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Quantum invariants for links

L=L,U---UL,: framed link

Kontsevich inv. Zr € A(U,S)
Wsl2
Universal sly inv. Jr € Uplsly)®/I

tr'1 @---@tr¥n

Colored Jones poly.  Jp.v,..v. € Zlg"/* ¢ V4]



Quantum invariants for 3-mfds

M Integral homology sphere (=IHS)

LMO inv. Zy € A®D)
Wity

Unified WRT inv.  Jy € Zlg]
GVC

WRT inv. S, e Z[]
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A Pass integral in Chern-Simons theory
(Witten 1987)

Answer the question mathematically.
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Bing doubling and Link concordance

Fact: K is slice = B(K) is slice.
Q1: Does the converse hold?
(S. Harvey, P. Teichner, ...)

L: a link obtained from Borromean rings by a

sequence of Bing doublings.

Q2: Are White head doubles of L slice?
(M. Freedman, X. Lin)

“Surgery conjecture” in 4-dim. topology.
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Bing doubling and Milnor [ invariant

Roughly

Milnor fi invariants of length [ > 2
I

“linking numbers of degree ["

f{\
linking number of degree 2 = number of z\j/a
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Bing doubling and Milnor [ invariant

(D)
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Bing doubling and Milnor [ invariant

Milnor ji invariants count the following parts:

(\ f k(”(-\_)l < ----- \k
v e 6N s
: : : \ ] ~ /
length 2 length 3 length 4
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Colored Jones polynomial

Colored Jones polynomial

Wi, ...,Ws € thdf(L@(Slg))

URP-

v

As Operator invariant
By Skein relation

v

From Kontsevich invariant

v

v

From Universal sly invariant
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Colored Jones polynomial

Colored Jones polynomial (Operator invariant)

V, W € Mod (U, (sly))

C(q) 1

coev* ® coev

V*/X W | VERVeW e W

1®Ry,w®1

" v VieW eV oW

w 14 1®Rw,v®1

vl v mw* VieVeWeW:
ev®ev*

C(C]) JL;V,W

20/29



Colored Jones polynomial

Generalized colored Jones polynomial
Set

R = SpanQ(q%){Vm cm-dim. irr. rep. | m > 1},

Definition
Foralink L=L,U---UL, and

N
~—

X, = Zxﬁl)vjl erR, z9eQ(q

Ji

set

_ E : (1) (n)
JLxy, X, = Ly Ly, JL;le,..,,an-
j17“"jn
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Colored Jones polynomial

For 1 >0, set

ﬁ,l/ _ q—il(l—l)Pl/ € R,
Pk = SpanZ[quﬂ]{PI’ | [ > k‘},

~

P = lim Po/ Py,
k>0
W — Z(il)lqiil(lH)P{ cP.
1=0
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Theorem (K. Habiro)

L=L,uU---UL,: algebraically-split link

(9)
JL;wel ..... wen — Z ( H fl q€ ‘11[ l+3))JL P’ ..... P’ € Z[ ]
l1,..5lp=0 1i=1,..n

Here ¢;,...,¢, € {£1} and

Zlg) = lm Z[q]/((1 — )(1 — ¢®) -+ (1 — ¢").

n>0
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Unified WRT invariant

L=L,U---UL, : link with framings €1, ...,¢, € {£1}
M = S? : IHS obtained by surgery along L in S?

Definition ( Unified WRT invariant )

Set

JM—JLO €1 ... wen GZ[Q]

-----

( L% : L with all framings 0.)
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Results
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Notation

We use the following ¢-integer notations:

{i}=¢> —q%,
(b ={a{i =1} {i—n+1},
{n}! = {n}n,

H = {1}/ ()"

forieZ,n>0.
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Results

Theorem (S. Suzuki)

Let K be a knot with 0-framing. For i,7 > 0, we have

JIB(K); ;PP = Za )JK;P;,

>0

where

O _ 5 (_pel2iH
az,] %J( ) {2l n 1}' 1,3y

Ali = i:(_l)k [2[ + 1} [2[ +§'i_+2{g +1]

28 /29



®,, € Z[q]: m-th cyclotomic polynomial.

Py=q—1, $y=q+1, P3=¢"+q+1.

Theorem (S. Suzuki)

Let K be a knot with O-framing and M the integral homology
sphere obtained by surgery along B(K') with +1 framing in
S3. We have

—

T — 1 € 22033, D6Z[q].
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