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Background

1984 Jones polynomial

I
I
N 4

“Quantum invariants”

» Colored Jones polynomial

» Reshetkhin—Turaev invariant
» Universal quantum invariant
» Kontsevich integral

4 /51



Introduction

Background

KEY POINT FOR CONSTRUCTIONS

X — “R-matrix”

RIIl move —  “hexagon identity"
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Introduction

Background
» Reshetkhin-Turaev invariant
R € End(V ® V), V: fin.dim. linear sp.
I®R)(R1)(I®R)=(R1)(1I®R)(R®1)

» Universal quantum invariant
R € /%2, R ribbon Hopf algebra

RioR13Ro3 = RozR13R12



Introduction

Background

Definitions are combinatorial and diagrammatic

()=

= It is not easy to see topological properties of
links from quantum invariants.
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Introduction

Background

What are “topological properties” of links?

» Properties defined using simple operations or
surfaces. e.g. invertible, achiral, Brunnian,
ribbon, boundary, etc.

» Properties defined by classical invariants. e.g.
genus, homology, fundamental group, bridge
number, Milnor invariants, etc.



Introduction

Background

TASK

Find relationships between quantum invariants
and topological properties of links!
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Introduction

Background

METHODS

Link (3-dim. obj.)
(w/ topological properties)

1

Link diagram (2-dim. obj.) ~» Quantum invariants

(w/ planer properties)
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Introduction

Background

METHODS

Link (3-dim. obj.) — triangulation (3-dim. obj.)
(w/ topological properties)

) ¢

Link diagram (2-dim. obj.) ~» Quantum invariants

(w/ planer properties)
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|deas for reconstruction of quantum invariants

A: a fin-dim Hopf algebra/k

1. Drinfeld double D(A) ~, A* ® A

= Re D(A)*? st.
RisRi3Ry3 = RozRi3Ris € D(A)®.

2. Heisenberg double H(A) ~; A*® A

= S € H(A)® st
512513523 = S23512 € H(A)®3-
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Introduction Drinfeld double and Heisenberg double Universal quantum invariant and its re ction Extension 3-din

|deas for reconstruction of quantum invariants
Theorem (Kashaev '97)
There is an algebra embedding
¢: D(A) = H(A) ® H(A)®,
s.t.

¢*2(R) = S{4S135245%.

S’ 8", S: modifications of S satisfying pentagon
relations
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|deas for reconstruction of quantum invariants

Octahedral triangulations of link complements
% -6 -
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|deas for reconstruction of quantum invariants

Octahedral triangulations of link complements

\/\a~

¢“*(R) = 51151352455
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|deas for reconstruction of quantum invariants

Pachner (2,3) move
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|deas for reconstruction of quantum invariants

Pachner (2,3) move
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Introduction

ldeas for reconstruction of quantum invariants

T0 SUM UP...

~ |ldea for the reconstruction ~

—  S-tensor

Pachner (2,3) move ~— pentagon identity
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Introduction

ldeas for reconstruction of quantum invariants

T0 SUM UP...

~ |ldea for the reconstruction ~

—  S-tensor

Pachner (2,3) move ~— pentagon identity

In this talk: w/ universal quantum invariant

15 /51



Introduction

Remarks

Turaev-Viro's state sum invariant for (M, T):

Z(M) _ wf#{verteces} Z W) H W(T, )\)
A T

v

T a triangulation of M

v

A: a color (giving an integer on each edge)

T: a tetrahedron in T

. N
W(T;\) € C: the weight on T' 4> = W(T; \)
/ n

16 /57
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Introduction

Remarks

Turaev-Viro's state sum invariant for (M, T):

Z(M) — wf#{verteces} Z W) H W(T, )\)
A T

v

T a triangulation of M

v

A: a color (giving an integer on each edge)

T: a tetrahedron in T

i J
W(T;\) € C: the weighton T~ '
satisfying a pentagon identity. = W(T; )

16 /57
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Introduction

Remarks

1. [Turaev-Viro]
(triangulation, quantum 6j-symbol)

i3 i1 J2
ki k3 n

ig i3 J1
ks ko n

i1 d2 J3
ko k1 n

JiJ2 g3 J2 I3
i1 d2 13| |k1 k2 ks

= Z[”]q

2. [Baseilhac-Benedetti] QHI
(ideal triangulation, quantum dilogarithm)

Y(V)W(U) = W(U)U(~UV)T(V)
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Introduction

Remarks

3. The universal quantum invariant
(link diagram, the universal R-matrix )

R=> a;®p; € D(A)™

i>0

= Zi,jzo ﬁ]/'az‘uil ® a;ﬂiu
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Introduction

Remarks

3. The universal quantum invariant
(link diagram, the universal R-matrix )

R=> a;®p; € D(A)™

i>0
. / -1 /
J: = Y s BT @ ol Bu
] .
state sum products of weights

18 /57



Introduction

Remarks

3. The universal quantum invariant
(link diagram, the universal R-matrix )

R=> a;®p; € D(A)™

i>0
. / -1 /
J: = Y s BiaiuT @ o Bu
] .
state sum products of weights

The orientation of the link = The order of products of weights.

18 /57



Introduction

Remarks

4. Reconstruction of the universal quantum invariant
(colored ideal triangulation, the S-tensor)

X
J': 4} = S=3000 ® B € H(A)®?
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Introduction

Remarks

4. Reconstruction of the universal quantum invariant
(colored ideal triangulation, the S-tensor)

X
J': 4} = S=3000 ® B € H(A)®?

» invariant for “colored” 3-mfds
(3 a canonical choice of the color for a link = link inv.)

» invariant for closed 3-mfds if A is involutory

19 /57



Introduction

Related topics; w/ the reconstruction J’

1. To study topological properties of links using J'.

0%,
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Introduction

Related topics; w/ the reconstruction J’

1. To study topological properties of links using J'.

@ <——> olume (S1%)
(9/3 V,S <——>SVw((<[>)

s

e.g. Obtain the volume of the link complement from J’!
(=Restate the volume conjecture using J’)
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Introduction

Related topics; w/ the reconstruction J’

2. v.s. Phys?
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Introduction

Related topics; w/ the reconstruction J’

2. v.s. Phys? ;
\ 4 H)
><O %} S N ]/ TorT I
N Vs om :
l WX H) &™

e.g. Give a TQFT construction of J'!



Introduction

Related topics; w/ the reconstruction J’

3. v.s. Kontsevich invariant

(D) A0) - 5w 0.0.0, - Vo

as
R = e*?"-i'-i / Wy st Jal)=Wao 2(€)

22 /57



Introduction

Related topics; w/ the reconstruction J’

3. v.s. Kontsevich invariant

2( D)< A0) - 50 0.0.@,.. Y
R >< as

- Wy st Tyl)=Wae 206

Extend the reconstruction of the universal invariant to that of
Kontsevich invariant!

22 /57



Related topics; w/ J' for colored 3-mfds

1. v.s. WRT invariant  with Uslg) )

M= S Ts(M) = TRy(J0)
Suvjewy rvesezu'('attov\



Related topics; w/ J' for colored 3-mfds

1. v.s. WRT invariant ( with Uh("” )
M = 331_ , M] Tgs(jL)
Suvjewy fwsmfmttov\ I?_ j’ (S \L)

M)

Find direct relationship between J' and WRT invariant!



Related topics; w/ J' for colored 3-mfds

2. v.s. Turaev-Viro invariant, QHI, and Kuperberg invariant

4— [,4 1’HM\10\ lotiows.

)
@ — 6—1- 3YMb Cl (o% (G_H-L)
Hw" Kigeon’ W‘*V‘Vbew()



Introduction

Related topics; w/ J' for colored 3-mfds

2. v.s. Turaev-Viro invariant, QHI, and Kuperberg invariant
4— b|1 Tﬁminlaﬁwﬁ,
65 symbrl (-V)

o o dil (0HF)

b .,
N Ho V{' K‘)“Yﬁm &KD?QV\)QV‘.)

Find direct relationship between J’ and these invariants!



Introduction

Related topics; w/ J' for colored 3-mfds

2. Invariant using an associator
(working project with Anderson Vera)

THS

B e A(Lid) = S CELL, EH, . )
safisfies o “PQM@?W' e [aon .

[B‘W‘NV‘W , Dav\cso'l\‘l.l Z ( &) <



Introduction

Related topics; w/ J' for colored 3-mfds

2. Invariant using an associator
(working project with Anderson Vera)

THS

Q € A(v“u” GPM‘@( L'U, I;H. > s-ru
aﬁsﬁes o ?ewolﬂ' ne [afion .

(Bav=Netan ,Ducso,'l‘l-l Z | &) :

Construct an invariant using an associator! then find direct
relationship with LMO invariant!
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Introduction

Related topics; algebraic aspect

“Quantum group theory” for Heisenberg double

- { —An of ﬂ«uﬁﬂa
v R-atiix motiva fed ke

Unt
) o cwystad basis
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Introduction

Related topics; algebraic aspect

“Quantum group theory” for Heisenberg double
-mafuix kit thaory
Unlg) ' R motivted

?
D (B(U)) S~ tensor i H(B (U“"”))0

Construct “quantum group theory” for Heisenberg double

(with S-tensor and crystal basis?) l
In‘ﬂﬂdﬂd/‘“w

26 /57



Drinfeld double and Heisenberg double

Drinfeld double and Heisenberg
double

» Quasi-triangular Hopf algebra and Ribbon Hopf
algebra

» Drinfeld double and Heisenberg double



Drinfeld double and Heisenberg double

Quasi-triangular Hopf algebra

Quasi-triangular Hopf algebra (R, n,m,e, A,~, R): Hopf
algebra with the universal R-matrix R € R®? such that

A°(z) = RA(z)R™' for x € R,
(A ® 1>(R) = R13R23> (1 & A)(R) - R13R12.

28 /57



Drinfeld double and Heisenberg double

Quasi-triangular Hopf algebra

Quasi-triangular Hopf algebra (R, n,m,e, A,~, R): Hopf
algebra with the universal R-matrix R € R®? such that

A°(z) = RA(z)R™' for x € R,
(A ® 1>(R) = R13R23> (1 & A)(R) - R13R12.

=> invariant for braids.
AN
A — R

28 /57



Drinfeld double and Heisenberg double

Ribbon Hopf algebra

Ribbon Hopf algebra (R, n,m,e, A, v, R,0): quasi-triangular
Hopf algebra with the ribbon element 6 € R such that

0> =uy(u), (0 =0, @) =1, A®B) =(RuR)(O0),

where u =Y y(f)a with R=> a® f.

29 /57



Drinfeld double and Heisenberg double

Ribbon Hopf algebra

Ribbon Hopf algebra (R, n,m,e, A, v, R,0): quasi-triangular
Hopf algebra with the ribbon element 6 € R such that

0> =uy(u), (0 =0, @) =1, A®B) =(RuR)(O0),

where u =Y y(f)a with R=> a® f.

= invariant for tangles.

V/\O — 0

29 /57



Drinfeld double and Heisenberg double

Notation

A= (A,n,m,e,A,~): afin-dim Hopf algebra over a field £,
with basis {e, }a-

AP = (A,n,m°P, e, A,v!): the opposite Hopf algebra of 4,
(AP)* = (A* e*, A* n*, (m°)*, (v~ 1)*): the dual of A°P.
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Drinfeld double and Heisenberg double

Drinfeld double and Heisenberg double

The Drinfeld double D(A) is a quasi-triangular Hopf algebra
with the universal R-matrix
R=>.1®e,) ® (e*®1) e D(A)®* satisfying

RioRi3Ro3 = RosRi3Ria € D(A)®3.

The Heisenberg double H(A) is an algebra with the S-tensor
S=>,1®e)® (e ®1) e H(A)®* satisfying

S12513523 = 923512 € H(A)®3-

31/57



Drinfeld double and Heisenberg double

Drinfeld double and Heisenberg double

Set
§=>(18é&) @ ®1) €HA)™oHA),
S = 2(1 Re,) @(E®1) € H(A) @ H(A),
S=> (1eé&) e (@ ®l) €HA)™®oHA)™,

where &, = y(e,) and &° = (v*)71(e?).
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Drinfeld double and Heisenberg double

Drinfeld double and Heisenberg double

Theorem (Kashaev '97)
We have ¢: D(A) — H(A) ® H(A)® such that

¢*?(R) = S{4S135245%.
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Drinfeld double and Heisenberg double

Drinfeld double and Heisenberg double

D(A): Drinfeld double of A.
We have a ribbon Hopf algebra

R = D(A)[6]/ (0 — uy(w)),

where u =) v*(e%) ® e,.
We also consider the algebra

H = (H(A) @ HA)®) 6]/ (87 — d(uy(u))),

and extend the embedding ¢: D( ) = H(A) ® H(A) to
the map ¢: R — H by ¢(0) =
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Universal quantum invariant and its
reconstruction
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Universal quantum invariant for tangles in a cube

(1) Choose a diagram

(v ® 1)(R)

(2) Put labels
|

b / u’o C =
RX ® X EZ)/’A ™ (1@ (R)

(3) Read labels

uwh !

ny Bt ®d'BeRDNR

(R=>a®f=2d®p)
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Reconstruction of the universal quantum invariant

(1) Modify diagram

N
» Exchange ‘7 and /\ with 6and Q resp.

» Duplicate stracds
» Thicken the left strands
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Reconstruction of the universal quantum invariant

(2) Put labels

(3) Read the labels

38 /57



Universal quantum invariant and its reconstruction

Sketch of proof

12 3 4
D ~
J \\ — 5114513524553
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Universal quantum invariant and its reconstruction

Sketch of proof

1 2 3 4
O 3
J' A = 57,5135245% = ¢¥%(R)
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Extension of the universal quantum
Invariant

» Colored diagrams

» Colored moves

» Invariance of the universal quantum invariant

40 /57



Colored diagrams
. tangle diagrams obtained from the following parts

N 2 YRV
X AKX
00X X
X, XX, X

We can define the map J' on colored diagrams in a
similar way.
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Colored moves

» Colored Pachner moves

e

Here, the orientation of each strand is arbitrary, and
the thickness of each strand with x-mark is arbitrary.
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Extension

Colored moves

» Colored (0,2) moves

N

>=
/

Here, the orientation and thickness of each strand
are arbitrary.
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Extension

Colored moves

» Colored symmetry moves

. AN
Here, the orientation and thickness of each strand
are arbitrary.
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Extension

Colored moves
» Planer isotopies
P
XX XX X1

Here, the orientation and thickness of each strand
are arbitrary.

45 /57



Extension

Invariance of the universal quantum invariant

CD: the set of colored diagrams

~.: the equivalence relation on CD generated by
colored moves.

Theorem (S)

If'y2 = 1, then the map J' is an invariant under ~...

46 /57



Extension

Invariance of the universal quantum invariant

~': the equivalence relation on CD generated by
colored moves except for

XXX

Theorem (S)

The map J' is an invariant under ~'..
C
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3-dimensional descriptions

» Colored singular triangulations
» Colored moves
» v.s. link complements

48 / 57



Colored tetrahedron

. a tetrahedron with an ordering fi, fs, f3, f4 of its faces

AN

V41

/3 ./I].

T
AN

X

=X

/.

S
/rr’..,"

.‘.f 2]

'

S
\f}(g

There are eight types of colored tetrahedra:

RN
S0 X

A
X
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Colored singular triangulation C(Z7)

Define C(Z) for a colored diagram Z as follows.

(1) Place tetrahedra

50 /57



Colored singular triangulation C(Z7)

(2) Define star-vertices

ot
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Colored singular triangulation C(Z7)

(2) Attach the tetrahedra
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Colored moves

C()l()red Pachner (2,3) move
§< y
y

N N

e

pentagon relation
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v.s. link complements in S°\ {£oo}

The octahedral decomposition O(D):

(1) Place an octahedron at each crossing




v.s. link complements in S°\ {£oo}

)

the boundary of the octahedron

(2) Attach the octahedra

‘
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v.s. link complements in S°\ {£oo}
Theorem (S)

The octahedral triangulation O(D) admits a colored
ideal triangulation C(Z(D)).

Sketch of the proof




Remarks

» v =1 = J"isan inv. of closed 3-mfd.
» (Conj) v* # 1 = J'is an inv. of framed 3-mfd.

» The colored diagrams form a strict monoidal category
and J' is formulated as a functor.

» Hoping to get TQFT if we take L*(R) as a module of
H(By(sls)), which may give Vol(M) + iCS(M).
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