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SL(l) := {l-component string links }/ ~



Introduction

Quantum invariants for T' € SL(I)

Kontsevich inv. Zr c A(D)
Universal sl inv. Jr c Up(sly)®!

Colored Jones poly. Jc(lx(/lT)W) e Zlg" gt



Quantum invariants for T' € SL(I)

Jr € Un(sl)®! ~  U(sly)®[R]]

tr®!
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Ji ™ e 2iaa



Result

[Habegger-Masbaum, 2000]

Zp =1+ pn(T) + (higher)
Theorem (JB-S)

Ji = W (11 (T)) + (higher)

Note: (i) These results are essentially independent.
(i) W is not injective for m > 6.



Jacobi diagrams

» The space B(l) of labeled Jacobi diagrams
» Subspaces of B(l)



The space B(l) of labeled Jacobi diagrams

= /[\ @y o/ AS, IHX

A=-ﬁ< IEH-X



Subspaces of B(l)

C'(l) = ( simply connected, connected diagrams )q

C"(I) = ( non-repeated labeled diagrams )q
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Milnor's invariant
» Artin representation

» Milnor numbers
» Milnor map



Fl/<Fl)n+l

if{

( Y m1([0, 1P\ T)/(m1)ns1

E1/(F)nta

= A,: SL(l) = Aut(F/(F))n+1)
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Milnor numbers
A;: the longitude of the 7th component.

Magnus Expansion:

p: By — Z[[ Xy, ..., X]]]
=14+ X,

i = 3 iy (T) Xy -+ X,

V,uz'l,...,z'p;z'(T) =0, Vp<m



Milnor map for T" € SL,,(I)

tm(T) € Ker{[—, —|: Lie;(l) ® Lie,,,(I) — Liey, 11}

Let Ni € (B)m/(F))ms
Set m(T) = Zi-:l X, @\

i (
8
Zs/ pe(T) = Xi ® [Xo, Xi3)
) +X2 @ [XS;Xl]
\) +X3® [X1;X2]
=

¢

(-\\



Milnor map and Jacobi diagrams

pm(T) € Ker{[—, —]: Lie(l) ® Lie,,(I) — Liey11}
~ CL(1)
m RIPRD
Xi X

X1 ® [Xo, X3] + Xo @ [ X3, Xi] + X3 ® [ X1, X0



Universal sly invariant
» The quantized enveloping algebra Uj(sls)

» Universal sl invariant
» Universal sl weight system



The quantized enveloping algebra Uy (sls)

. the h-adically complete Q[[h]]-algebra

e generaters: H, E, F
e relations:

HE — EH=2FE, HF — FH = —2F,
K—K!

EF—FE:EETEW,

hH
where g=exph, K =¢"?=exp -



Universal sls invariant

H®H —1
- F e U=V g )

n>0 q

R
R

K (1) Choose a nice diagram
(2) Put labels

K (3) Read the labels



Universal slg invariant

Universal sls invariant

J(é\)

m-+n
_ HeHpR lm(ﬂ%—l)-‘,—ln(n—l)-‘rmz(q_1) m 1 —m n m -m n
e Y ! M=) pmg—m prg pr g R
[mlq![n]q!

m,n>0

1
:1+§H®H+F®E+E®Fm+m%



Universal sls invariant

Setc=iHQH+F®E+EQF.
Proposition

ForT € SL(Z) with Lk(T) — (mij)lgﬂg, we have

1

1<i<j<l 1<i<l

We generalize this result, using Milnor's invariants.



Universal sly weight system W : B(l) — S®[[h]]

U(sly): The universal enveloping algebra of sls
S(sly): The symmetric algebra of siy

A(l) = U (sly)®'[[A]
b |
B(l) —— S(sb)?'[[A]] ~aqpy  Un(sla)™

Zfihjek@_@--- — ZFiHjE’“®---



Universal sly weight system W : B(l) — S®[[h]]

c=sHOH+FQE+EQ®F €sly”

b= e, (- lo(HR EQF) € sly®

Ci.j bi,j,k € S(Sl2)®l



Universal sly weight system W : B(l) — S®[[h]]

ty (=)

“AN-K N

= S tr(bab) )b @ Uy @ by @ 1 @ U

DeBu(l) = W(D)=wDHh"



Universal sly weight system W : B(l) — S®[[h]]

Proposition

W (CE (1)) C (¥ h™ and
W(Ck (D) C (slo) P, .

S, C S: the Q-subsp spanned by a; - --a,, a; € sl

l _
(S = @ s Son @+ @ Sy



Result

Set

Jh=ploJ: SL{) = [[(S®)mah™,

m>1

where

pt: U}?Z — H(S®Z)m+1hma

m>1

denotes the projection as (Q-modules.



Result

Theorem (JB-S)
For T € SL,,(l), we have

Jp = W (i (T)) + (higher).



Result (homotopy version)

Set
-1
J'=p"o J: SL(1) — @ (s B,
m=1
where
-1
p": Uf(?l — @<3l2>57?+1hm
m=1

denotes the projection as (Q-modules.



Result (homotopy version)

Theorem (JB-S)
For T € SL (1), we have

Ji = W, (T)) + (higher).
SL" (1): the set of string links whose Milnor

homotopy invariants of length < m vanish.
p (T): the non-repeated part of p,,(T).



Proof

1. Prove the result for homotopy version.
2. Deduce the general case.

SLyp(l) —2mh (880, B ST (1) 2 (891, A

lD(p) lﬂoA(P) lD(p) JrroA(”)
Wsoul moJh

SLn(pl) ——24 (sp) P pm SLyn(pl) T (sla) ) mm.

(p>m)
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Apprication

Theorem (JB-S)

For T' € SL(l) with vanishing all Milnor invariants,

we have .
Jre [] (5%

0<i<j
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Future

» Find an integrality property for Milnor's
invariant at the level of the universal sl
invariant.

» Find the weight system for the universal sis
invariant.

» Make an algebraic isomorphism between
Un(sls) and U(sly)[[h]] which is compatible
with the weight systems.
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Quantum invariants for T' € SL(I)

Jr € Un(sl)®! ~  U(sly)®[R]]

tr®!
L q )/;?l

Ji ™ e 2iaa



