are equivalent.

(1) &+ is a strongly stable stationary solution of Pro(f,h; K).
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(2) (-, f,h) is a locally Lipschitz homeomorphism around (&, \).
(3) (b2)+(c) holds for (-, f,h) at (&, \).
(4) (b2)+(d) holds for v (-, < F.B) at (2, %).
(ii) If p}; is directionally differentiable at &, and if the inclusion Oppi; (Z) C Op(dpi|z)(0)
holds, the (1)-(4) above, and the following (5)—(7) are all equivalent.
(5) (d(z, \; f, i_z)\@’;))(-, -) is a globally Lipschitz homeomorphism.
(6) (b2)+(c) holds for (dip(m, ; f, )| @) (") at (0,0).
(7) (b2)+(d) holds for (db(@, X F,W)ls)(»-) at (0,0).
Definition 4.8. A closed convex set of R" is called polyhedral or a polyhedron if it is

defined by a finite number of linear inequalities. A cone that is polyhedral is called a
polyhedral cone.

As already noted above, S, (n) satisfies the regular boundary condition 4.4 and p; (n) 18

semismooth from Proposition 3.19. Moreover, we know from Theorem 4.7 of [24] and Lemma
11 of [21] that p§_, is directionally differentiable and that dppg, (%) = 95(dpg, (,]=)(0)
holds. Similarly, for a polyhedral cone K pointed at 0, it follows from Proposition 3.19
that the Euclidean projector pj is semismooth. It is also readily inferred that both the
regular boundary condition 4.4 and dppj. (%) = dp(dp}|z)(0) hold for any polyhedron K.
Consequently, we have the following corollary.

Corollary 4.9. Let K be either Sy (n) or a polyhedral cone pointed at 0. Then under the
LICQ condition 2.3, the following (1)-(7) are equivalent.

(1) " is a strongly stable stationary solution of Pro(f,h; K).

(2) (-, f,h) is a locally Lipschitz homeomorphism around (&, \).
(3) (b2)+(c) holds for (-, f,h) at (&, N).

(4) (b2)+(d) holds for (-, f, h) at (Z, ).

(5) (d(z, X; f,h)|@x) () is a globally Lipschitz homeomorphism.
(6) (b2)+(c) holds for (d(z, A; f,h)| @) () at (0,0).

(7) (b2)+(d) holds for (dy(x, A; f, h)| @) () at (0,0).

This corollary contains the result of Kojima’s theory stated in Theorem 3.3 and Corol-
lary 4.3 of [14] because the programs treated in [14] are reformulated to the programs
Pro(f,h; RT x R") by transformation of a coordinate system. This indicates that the
theory Kojima had perceived in the classical setting of [14] seems to have universal validity
for more general nonlinear programs.
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5 Calculation of D,pl(x) and Interpretation of the Reg-
ular Boundary Condition 4.4.

This section is intended to advance an interpretation of the regular boundary condition
4.4 geometrically. We deduce an explicit formula of D,p};(x) under the assumption that
stratification of K, which is defined naturally for any closed convex set K is of C? class,
and interpret the regular boundary condition 4.4 in terms of principal curvatures (or radii
of principal curvature) at &1 of the stratum. We use the following notation.

{Kr = {xe€ K :dimRog(x)=n—r}
V., = [H{ok(x):x € K,}

It is readily inferred that K = [["_, K,. We consider this decomposition as a stratification
of K. Similarly, R" = [['_, V; and int(V;) = [[{relint(ck(x)) : © € K, } hold. We assume
the following condition throughout this section, which ensures that K = [[I_, K, is a C?
stratification.

Condition 5.1. In the case that K, # 0, K, is an r dimensional C? submanifold of R"
forr=0,1,2,--- . n.

We can prove the following theorem, which provides an explicit formula of D,p}(Z)
under Condition 5.1.

Theorem 5.2. Suppose that a closed convex set K C R"™ has C? stratification 5.1. Then
r_yint(V,) C E holds. An explicit formula of D,pk(z) for € int(V,) is given as
follows.

Let © € int(V,) and T, K, be the tangent space of K, at ", u; (1 < i < r) be any
orthonormal basis of T,. K., w; (r +1 < i < n) be any orthonormal basis of (T,,K,)*,
P = (uy, -, u,), P, = (Upy1, -+ u,), and P= (P, Py) = (uy,---,u,) € O(n). Let U
be an open subset of R of 0 and let ¢ : U — K, be a C? coordinate system of K, around
& such that ¢(0) = " and D,c(0) = P;.

Then Doph(3) = P ( (1.~ (DXe(t).2)(0) ) 0) D7 holds.
O (0]

Proof: Tt is readily inferred that pj;(x) = pj () holds for any @ € int(V,). Because K,
is a C? manifold, it is also inferred that pj; () is C'*' on int(V;). Therefore, I_yint(V;) C
E ot holds. Consequently, below we have only to prove the explicit formula stated in the
theorem.

Denote Wy = T, K, and Wy = (T,, K,)*. Then W, L W, holds. Let u} (1 <i <)
be another orthonormal basis of Wi and let w, (r +1 < i < n) be another orthonormal
basis of Wy, Also let Q1 = (uy,---,u,), Q2 = (u, 1, -, u,), Q@ =(Q1 @Q2) € O(n),
and ¢ : U — K, be a C? coordinate system of K, around & such that ¢/(0) = &*
and D,c'(0) = Q1. It is readily inferred that there exist G; € O(r) and Gy € O(n —r)

such that P, = Q1G1, P, = (Q2Gy, and P = QG with G = (%l g) € O(n). Let
2
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®: R" — R’ be defined around 0 such that ®(t) = ¢~ !(c(t)). Then c(t) = /' (®(t)) and
D,®(0) = G, hold. We use the following Taylor’s expansions.

c(t) — c(0)+Dtc(0)t+%tTDt2c(9t)t

= zt+Pt+ %tTch(Gt)t, (4)
Ct) = ¢(0)+ D,c(0)t + %tTch’(é”t)t

= "+ Qit+ %tTch’(G’t)t, (5)
d(t) = ®(0)+ D,P(0)t + %tTDf(IJ(H”t)t

= Git+ %tTDfé(Q”t)t. (6)

Because ¢(t), ¢/(t), and ®(t) are not necessary functions, these equalities do not hold sim-
ply. However, because each component of ¢(t), ¢/(t), and ®(t) is a function, 8, §', and 6"
(0 <6, 0, 0" < 1) can be taken independently for the component. In this sense,
6, 0, and 0" in the above equations are written symbolically. We remark that tT D?c(60t)t,
D2/ (0't)t, and t* D?®(0t)t are considered as elements of M(n) @ R".

Calculating ¢/(®(t)) from (4) and (6), and comparing the result with (5) and taking
a limit ¢ — 0, we can deduce

D(@:19)(0) + G| D{c'(0)G, = Dje(0). (7)

From Q,®(x) € Wy and &~ € W; it follows that (Q1P(x), &™) = 0 for any @ that makes
(D*(Q,9)(0),z~) = 0. Therefore, after operating {( - ,Z7) to (7) we can deduce

GI(Djc(0),27)G1 = (GiD/c(0)G,z") = (Dje(0),z"). (8)

Here again, we remark that GT D?¢/(0)G; of this equation is considered in M(n) ® R"
and the inner product ( , ) is that on R". It follows from (8) and PG = @ that

Qi( I~ (De(®),27))(0) )OI = A( I~ (DXe(t).)(0) — DX(P®)(0) )P (9)

We will later prove that I, — (D?{c(t),z~))(0) is nonsingular for some ¢(t). Then we
know from (9) that I, — (D?*(c(t),z~))(0) is nonsingular for any ¢'(t). As a result, we
(t),®")

cam deduce that @, (I, — (D2(2).27))(0)) or - p (1. - (Df(c(t),:c‘))(o))_lPlT
and that

0 ( (1, — (D2e().27)(0)) 0) o p ((I ~ (DXe(t).2)(0)) o) PT(10)
0 0 o o

Let ey, ey, - -, €, be the standard basis of R", i.e., e; = (0,--+,0,1,0,---,0)T (1 <i <

n) where the only nonzero entry is 1 in the i-th position. Then, from (9), we might assume
that Wy = >/, Re;, W = > | Re; and = = —[|Z"||e,. We use the coordinate
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system (of C? class) (¢ : R — K,) of K, around & such as ¢(t) =

N———

(t)

)(0

?

# (o
€ R").
(t),z7)

. Because ¢, (t) = (c(t), e,) > 0 for any

T"
(precisely in fact, ¢ is defined on an appropriate open nelghborhood of 0
complete the proof of this theorem, we must prove nonsingularity of I, —(D?{c

(I — D¢,z )(0)) o)
o)

~—

and D,p}(Z) =
t in a neighborhood of 0 and ¢,(0) = 0, we can deduce that
D,?*c,(0) = (D,?*{c, e,))(0) is positive semidefinite. (11)

Let Wi(x™) = Rog(xt) = (T, K,)* for x© € K,. Then there exists a positive real
number § > 0 and a C! map d : R — & + W, (precisely in fact, d is defined on an
appropriate open neighborhood of 0 € R") such that (z+W;) (N (c(t)+Wi(c(t))) = {d(t)}
holds for ||¢|| < ¢ because of transversality (see [13]). Moreover, it is readily inferred that
pi(d(t)) = d(t)" = c(t). Therefore, d(t)~ € Wi(c(t)) = (Tew K, ), which engenders

(D,c(t),d(t)”) = 0. Represent d(t) as d(t) = & + (a(t)) with a;(t) (1 < i <r) of

0
(1 class. Then d() — d(t) — d' () — d(t) — e(t) — 3 — (t ; (‘;‘)(t)) and D,d(t)-
_ <I r ]_)tf(tt(;(t) ) It is readily inferred that D,c(t) = ( Di}r( £) ) We can calculate the
following:
(Dic(t),d(t)”) = (Dic(t), d(t)” —x) + (Dic(t), z)

(
at

- (o 7( o )+wcm )

(t
— (I, (Dw(®)" (tv ) <(t), 3
0(8)T0(t) + (D,c(t), &)

= —t+a(t)— (Dw(t)
— t+alt)— (Dow(t) v(e)s + (Dic(t).z)
_ _t+a(t)—%Dt<v(t),v(t)>2+D( (t),27),

where (, )9 is the standard inner product on Ws, which is the restriction of ( , ) to Ws.
From (D,c(t),d (t)) = 0 and the above equation, we have

at) = t—Dt(c(t),a:_>+%Dt(v(t),v(t))2. (12)

Differentiation of the equation (12) with respect to t leads to

Dialt) = I~ DXe(t), ") + L D}{o(t) vlt))s (13)

With an equality —(c(t), &) = ||~ ||(c(t), e,) and (11), it is readily inferred that

—D?{c,z7)(0) is positive semidefinite. (14)
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Let m(+) be the orthogonal projection from R" to Wy, i.e., m(x) = PPl x = Q,Q .
Then, because P'P; = Q] Q; = PFQ; = Q] P; = O (i # j) we can deduce from (4) that
(mae(t) — ™), m(c(t) — "))y = o(||t||*). Tt follows that

D(ma(c — &), ma(c — 7))a(0) = O. (15)

From (13), (14), (15), and m(c(t) — &~) = v(t), we can conclude that

D.a(0) = I,— D?*(c,z)(0) is positive definite, (16)
and
(Da(0))™" = (I, - Die,z7)(0)) " (17)

Therefore, there exists inverse a™! : R” — R" of the map a(t) locally around t =0 € R'.

Let [y : R" — @& + W) be defined as y — Fi(y) =& + (g) and Iy : RV — x + W,

by z +— Fy(z) =& + <2) The following are readily inferred.
I, (o0
D,Fi(y) = (O) and D, Fy(z) = (In—r) (18)

Through simple calculation, we can deduce that c(t) = pj o F} o a(t) for any t € R"
sufficiently near 0. Therefore,

P o Fi(y) = coa '(y) for any y € R" sufficiently near 0. (19)

Similarly,
pi o Fy(z) = " for any z € R"™" sufficiently near O. (20)
Differentiating (19) and (20), we have D,p}(Fi(y))D,Fi(y) = (D,c)(a ' (y))(D,a™")(y)
and D,pt(Fy(2))D.Fy(z) = O. Then, from D,c(t) — ( Di’“(t)), (18), and (17), and

substituting y = 0 and z = 0, then we can derive

bk () = (6)(L-Dearo) = (T PAgEIO) T,

(0] (0]
+ (a _
D, py () In—r) = O) .

-1
2 —_
We have proved the formula D, p} (Z) = ( (I’” - DX g’ * >(0)) g) 1

With an explanation stated in the following remark, we can understand the geometric
meaning of the regular boundary condition 4.4.
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Remark 5.3. Let n = —Hg—:”. Suppose that A; (1

< g
—D*{c,z7)(0) = ||z~ ||D,?(c,n)(0) and that w; (1 <14 < r) is an eigenvector belonging to
\; satisfying ||w;|| = 1. Define fi(s) = (e¢(Z+sw;),n) = (pi(T+sw;),n) = ((Z+sw;)", n)
for s € R sufficiently near 0. Let H; = £© + Rw; + Rn C R" and 7w, : R" — H; be the
orthogonal projection. Then c¢(s) = m;(e(Z + sw;)) = &+ + sw; + fi(s)n € H; holds. Here,
c(x + sw;) is a curve on K., whose projection to H; is a curve ¢;(s) on H. From the
representation of ¢;(s) = &1 + sw; + f;(s)n, we can deduce that curvature of the curve ¢; at
¢(0) =" is %(0) = ); and that the curvature radius is 7; = . The A; (1 <@ <r) are
called principal curvatures, and r; (1 <14 < r) are the radii of principal curvatures. Because
of (I,— D2 c,z7)(0)) " = (I,+]|@ ||A)" it is readily inferred that eigenvalues of

+ (4 1 _ T ; _ ) : :
D, py () are TN = T (1 <i<r)and (n—r)0’s. From this relation between

eigenvalues of D,pr (&) and principal curvatures, we define principal curvatures of K at &
as A (1 <i<r)and \; =0 (r+1 < i <n). We additionally define radii of principal
curvaturesofKatﬁ:tobem:% (I<i<r)andr;=o0 (r+1<i<n).

< r) is an eigenvalue of A =

The following corollary asserts that for each r (0 < r < n), (D.pj)|int(V,) = D.(pk|int(V,))
expands continuously to V. under Condition 5.1.

Corollary 5.4. Suppose that a closed convex set K C R" has C? stratification 5.1. Then
the following (i), (i), and (iii) hold.

(i) D,pi: (&) = D,pf (&) holds for any & € B V..

(i) D,pi (&) € Oppje(x) holds for any & € V.

I, O
1 + — r T T — . e
(111) acelilbrtrgw) D,pi(x) = P (O O) P* holds for & € K,, where P = (uy,---,u,) €

O(n) is defined such that u; (1 < i < r) is any orthonormal basis of T,K, and
u; (r+1<i<mn) is any orthonormal basis of (T-K,)*.

Proof:  (i): Suppose that pj. is differentiable at & and ™ € K,. It is readily inferred
either differential geometrically or from the proof of Theorem 5.2 that there exists an open
neighborhood U C R" of & where the Euclidean projector pj; is defined and pf; is a C"
map from U to K,. From pi [(UNV,) = p|(UNV;) and pi is C' on U, it is readily
inferred that D, pj (Z) = D,pj (%) hold.

(ii): D,pj () is continuous on V,. Therefore, (i) follows immediately from (i).

(iii): D,pj (&) is C* on a neighborhood of Z. Consequently, it follows from Theorem 5.2
that D,pj (&) = P g 8
and the fact that int(V,) C E+ [V,

PT for & € K,. Part (iii) follows directly from part (i)

Remark 5.5. It readily follows from (i) of Corollary 5.4 that the B-subderivative dppje
of the Euclidean projector pj. onto any closed convex set K with C? stratification 5.1 is
“blind” to sets of Lebesgue measure zero as similarly as the generalized Jacobians, i.e.,
Oppi(®) = { limy_oo D, f(xr) : @ € B4\ N, (k=1,2,--+) and limy_.., xx = & } holds for
any set N of Lebesgue measure zero.
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It is known that £ + = S*(n) holds by Theorem 4.6 and Lemma 4.8 of [24], i.e.,

Psy(n)

E. = 17_,int(V,) holds in case of K = 54 (n). Contrary to the case of K =S, (n), in the
general setting of closed convex sets with C? stratification 5.1, we will show in Remark 5.6
an example in which £ 2 117_,int(V,) holds and E # ar_yint(V,.).

Remark 5.6. We will make an example of K ¢ R? with C? stratification 5.1 that does
not satisfy E+ # II7_gint(V;).

Let a, fbe 0 <, < 1and f(z) =2t and g(z) = 277 be real valued functions of
one variable. Consider K = { (z,y) € R*: 0< 2 <1and f(z) <y < g(x) }. Let

0 = (0,0)
a = (1,1)
Ky = {(z,ye R} :y=flx) =2 (0<x<1)

Then each stratum of K is given as

KO - {07 a’}
Ky = K I Ky
Ky = {(myy) e R*:0<z<1land f(z) <y <g(x)}

From this, it is readily inferred that K satisfies C? stratification 5.1. Direct calculation
obtains

ox(0) = {(v,y) € R*:x <0andy <0}
2 (x<landy>-(1+p)(z—1)+1)
ox(a) = {(x,y)ER. or(leagr/ldyg—lJ%a(x—l)—l—l)}
Let

(0<z<landy< f(z))
Vin = {(as,y)eR2, Or(leandyg—ﬁ(x—1)+1)}
Vo = {pene EEomavsy s (i) |

or (0<z<1andg(x)

Then the following holds:
‘/0 = O'K(O) II O'K(CL)
Vi = ViV
Vo = Ky

First, consider the case of @™ = (x,y) = (z, f(z)) € Kj;. The radius r(x™) of the

, 3 a 3
principal curvature of Ky; at ™ isr(ax™) = (1+(;,,((:;)))2)7 = (IJESI)?;—)?)? . From this formula,
it is readily inferred that
lim r(z*) = 0. (21)

€K1
x—0
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Secondly, consider the case of ™ = (z,y) = (z, g(x)) € Ki5. In this case, we use the inverse
function f of g(x) restricted on 0 < x < 1, i.e., h(y) = y'*?. Then the radius r(z*) of
I ER A0 O R Ea ((eee) VDL

- b (y) T (1+p)ByPt

‘ +y
wlelggg r(x™) = 0. (22)

From Theorem 5.2 and Remark 5.3 and the results of (21) and (22), it follows that
Oppi(x) = {O} holds for x € Z = {(x,0) € R* : z < 0} 11 {(0,y) € R* : y < 0}.
Therefore, from Proposition 3.11 it is readily inferred that p}; is differentiable at © € Z,
ie., K ot # 112_yint(V,). In fact, through a tedious calculation, one can deduce that F ot =

(IE_qint (V) IT Z.

principal curvature of Ko at @™ = (h(y),y) is r(x™)

Before ending this section we would like to make the following conjecture.

Conjecture 5.7. If a closed convexr set K has C? stratification 5.1, then the Euclidean
projector pi, might be directionally differentiable and the regular boundary condition 4./
maght hold.

If the above conjecture 5.7 is proved, then Corollary 4.9 will hold for any closed convex
cone pointed at 0 having C? stratification 5.1.

6 Conclusions.

We have investigated the relation between strong stability of a stationary solution &' of
Pro(f, h; K) with its associate stationary point (&, ) and the B-subderivative dp)(Z, \; f, h)
under the LICQ condition 2.3. First, we introduced a simple condition about the B-
subderivative dzt)(&, \; f, h) such that the Euclidean projector pj is semismooth. Con-
sequently, it follows that the Euclidean projector onto any closed convex cone pointed at O
is semismooth. Secondly, under the condition that the Euclidean projector pj: is semismooth
and with the additional assumption of the regular boundary condition 4.4 for K, we proved
that a locally isolated stationary solution &+ of program Pro(f, h; K) is strongly stable if
and only if the coherent orientation property holds for Opt)(Z, A; f, h). This characterization
is considered as a complete generalization of Kojima’s theory stated in Theorem 3.3 and
Corollary 4.3 of [14]. Thirdly, we treated a closed convex set K C R" satisfying C? strati-
fication 5.1. Furthermore, we interpreted the regular boundary condition 4.4 geometrically
in terms of principal curvatures of the stratum.

References

[1] J. F. Bonnans, R. Cominetti, and A. Shapiro, Sensitivity analysis of optimization
problems under second order regular constraints, Mathematics of Operations Research,
23(1998), pp. 806-831.

[2] J. F. Bonnans, R. Cominetti, and A. Shapiro, Second order optimality conditions based
on parabolic second order tangent sets, SIAM Journal on Optimization, 9(1999), pp.
466-492.

21



3]

[11]

[12]

[13]

F.M. Clarke, Optimization and Nonsmooth Analysis, Classics in Applied Mathematics
5, SIAM, New York, (1990).

F. Facchinei and J-S. Pang, Finite-Dimensional Variational Inequalities and Comple-
mentarity Problems, Springer-Verlag, New York, 2003.

H. Federer, Geometric Measure Theory, Springer-Verlag, New York, 1969.

M. S. Gowda, Inverse and implicit function theorems for H-differentiable and semis-
mooth functions, Optimization Methods and Software, 19(2004), pp. 443-461.

A. Graham, Kronecker Products and Matrix Calculus with Applications, J. Wiley and
Sons, New York, 1981.

J.-B. Hiriart-Urruty and J.-J. Strodiot and V. H. Nguyen, Generalized Hessian matrix
and second-order optimality conditions for problems with C'! data, Applied Mathe-
matics and Optimization, 11(1984), pp. 43-56.

B. Iversen, Cohomology of Sheaves, Springer-Verlag, New York, 1986.

H.Th. Jongen, D. Klatte and K. Tammer, Implicit functions and sensitivity of station-
ary points, Math. Programming, 49(1990/91), pp. 123-138.

D. Klatte and B. Kummer, Strong stability in nonlinear programming revised, J. Aus-
tral. Math. Soc., Ser. B, 40(1999), pp. 336-352.

D. Klatte and B. Kummer, Nonsmooth Equations in Optimization, Kluwer Academic
Publishers, Dordrecht, The Netherlands, 2002.

S. Kobayashi and K. Nomizu, Foundations of Differential Geometry, Vols. I, II, Inter-
science, New York, 1963.

M. Kojima, Strongly stable stationary solutions in nonlinear programs, in Analysis and
Computation of Fixed Points, S. M. Robinson, ed., Academic Press Inc., New York,
pp. 93-138, 1980.

B. Kummer, Lipschitzian inverse functions, directional derivatives and application in
CH! optimization, J. Optim. Theory Appl., 70(1991), pp. 559-580.

B. Kummer, Structural analysis of nonsmooth mappings, inverse functions, and metric
projections, J. Math. Anal. Appl., 188(1994), pp. 346-386.

L. Kuntz and S. Scholtes, An implicit-function theorem for C%!-equations and para-
metric CH-optimization, J. Math. Anal. Appl., 158(1991), pp. 35-46.

T. Matsumoto, On the stability of stationary solutions of nonlinear positive semidefinite
programs, J. Oper. Res. Soc. Japan, 46(2003), pp. 22-34.

T. Matsumoto, An algebraic condition equivalent to strong stability of stationary so-
lution of nonlinear positive semidefinite programs, SIAM Journal on Optimization,
16(2005), pp. 452-470.

22



[20]

[21]

[22]

[23]

[24]

[25]

2]

T. Matsumoto, An algebraic criterion for strong stability of stationary solutions of
nonlinear programs with an abstract convex constraint, J. Oper. Res. Soc. Japan,
48(2005), pp. 269-283.

J-S. Pang, D. Sun and J. Sun, Semismooth homeomorphisms and strong stability of
semidefinite and Lorentz complementarity problems, Math. Oper. Res., 28(2003), pp.
39-63.

L. Qi and J. Sun, A nonsmooth version of Newton’s method, Math. Programming,
58(2003), pp. 353-367.

A. Shapiro, On concept of directional differentiability, J. Optim. Theory Appli.,
66(1990), pp. 477-487.

D. Sun and J. Sun, Semismooth matrix valued functions, Math. of Oper. Res., 27(2002),
pp- 150-169.

J. Warga, Fat homeomorphisms and unbounded derivate containers, STAM Journal of
Mathematical Analysis and Applications, 81(1981), pp. 545-560.

E. H. Zarantonello, Projections on convex sets in Hilbert space and spectral theory,
in Contributions to Nonlinear Functional Analysis, E. H. Zarantonello, ed., Academic
Press Inc., New York, pp. 237-424, 1971.

23



