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A PROOF THEORETIC STUDY ON
INTUITIONISTIC TREE SEQUENT CALCULUS

NAOSUKE MATSUDA

ABSTRACT. TLJ is a proof system for intuitionistic logic which has connec-
tions to many other areas of computer science and mathematics. In this paper,
to make the base of those studies, we give a proof theoretic study on this sys-
tem.

1. INTRODUCTION

The tree sequent calculus (or labelled sequent calculus) TLJ introduced by
Kashima [2] is a proof system for intuitionistic logic which derives tree sequents.
We can give a natural proof of the Kripke completeness theorem by use of this
tool (see [1, 2]). Furthermore, this system has connections to many other areas of
computer science and mathematics. For example, in [3], the author gives an intu-
itionistic fragment of the Au-calculus by use of this proof system. In this paper, to
make the base of those studies, we give a proof theoretic study on this system.

2. PRELIMINARY

In this section, we prepare some notions we are going to use. To simplify the
argument, we treat only the implicational formulas.

Suppose that a countable set P of atomic propositions is given. Then the set
Fml of all formulas is defined as follows.

a,f€Fml:= p|(aDf)
peP

Parentheses are omitted in the usual manner. We use metavariables ¢, ¥, a, (3, . ..
to stand for arbitrary formulas and p, g, ... for arbitrary atomic propositions. We
write a = [ if « is syntactically equal to .

Let N<¢“ be the set of all finite sequences of natural numbers and * be the concate-
nation function on N<¢ | that is, (n1,...,ng)x(my,...,m;) = (N1, ..., ng, my,...,my).
We write the empty sequence as e. We use the abbreviation such as (n) = n if it
causes no confusion. We define a partial order < on N<% as follows.

n=<m < JkeN<¥suchthat m =7 *k

We write m < m if both @ < ™ and @ # T hold, and write @ <; T if there exists
a natural number k such that m = x k. A tree T is a finite subset of N<¢ which
satisfies:

e ccT.

encT, m=n = meT.
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FIGURE 1

We say 7 is a node of 7 if m € 7. We also say 7 is a parent-node of m (or m is a
child-node of @) if @ <; ™, and say 7 is an ancestor of 7 (or 7 is a descendant of
n) if m < m.

Definition 2.1 (TLJ).

(1)

A tree sequent is an expression of the form T’ T, A where:
e 7 is a tree.
e ' and A are sets of pairs of nodes of 7 and formulas written 7 : a.

We write I'() = {« | m : @ € I'}. We abbreviate () L Ato LA
A tree sequent is viewed as a tree in which each node is labelled with a
sequent. For example, the tree sequent

€:aq, €:ag, (1): 01, (2) 171, (2,1): 01, (2,1): 09

L €1 a3, <1> :627 <2> 72, <2> 23 <2> 4, <272> L€, <272> c €2
(T ={e, (1), (1,1),(2),(2,1),(2,2)})

can be viewed as the tree in figure 1.

The tree sequent calculus TLJ is a proof system which derives tree sequents,
and consists of the following rules.

[axiom] (Id) 7:« Lo mxmm:a
[structural inference rule]
r, 5T,
AT 55Ty Ay

[Logical inference rule]

(Weakening)

T ALTira 7: 6, Ty A,
fiiadf [Ty - Ap A,
nxk:a, FLA,ﬁ*k::ﬁ

r MM A miaog

(O>—)

(—2)

T *k
In the last figure, because I" Ak A, m:«a D fis also a tree sequent,
the node 7 * k and its descendants do not occur in the lower sequent (see
also figure 2). We say 7 x k is the eigen-node of this (—D)-rule.

We write FrLy ¢ (p is provable in TLJ) if Frpy te €: Q.
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FIGURE 2. (—D)

3. VARIANT SYSTEM: TLJ>

We introduce a new proof system TLJ* as follows. This system is useful to
analyze the TLJ-derivations proof theoretically (see the next section).

Definition 3.1.
<w
(1) A pseudo tree sequent is an expression of the form T’ Y A where T and
A are sets of of pairs of elements of N<“ and formulas written 7 : «. A

pseudo tree sequent I' Bl A is simply written as I' — A if it causes no
confusion.

(2) TLJ™ is a proof system which treats pseudo tree sequents, and obtained
from TLJ by modifying (—D) as follows.

_ N< _
nxk:oa, I — A, xk:[3

N< _
r—A n:adp

(—2)

Here m x k and its descendants do not occur in the lower sequent. We call
this condition the label condition of this (—D).
Theorem 3.2. There exists 7 such that T —— A is provable in TLJ, if and only
T N0 A is provable in TLJ*.
Proof.
(=) Let ¥ be a TLJ-derivation of T’ L, A. We can obtain a TLI*-derivation
of T" N A by replacing each tree sequent IT T e occurring in ¥ by the

pseudo tree sequent II Rﬁi @7. B
(«<=) Define a tree T(I') = {7 | 3k € N<¥ 3o € Fml such that m* k : « € T'}.
We can show, by induction on the size of the TLJ*-derivation, if I' — A

is provable in TLJ* and T(TUA) C 7 then T’ T As provable in TLJ.
O

3.1. A proof theoretic study on TLJ*. In this subsection, (Weakening) is
restricted as the following form.

I'—=A .
o T oA (Weakening)

I'— A
' - A 7n:«a

3

(Weakening)

In this subsection, we show that every TLJ-derivation can be transformed into
another derivation which satisfies some desirable conditions. This result is used in
[4].
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Definition 3.3 (Regular derivation). A TLJ*-derivation ¥ is regular if it satisfies
the following conditions.

e All eigen-nodes in ¥ are distinct from each other.
e If a node 7 is used as the eigen-node of an occurrence Z of (—D), then 7
and its descendants occur only above 7.

Theorem 3.4. Each TLJ*-derivation ¥ can be transformed into a regular deriva-
tion ¥’ such that |X| = |¥'|.

Lemma 3.5. Let

I ={m:acl |nxidAmpU{n*j«m:a|n*xixm:acl}
Let Ef{’j be a derivation obtained from a derivation 3 by replacing each node
occurring in ¥ of the form 7 % ¢ x m by 7 * j * .

If ¥ is a regular derivation of I' — A and 7 * j * m and its descendants do not
occur in X, then X277 is a regular derivation of I, 7 — AZ7. Furthermore, if

Mok kT, .o Ak kMg, L1,y Wi Ay, 1p)
occur as eigen-nodes in ¥, then
Tk j*My,...,mxjxmmgly, ... 0L, @xiAl,. .. 1)

occur as eigen-nodes in X2/ and the other nodes are not used as eigen-nodes.

Furthermore |2277| = |3

Proof. By induction on the size of X. O

Proof of theorem 3.4. By induction on the number IV of eigen-nodes which violate
the condition of the conditions written in definition 3.3.

Take a (—D)-rule Z whose eigen-node violates the conditions written in definition
3.3 above 7 all eigen-nodes satisfy the conditions. Suppose Z has the following form.

I
nxi:a, ' = A nxi:(
' —-A, n:aDf

Let j be a natural number such that 7 % j and its descendant do not occur in 3,
and let ¥ be a derivation obtained from ¥ by replacing II by I~
-
nxjra, L —=A nxj:[3
r-A, n:adp

(—2)

This transformation reduces N without changing the endsequent. By induction
hypothesis, ¥’ can be transformed into a regular derivation. O
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Example 3.6.

BD:a—{1,1):«

(Weakening)
L) :6, ):a—{11): (=)
Weaz{l):6>a (Weakening)
1):a—=(1):Da, (1,1):a .
@16 () o) foa (L) a  eokening)
W o= ioa (=2)
—e:aDfDa
:a—(1,2):a :
2 6, (1) o (1,2 a L eakening)
BD:a—{1):Da (=>) .
> H:a—=1):Da, (1,1): (Weakening) . : regular
L5 Mia— ) :foa (L1 a (eakening)
(1):a—(1): D« (=2)

(—D)

Definition 3.7 (Well-ordered derivation). Let Z be an inference rule occurring in
a derivation ¥. We write Z[n] and say 7 is the main-node of Z, if 7 satisfies either
of the following conditions.

e 7 is a (Weakening)-rule and it adds a formula labelled with 7.
e 7 is not a (Weakening)-rule and its side formulas are labelled with 7.

A TLJ°-derivation ¥ is well-ordered if every pair (Z1,Z2,Z3,Z4, J1, J2) of infer-
ence rules occurring in ¥ satisfies the following condition (see also figure 3).

Zs occurs immediately after Z;
Z3 occurs in the path from Zs to the endsequent of X
74 occurs immediately after Zg
Zl[m}z ZQ[ﬁ]a I3[ﬁ}7 14[2] (ﬁ 7& m, n 7& Z)
{ m does not occur above Z;

m does not occur below Z,4

Jo occurs in the path from J; to the endsequent of X, Ji[m|, Ja[7]
= MmAN

Theorem 3.8. Every TLJ-derivation can be transformed into a well-ordered
derivation with the same endsequent.

This theorem follows from the following lemma.
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. no inference rules whose main nodes are m occur
FO — AO
Fl ad Al
FQ — AQ
. only inference rules whose main nodes are @ occur
/ A
Iy — A2 [ﬁ]
I3 — Ay 32U
=~ Zi[l]
F4 d A4

. no inference rules whose main nodes are m occur

Iy [m]
Z[n]

FIGURE 3. well-ordered derivation

Lemma 3.9. Suppose that ¥ is not well-ordered and has the following form.

1 : "
% Jm]
r—-A
If the figure above IV — A’ be well-ordered, then ¥ can be transformed into a
well-ordered derivation in which the main-node of the lowest inference rule is m.

Proof. In this proof we extend (—D) as follows.
I'—A
P\{mxk:a} = A\{n*xk:8}, n:aDp
This extended rule can be derived in TLJ* by the following figure.
nxk:a, D\{*k: al;:i\{n*k::ﬁ}, nxk:f (Weakening)
F\{mxk:a} - A\{mxk:8}, n:aDp (=2)
The proof of this lemma is given by induction on the size of 3. We can assume

that ¥ is regular. We do not treat all cases, but the other cases can be showed in
the same way.

(1) Z:(—D2), J:(—D).

(—2)

L Q
I'— A 7
P\{mxk:a} = A\{m=*k: 8}, m:aDp 7
P\{mx*k:a nxl:y} > A\{mx*xk:5, nxl:0}, m:aDB, Nn:yDJ
First, consider the following derivation.
0
I' - A
P\{7m*l:y} = A\{m=xl:0}, m:vyD¢
Because the derivation above J is well-ordered and 7 violates the well-

ordered condition, there is an inference rule whose main-node is 7 % [ in €.
We therefore obtain that M« k A [, and can see above figure follows the

(—D)
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label condition of (—D2). By induction hypothesis, this derivation can be
transformed into a well-ordered derivation II. From the statement of the
lemma, if the main-node of the lowest inference rule of Q2 is 7 * k, then the
main-node of the lowest inference rule of II is m % k. Then the following
derivation is well-ordered.
- (
P\{mx*k:a nxl:y} > A\{m=*k:8, nxl:0}, m:aDB, n:yDJ
(2) ZT:(—D), J:(>—).
o o,
I' Ay, m:a Mm:0, I's— Ay

I',I'g, m:aDp— Al,AQ

(T2, T2, a5 )\ 7wk 7} — (A1, Ao) \{mxk:oh, iy D0

First, consider the following derivations.
o
Fl — Al, m:«

—>D)

i\ {r*xk:v} = (A, m:a)\{mxk:0}, n:yD4 (=2)
DOy
m:ﬂ, f‘Q*)AQ (—)D)
(m: 08, To)\{m*xk:v} = A\ {mxk:0}, n:yD4

By induction hypothesis, these derivations can be transformed into well-
ordered derivations I, IIs. From the statement of the lemma, if the main-
node of the lowest inference rule of ; is M, then the main-node of the
lowest inference rule of IL; is T2 (i = 1,2). Then the following derivation is
well-ordered.
I, Tl
(T, Ty, m:aDB)\{mxk:v} = (A, M)\ {*xk:0}, m:yDJ
Note that the following conditions hold because 7 x k A m.
(I',To, m:aD )\ {nxk:v}
=M \{mxk: 7)) UM\ {mxk:~v})U{m:aDp}
(A, m:a)\{m*xk:0=(A1\{m*k:5}H)U{m:a}.
(m: B, To)\{mxk: v} =L\ {nxk:a})u{m: g}

(>-)

(3) Z: (Weakening), J : (—D).
L Q
r—A 7
P\{mx*k:a} - A\{mxk:0}, m:aDf
P\{mx*k:a} > A\{mx*k:8}, m:aD B3, n:p
Consider the following derivation.
L Q
r—A
Fr-A m:gp

(Weakening)
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By induction hypothesis, there is a well-ordered derivation Il of I' — A, 7 :
. Because X is regular, m *x k A m. In addition, because 2 is well-ordered
and ¥ is not well-ordered, we obtain m * k # 7. Then the following figure
is well-ordered derivation.
I
F\{mxk:a} > A\{mxk: 8}, m:aD B, n:yp

T

4. A NEW PROOF OF THE KRIPKE COMPLETENESS THEOREM

When we prove the Kripke completeness theorem by use of the tree sequent
method, the proof is given as the following steps.

@ is valid in every Kripke models

@ is provable in LJ — @ is provable in TLJ

[2]

In the standard method, the relation [f] is proved by use of a translation called
formulaic translation (see [1, Definition 3.10] or [2, Section 2]). In this section, we
give a proof of [f] without this translation.

4.1. Proof of [f]. Our proof is given by only one procedure to remove all redundant
weakening rules. First, we define the notion ”redundant weakening”.

Definition 4.1. A (Weakening)-rule W in a TLJ*-derivation ¥ is necessary if it
satisfies the following conditions.
e A (—D)-rule appears just after YW, and W add only one side formula of
this (—D)-rule.
e W is the lowest inference rule in X.
A (Weakening)-rule is redundant if it is not necessary.
We call a TLJ*-derivation in which no redundant (Weakening)-rules occur an
essential derivation.

Example 4.2. In the following figures, the rules Wy, W5 and Wjs are all necessary.
The rules Wy, W5 and Wg are all redundant.

F—>A,.ﬁ*k:ﬂ W ﬁ*k:a;F—>A
nxk:a, ' = A nxk: [ ( 13) nxk:a, F—>A,ﬁ*k;:ﬁ(
—
r-A n:adp r-A n:adDp

Wo
—>D)

r—A
I'T — AA
(endsequent)

Ws
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F—:>A F—>A,.ﬁ*k:6

ﬁ*k:a,F—>A7ﬁ*k:ﬂW4 nxk:a, F',FeA,A/,ﬁ*kzﬁzA}SD)
'-A n:adDpf (=2) I''l'-AA, mn:aDp
T, — A

F1—>A1,ﬁZOéW6 ﬁ:ﬁ,ﬁgﬁAQ
n:aDpf, ',y — A, Ay

(5—)

Theorem 4.3. Every TLJ*-derivation can be transformed into an essential TLJ>°-
derivation with the same endsequent.

Proof. The proof is given by double induction on:

e The number w of occurrence of redundant (Weakening)-rule in 3.
e The height'h of the lowest redundant (Weakening)-rule in Y.

Take one of the lowest redundant (Weakening)-rules W, and do the following
operations. In each case, we can easily check that the operation reduces h without
changing w or reduces w.

(1) Suppose that W adds two side formulas of (—D)-rule occurring immediately
after W:

 (a)
I'—-A W
nxk:a I = A A, nxk: [ (o)
N
I'T—-AA n:aDf
L (0)
In this case, we transform this figure into the following figure.
' (a)
- A
I'T - AA, m:aDf
2 (0)

(2) Suppose that W adds one side formula of (—D)-rule occurring immediately
after W but adds also some other formulas:

: (a) L (a)
nxk:a, ' = A I' - A nxk:p
nxk:a I'T - A AN, nxk:[ w nxk:a IV - AN, nxk: 3
I''l' - AA, mn:aDp (=2) I'T —-AA, n:aDf
 (b) : ()

(Weakening)

(—2)

IThe height of a occurrence Z of an inference rule in ¥ is the number of tree sequents occurring
in the path from 7 to the endsequent of . An occurrence W of redundant (Weakening)-rule is
the lowest in X if its height is smallest in all redundant (Weakening)-rules in X.
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In this case, we transform this figure as follows.

 (a) ()
mxk:a, I' > A ) '—-A nxk:0 )
mxk:a, I - A nxk: (We:?kemng) nxk:a, ' = A nxk:[3 Ewi‘;j‘kemng)
- —
I'—A n:adDp \(Vk) Fr>A, n:adf Wk).
I'TSAAN. m-a>f (Weakening) I'TSAA, n:a>p (Weakening)
2 (b) 20
(3) Suppose that W adds a side formula of (D—)-rule occurring immediately
after W:
() |
I — A 2 (b)

F17F2—>A1,A2ﬁ:aw n:p, F3—>Ag, (:) )
—
n:aDf, I'1,T2,I's — A, Ay, Ag

F ()
. : ()
(a) FQ — AQ W
' = A, mra n:f, Iy I's — Ag, A (5—)
N
n:aDf, ', s — Ay, Az, Ag
2 (o)
In this case, we transform this figure as follows.
: (a)
Fl — Al .
T B Tila T — Ap, Ay, A, (Y eakening)
L (o)
L (b)
FQ — Az .
niaD B, ',y I's — Ar, Ag, Ag (Weakening)
 (0)

(4) Suppose that (Weakening)-rule occurs immediately after W:

: (a)
Fl —)AQ W
I',I'y = Ay, Ay
[',T2, T3 = Ay, Ag, Ay

2 (b)

(Weakening)
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In this case, we transform this figure into the following figure.
: (a)
' — A
1,12, T3 — A1, Ag, Ag
2 (0)
(5) Suppose that W adds no formulas:
' (a)
r—-A
0,7 — A0
. (b)
In this case, we transform this figure into the following figure.
 (a)
r—A
2 (0)

(6) Suppose that W adds only formulas which are not side formulas of the
inference rule occurring immediately after W:

 (a)
r - A
I, - A0
IL,TV— A',©
L (0)
In this case, we transform this derivation into the following figure.
' ()
r—-A
I — A/ z
LTV — A',©
L (0)

(Weakening)

W

W

4%

O

Lemma 4.4. If ¥ is an essential TLJ°-derivation of II — O, then X has the
following form for some II' C IT and ©’ C ©.

e

m (Weakenmg)

Then, if I' — A occurs above the sequent II' — ©’, then the following conditions
hold.

e A is a singleton set.
e Suppose that A ={m: 5} and M : o € T, then m < 7.

Proof. By induction on the size of the derivation of I' — A.
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(0) Suppose that I' — A is an axiom. Then this sequent has the form
m:a — Mxk: « and satisfies the required conditions obviously.
(1) Suppose that I' — A is derived by the (—D)-rule.

mxk:a, F%A’,ﬁ*k:ﬂ
r—-An:adp

(=2) (A=A'u{n:a>dp})
By induction hypothesis, we have the following conditions.
o A'=10.
e Ifm:~vel, then m < mx*k.
By label condition of (—D), T * k and its descendants do not occur in the
lower sequent. Therefore we obtain that if m : v € I’ then m < 7.
(2) Suppose that I' — A is derived by the (D—)-rule.

FlﬂA'l,E:oz E:/B,F'QHAQ
— (>—)
k:aDﬁa F17F2_)A1>A2

(F:{E:aDﬂ}UHUFg, A:A1UA2)

By induction hypothesis, we have the following conditions.

e Ay ={), and Ay = {m : v} for some 7 € N<“ and v € Fml.

e Ifm:§eT; thenm < k.

e Ifl:0c{k:B}UTly thenl <7.
From the first condition, we obtain A = {m : v}. In addition, from the
third condition, we obtain k < 7. Therefore, with the second condition, we
obtain that if m : § € I' then m < 7.

(3) Suppose that I' — A is not the endsequent of ¥, and is derived by the

(Weakening)-rule. Because X is essential, the form of this figure is either
of the following figures.

F’—>A.’,ﬁ:ﬂ
nxk:a IV —=A n:p3
I"—=A", n:adp

(Weakening)
(=)

(C={nxk:a}UT’, A=A U{n:p})

nxk:a, TV — A’ )
mxk:a, IV —=A, n:0 (Weakening)
oA miaog ) (C={m*k:a}Ul’, A=A U{R:B)
First, we show that the later figure can not occur. Suppose that this fig-
ure occurs in Y. By induction hypothesis, we have the following conditions.
e There are [ € N<“ and 7 € Fml such that A’ = {m : v}.
e Ifl:5e{m*k:a}UT’, then [ <.
From the later condition, we have mxk < 1. This violates the label condition
of the (—D)-rule.
Then we consider the former figure. By induction hypothesis, we have
the following conditions.

o A =90.
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o If[:5cT’ thenl < mxk.
These are just as the required conditions.
O

Theorem 4.5. ([t]) If ¢ is provable in TLJ, then ¢ is provable in Gentzen’s LJ 2

Proof. Let Xg be a TLJ-derivation of — € : ¢. By theorems 3.2 and 4.3, we can
transform Y¢ into an essential TLJ°-derivation X1 of — € : ¢. By lemma 4.4, we
can check that if ' — A occurs in Y1, then A is a singleton set. Then, we can
obtain a LJ-derivation 5 of ¢ from 3; by replacing each tree sequent occurring

in ¥ of the form 77 : aq, ...,k : Qg Lm:ﬂbyasequent at,...,ap — G, O
Example 4.6. Suppose that the following TLJ-derivation X is given.
(L):p (.01} (1,1):p
Wep Y i @yie )p LY
W1 ipoa (1):p T )
W :p' ") pog op

{c}
—e:pD(pDq)Dp

(Weakening)

(O>—)

(—2)

(—2)

Then we extract an LJ-derivation from Y5 as follows.
X

v Theorem 3.2

:p—(1,1):p
Ly:p—=(1,L:p (1,1):q, (1):p—{(1,1):p
00 ip o0 Wip=Ol)in
Dip—=(1L):(pDqg)Dp
: (—>)
—e:pD(pDg)Dp
 Theorem 4.3

(Weakening)
(>—)

1
{

(1) :p = (1,1) : p
(L1):pDgq, (H:p—(1,1):p
(1):p—=(1):(pDg)Dp
—€e:pD(pDg)Dp
v Theorem 4.5

(Weakening)
(—2)
(—2)

pP—Dp
PDGp—Dp
p—(>Dq Dp
—pD(PDqgDp

(Weakening)
(=>)
(—>)

2LJ is a proof system for intuitionistic logic introduced by Gentzen. See [5] in detail.
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5. ADMISSIBLE RULES

In this section, we show proof theoretically that some useful rules are admissible
in TLJ.

5.1. (Cut), (h—), (— h).

Definition 5.1. The system TLJ" is obtained from TLJ by adding (Cut), (h —)
and (— h) written below.

A _ _ T
I'n — A, n:a :a, 'y — Ay

'y, 'y LAMAQ

(Cut)
ﬁ*kz:a,FLA FLA,ﬁ:a
T (h — T
n:ia, ' — A I' = A, nxk:a
In addition, we define the system TLJ® from TLJ by adding (Cut), and define
the system TLJ" from TLJ by adding (h —) and (— h).

(= h)

Theorem 5.2. The following conditions are all equivalent.

 is provable in TLJ.
 is provable in TLJ®.
¢ is provable in TLJ".
¢ is provable in TLI".

Proof. Obviously, the following relation holds.
@ is provable in TLJ®

7 N

 is provable in TLJ  is provable in TLJ"

A" 7

 is provable in TLJ h

Furthermore, we can show that each TLJ °h_derivation can be transformed into an
LJ-derivation in the same way as subsection 4.1. This implies that if ¢ is provable
in TLI" then ¢ is provable in TLJ. d

In the following argument, we write TLJ h as TLJ simply.

5.2. Other admissible rules. We show that some additional rules are admissible
in TLJ. These rules are very useful to analyze TLJ-derivations proof theoretically
(see [3, 4]).

Theorem 5.3.
(1) Suppose m*j & T. Let

T ={meT |nxidmyU{mxj«m|axixmeT},

M ={(m:ael |axidmyU{m*j*m:a|maxixm:acl}.
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Then the following rule is admissible in TLJ (see also figure 4).

T
I — A
N sime .
i—j =]
Fﬁ Aﬁ

(Transplant)

Furthermore, if there is a TLJ-derivation 3 of T’ z, A, then there is a
N i .
TLJ-derivation ¥’ of T 7 “— AZ"7 such that |X'| = |Z].
(2) Suppose m € T and m i ¢ T. The following inference rule is admissible in
TLJ (see also figure 5).
r- LA
r T A

(3) The following rule is admissible in TLJ.

(Grow)

FLA,ﬁ:TDa

FLA,ﬁ:a

(Remove T)

Here T =p D p.
(4) Let 772" = {m € T | m £ m}. Then the following rule is admissible in
TLJ (see also figure 6).

FLA,ﬁ:a

Tt
I —

~ (Trim)

AT

Here, n * i and its descendant do not occur in I' U A.
(5) The following rule is admissible in TLJ (see also figure 7).

T L
I — A nxixm:«

g (Drop)
' — A n:«a

Here, n x4 and its descendant do not occur in I' U A.
(6) The following rule is admissible in TLJ (see also figure 8).

o T o
nxixm:a, ' — A ixixm: [

— (—D)*
TZn*t o
'r— A, n:aDp

Here, n x4 and its descendant do not occur in I' U A.

Proof.

(1) By induction on |X|. We give a proof only the case when T’ L, Ais derived
by (—D)-rule.

T TR A ek
r LA, m:a>p

If m x k # 7 x j, then we obtain a derivation of

mxk:«

(—2)

T%Hj U{m=k}
—

m*k:a, T AN, mxk:p
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’<].,].> : Fll — All‘ ’<37 1> : Fll - A11‘

|

(1) 1 Tu— Ay [(2) 1 Ty — Ay [(2) 1 Ta—> Ay [(3) 1 Ty — Ay
| |

GZF(J—)AO €ZFO—>A0

FIGURE 4. (Transplant)

’<1> . F1—>A0‘ ’<2> . FQHAQ‘ ’<1> . F1—>A0‘ ’<2> . F2—>A2‘

GZF(J—)AO 62F0—>A0

FIGURE 5. (Grow)

(21 : 0-0][(22) : 00|

|

(1) Ty > A [@) - 0—0] (1) : T =4

’62F0—>A0,&‘ ’6:F0—>A0704‘

FIGURE 6. (Trim)

’(2,1> : (Z)—>(Z)H<2,2) : (Z)—>04‘

|

(1) Ty > A [@) - 0—0] 1y : Ty — Ay

€ZFQ—>A0 ’6:F0—>A0704‘

FIGURE 7. (Drop)
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(21) : 0-0][(22) : a— 5

(1) Ty > A [@) - 0—0] (1) : 1=

‘ ~
e : T'g— Ay ’6:1—‘0—>A0,a35‘

FIGURE 8. (—D)*

T
by induction hypothesis, and can derive I' = A/, m:a D f. I mxk =
7 * j then, by induction hypothesis, we obtain a derivation X’ of

mlia, T YA mel: 8 (#9)

such that [X”| = |¥| — 1. Then we also obtain a derivation of 7 * [ :
-
a, T el A, m 1 : [ by use of induction hypothesis again, and can
Tird
derive I' ™— A’, m:a D .
(2) By induction on the size of the derivation of T L, A. The only nontrivial

case is the case when T’ z, A is derived as follows.

_ T _
nxi:a, [ — A, mxi:f

FLA’,ﬁ:aDﬁ

(—2)

In this case, we can prove in the same way as the proof of (1) by use of
(Transplant)-rule.
(3) (Remove T) can be supplemented by the following figure.

Tu{m*1} _

nxl:p — n*l:p(HD)
T _ _ T _
—n: T n:a—>n:oz(:)_>)
FLA,ﬁZTDO{ T:TYoa-T:a
(Cut)
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(4) As an example, we give a derivation which supplements figure 6 as follows.
The other cases are supplemented in the same way.

F@A, €«
(2,2 : T, FAA, e:a, (2,2):
I‘gA,e:a, 2): TOa
2,1): T, T A, e:a, 2):TOa, 2,1):a
FLA,e:a, 2): TOa
@2 :T, T %A era, 2):TOa

(Weakening)

(—2)

(Weakening)

(=2)
(Weakening)
(—2)
(Remove T)

FLA,e:a,e:TDTDa

T
I' — A, e:a
Here,

T = {63 <1>}7 T = {67 <1>a <2>}, = {67 <1>a <2>7 <2a 1>}a
T3 = {6, (1),(2), (2, 1>7 (2, 2>}
(5) By induction on |m|. Suppose that T’ AN A, m*i*m is provable in TLJ.
Suppose that @ and its descendants do not occur in TUA. Let T =k * j.

The following figure shows that I' T\Eviym) A, Wik : «ais provable in
TLJ.

T o
' —A m*xi*xm:«

. T .
mxixm: T, [ — A, Ixixm:a

(Weakening)

T\{nxixm} - <_>:))
' "— "A nxixk:TDa

e — (Remove T)
r \ixm} A mxixk:a
Frwi
Then, by induction hypothesis, I' i A, 7 : « is provable in TLJ.
(6) Let m = k x j. Then the following figure shows that the (—D)*-rule is
admissible in TLJ.

o T o
nxixm:a, L — A, nxixm: [

(i) = (=2)
D "WEEMA mxikkiaD B

T .
I — A n:adf

(Drop)

6. VARIANT SYSTEM: TINJ

In this section, we introduce a natural deduction stile proof system TINJ. In [3],
we give an intuitionistic fragment of Au-calculus by use of this system.

Definition 6.1. The system TNJ is defined from TLJ by

e removing (D—)-rule,
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e adding the following rule.
FléAl,ﬁlaDﬁ FQLA%ﬁSOé

', Iy Z Ay, Ap, Wi B

(MP)

Theorem 6.2. ¢ is provable in TNJ if and only if ¢ is intuitionistically valid.

Proof.

(=) We can show that if I’ L As provable in TINJ then I' I Ads provable
in TLJ" by induction on the size of the TNJ-derivation of T’ TOA Tt
suffices to show the case when I' —— A is derived by (MP).

FliAl,ﬁlO{Dﬁ FQLA27E:CY
[1,Ts 5 Ay, Ao, 2 8
(F:Flqu, A:A1UA2U{ﬁﬁ})

(MP)

By induction hypothesis, I'y N A, m:a D fand I'y z Ag, T : « are
both provable in TLJ". Then, we can construct a TLJ"-derivation of

r-a as follows.

FQLAg,ﬁ:a ﬁﬁiﬁﬂ
LA, 7 :aDf TiadB, Ty Ay, 7:

F17112 l} AlaA27 ﬁﬁ

(>—)
(Cut)

(<=) The set {a | FrNng «a} is obviously closed under modus ponens. Further-
more, we can see that a D f D aand (a DS D) D (D B) DaDdyare
both provable in TINJ by the following figures.

(1):ai><1>:04

pe (Weakening)
1 :a, (1,1): 35 (1,1) : « (o)
v Ly a
1):« Ly: 8> (=>)

ﬁe:ajﬁ)a

Y X _ (MP)
(1,1,1) o, (1,1) :aD B, (N:aDB Dy (1,1,1) :y (=)
(1,1) : D B, <1>:a:)ﬂ:)*y£>(1,l>:a:)‘y(_>3)

(1):a36371><1>:(a36)3a3'y

ﬁ)e:(aDﬁD’y)D(OKDﬁ)DO‘D’Y

(—D)

M:adBdy S (L1,1):ad82y LL1):a—5(1,1,1):a
(L1,1) e, ):adBD7 25 (1,1,1): D

D (MP)
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1, :a>82(1,1,1):a>8 (1,1,1):a—2(1,1,1):
1,1,1) ta, (1,1) 1D B 2% (1,1,1): B
Here Th = {e, (1)}, To = {e, (1), (1, 1)} and T3 = {e, (1), (1, 1), (1, 1,1)}.

b))

(MP)

O
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