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Colored Jones polynomial

W1, . . . ,W5 ∈ Modf(Uh(sl2)).

W1

W2 W3 W4

W5

JL;W1,...,W5
∈ Z[q1/4, q−1/4]

▶ Skein relation

▶ Operator invariant
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Notation
For i ∈ Z, n ≥ 0,

{i} = q
i
2 − q−

i
2 ,

{n}! = {n}{n− 1} · · · {1},[
i
n

]
= {i}{i− 1} · · · {i− n+ 1}/{n}!.

For l ≥ 0,

P ′
l =

1

{l}!

l−1∏
i=0

(V2 − qi+
1
2 − q−i− 1

2 )

∈ Span
Q(q

1
2 )
{Vm : m-dim. irr. rep. | m ≥ 1}.
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Results for the colored Jones polynomial

Theorem (S)
Let K be a knot with 0-framing. For i, j ≥ 0, we have

JB(K);P ′
i ,P

′
j
=

∑
l≥0

a
(l)
i,jJK;P ′

l
,

where

a
(l)
i,j = δi,j(−1)i

{2i+ 1}!{l}!
{2l + 1}!

λl,i,

λl,i =
l∑

k=0

(−1)k
[
2l + 1
k

] [
2l + i− 2k + 1

2i+ 1

]
.
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Example

Mn =

JMn;P ′
1,...,P

′
1
= (−1)nq−2n+4Φn−2

1 Φn−2
2 Φ3Φ

n−3
4

Φm ∈ Z[q]: m-th cyclotomic polynomial
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The unified WRT invariant

Set

ω±1 =
∞∑
l=0

(±1)lq±
1
4
l(l+3)P ′

l .

L = L1 ∪ · · · ∪ Ln : link with framings ϵ1, . . . , ϵn ∈ {±1}
M = S3

L : ZHS obtained by surgery along L in S3

Definition (Habiro)

JM = JL0;ω−ϵ1 ,...,ω−ϵn ∈ Ẑ[q].

12 / 14



Introduction Results

Results for the unified WRT invariant

Theorem (S)
Let K be a knot with 0-framing.
Let M be an ZHS obtained by surgery along B(K) ⊂ S3 with
±1 framing.
We have

JM − 1 ∈ Φ2
1Φ

2
2Φ3Φ4Φ6Ẑ[q].
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ありがとうございました。
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