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Introduction

Introduction
» Quantum invariants

» Motivation to study the universal sl weight
system
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Quantum invariants for links

Jones polynomial (1984, Jones)

1 R matrix with respect to (Ux(g), V)
Quantum (g, V) invariant

J omit V
Universal g invariant (1990-, Lawrence, Ohtsuki)

1 KZ-eq. (Kohno, Drinfeld) omit g
Kontsevich integral (1993, Kontsevich)



Introduction

Quantum invariants

Classical invariants Quantum invariants
Milnor invariants Qu.antum (g V) _invariant
Alexander invariant, ... Universal g invariant

Kontsevich integral

» Equivalence Probrem » Structure of the set of knots

» Classification Problem > Algebraic structures

» Filtrations

» Classification by weaker
equivalence relations

» Property of knots
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Introduction

Quantum invariants

Classical invariants Quantum invariants
Milnor invariants ngntum (g V) 'invariant
Alexander invariant, ... Universal g invariant (g = sl2)

Kontsevich integral

» Equivalence Probrem » Structure of the set of knots

» Classification Problem > Algebraic structures

» Filtrations

» Classification by weaker
equivalence relations

» Property of knots
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String links

Uizl[()? 1]i —

SL(l) := {l-component string links }/ ~



Introduction

Quantum invariants for T' € SL(I)

Kontsevich inv. Zr € A(l)
Universal sly inv. Jr € Uh(8l2>®l
Colored Jones poly. Jc(l‘(;j""ﬁ) e Q[[A]]



Quantum invariants for T' € SL(I)
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Introduction

Quantum invariants and Milnor invariants

[Habegger-Masbaum, 2000]

Zp =14 pm(T) + (higher)
Theorem (Meilhan-S, 2014)

Jb = W (jun(T)) + (higher)
Note: These results are essentially independent.
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Quantum invariants for T' € SL(I)
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tr®!
l ! tr,‘?l

11/36



Introduction

Today

Today, we study
W A(l) — U(sly)®'[[A]

restricting on the space of tree Jacobi diagrams.
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Today

@J'acob‘: diagrams

Today, we study
W A(l) — U(sly)®'[[A]

restricting on the space of tree Jacobi diagrams.

@ Unwersad N weliglt system
® Resullts
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Jacobi diagrams

» The space B5(1) of labeled Jacobi diagrams
» Subspaces C'(1),C"(1), and C; of B(l)
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The space B(l) of labeled Jacobi diagrams

B(l) = { Z/L\, 22 o/ AS, HX

AS IHX
deg(D) = 3#{vertices in D}
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Subspaces C'(1),C"(1), and C; of B(1)

C'(l) = ( simply connected, connected diagrams )q
U
C"(I) = ( non-repeated labeled diagrams )q
U
C; = ( each label appears exactly once )q

ATTN - AR

l 4 2115 3 2 I8 '2 2u6 3
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Remark

Recall that we have p,,(T) € C% (1) for T € SLy,(1).

For [ even;
Ch(29) ~ b2, (k)
where
bg1(k) = Ker{[—, —]: Liey(1) ® Lieg(k + 1) — Liey(k + 2)}

is a target space of the Johnson homomorphism of
Mapping class groups (Morita, Kontsevich).

Crn(D) = (C1 © (@Q)*™ D,
(C; ~ OS]l] : O-spider for Lie operad)
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C, is a brickl!

(1) We have

= @ o

@Forpzm,

is injective.

1<i1 < <typ1 <

DWW ¢t (1) — C" (pl)

19/36



Universal slo weight system

Universal sly weight system

» Lie algebra sl
» Universal sl weight system



Universal slo weight system

Lie algebra sl

Let sl be the Lie algebra /Q with basis {H, E, F'}
and Lie bracket defined by

|H,E]=2F, [H,F| =-2F, [E F]=H.
Here

sl ~ {A € Mat(2,Q) | Tr(A) =0}

n=(y %) 2= (00) 7= (10)



Universal slo weight system

Universal sl weight system

U = U(sly): The universal enveloping algebra of sl;
S = S(sly): The symmetric algebra of siy

Ay —= U#'[[A]
Zlformal PBW ZlPBW

B(l) —= S¥[[n]]

* (formal) PBW is not an algebra homomorphism.



Universal slo weight system

Universal sl weight system

U = U(sly): The universal enveloping algebra of sl;
S = S(sly): The symmetric algebra of siy
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Universal slo weight system

Universal sl weight system

c=sHOH+FQE+EQ®F €sly”

b= e, (- lo(HR EQF) € sly”

e’
[ = ]
n



Universal slo weight system

Universal sl weight system

TrC_.2)

) '/27\5 H./K-,- _Z\s

= 5" Tr(bsbl) )by @ by @ by @ 1 @ b,

DeBn(l) = W(D)=wDHh"



Universal slo weight system

Universal sl weight system on C;
Recall C; C C'(1)

/ﬁ\ 3T (bsb)b@b®b.Obs

3 2 4

Proposition

For 1 > 2, we have w(C;) C Inv(sl5").



Universal slo weight system

Universal sl weight system on C;

Set
we, = wle,: C — Inv(slSh).
l 2(3[4][5]6] 7 8 9 n
dim C; 1[1]2]6]24]120] 720 | 5040 (n—2)!
dimInv(sid) [1]1[3]6]15] 36 | 91 | 232 R,

R,: Riordan number
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Results



Introduction acobi grams Universal slo weight s Results

Result
Theorem (Meilhan-S, 2014)

(i) Forl =2 orl > 2 odd, we, is surjective.

(ii) Forl> 4 even, coker(wg,) is spanned by ¢®2.

l 213456 | 7 8 9
dim C 1]/1]2)6|24]|120 | 720 | 5040
dimInv(slS) |1]1]3|6]|15] 36 | 91 | 232
dim coker(we,) |0 [0 [1]0] 1 | O 1 0
dimker(we,) [0]0[0[ 0| 10| 84 | 630 | 4808
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Introduction acobi diagrams Universal slo weight systen Results

S;-module structure

Proposition (Kontsevich)

As a &;-module, the character of C} is
x(1)=(1-2),, x(1'a")=(®-1)1a""p(a), x(a")=—-(b—-1)a"""p(a),

and xc,(*) = 0 for other conjugacy classes.

Lemma

IIIV l ®l @ V>\

with the summation over partitions A = (A1, ..., \,) of [ s.t.
each \; is odd or each \; is even, and n < 3.
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S;-module structure
Corollary (Meilhan-S, 2014)
(i) For l =2 or [ > 2 odd, we have

Xker(wcl) = X¢ — XIHV(SZSM)’

le(wcl) = Xlnv(slgz)l)'

(ii) For [ > 4 even, we have

Xker(we,) = XC — XInv(slgol) + X(1)
le(wcl) - XInv(sl?l) — X()-
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S;-module type of C; with [ <8

Red components are in kernel
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Key lemmas for Proof

Lemma

If a simply connected Jacobi diagram T’ has a
trivalent vertex, then we have w(T) € w (C'(1)).

Lemma

If T' consists of | cords for n > 2, then we have
(i) w(T) =w(N---N) modulo w (C'(l)), and
(i) w(N---N) 2 0 modulo w (C'(1)).
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Future research

» To describe the irreducible decomposition of
ker(we,) explicitly.
» To study w on C*(1).
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C; is a brick!
(1) We have

CT}TLL(Z) = @ Cf)ii.i.,zT,L+1)

1§Z1<<7’m+1§l

(2) The following diagram commutes;
Con(0) e (8% )mi1
D(p)j O lA(p)

Cﬁ%(pl) L GBL“ ..... imﬂ(slgamﬂ) c S?ﬁl
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