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Abstract. We present the moment cone (MC) relaxation and a hierarchy of sparse Lagrangian-
SDP relaxations of polynomial optimization problems (POPs) using the unified framework
established in Part I. The MC relaxation is derived for a POP of minimizing a polynomial
subject to a nonconvex cone constraint and polynomial equality constraints. It is an ex-
tension of the completely positive programming relaxation for QOPs. Under a copositivity
condition, we characterize the equivalence of the optimal values between the POP and its
MC relaxation. A hierarchy of sparse Lagrangian-SDP relaxations, which is parameterized
by a positive integer w called the relaxation order, is proposed for an equality constrained
POP. It is obtained by combining a sparse variant of Lasserre’s hierarchy of SDP relaxation
of POPs and the basic idea behind the conic and Lagrangian-conic relaxations from the
unified framework. We prove under a certain assumption that the optimal value of the
Lagrangian-SDP relaxation with the Lagrangian multiplier A and the relaxation order w in
the hierarchy converges to that of the POP as A — oo and w — oo. The hierarchy of sparse
Lagrangian-SDP relaxations is designed to be used in combination with the bisection and
1-dimensional Newton methods, which was proposed in Part I, for solving large-scale POPs
efficiently and effectively.
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1 Introduction

A unified framework for conic and Lagrangian-conic relaxations in Part I [5] was proposed for
quadratic optimization problems (QOPs) and polynomial optimization problems (POPs).
From a theoretical viewpoint, this framework is intended to unify and generalize the existing
results on the completely positive (CPP) relaxation of QOPs [2, 8,9, 16] and its extension to
POPs, which was called the moment cone (MC) relaxation in [4]. From a practical viewpoint,
the Lagrangian-conic relaxation is proposed to solve large-scale conic optimization problems
(COPs) obtained from effective conic relaxations, including doubly nonnegative (DNN) and
semidefinite programming (SDP) relaxations of QOPs and POPs, by first-order algorithms.
In particular, the CPP relaxation and the sparse DNN relaxation for QOPs in Part I were
discussed from these viewpoints.
We consider a general class of POPs of the following form:

¢ = if {f%%) [z, [f@)=0Fk=12,...,m)}, (1)
where J denotes a closed (but not necessarily convex) cone in the n-dimensional Eu-
clidean space R", and f*(x) a real valued polynomial in = (71, 2s,...,7,) € R" (k =

0,1,2,...,m).

The first purpose of this paper is to derive the moment cone (MC) relaxation for POP
(1). The MC relaxation introduced by Arima, Kim and Kojima [4] for this form of POP
under a hierarchy of copositivity conditions is an extension of the CPP relaxation. The
main emphasis of our discussion here is on a unified treatment of the CPP relaxation of
QOPs and their MC relaxation of POPs. More precisely, we first convert POP (1) into an
equivalent COP which serves as the starting optimization model in the framework. Then,
we can apply the general results established on the COP in Part I [5] to derive not only the
MC relaxation but also the Lagrange-MC relaxation of (1).

Let V be a finite dimensional vector space endowed with an inner product (-, -), and
K C V a (not necessarily convex) cone. Let H® € Vand Q" € V (k=0,1,2,...,m). The
primal COP is of the form:

_ . 0 X cK, (H° X) =1,

copy: e =i {1@x) | RER T e

As a basic assumption, the following copsitivity condition (Condition (I)) is assumed: O #

HcK and Q" e K* (k=1,2,...,m), where K* = {Y € V: (X, Y) > 0 for every X €

K} (the dual of K). The copositivity condition assumed here is stronger than the hierar-

chy of copositivity conditions of [4]. The stronger condition is necessary for deriving the
Lagrangian-conic relaxation consistently.

For the application of the framework to POP (1), we construct a nonconvex cone I' in
the space V of symmetric matrices with an appropriate dimension, and symmetric matrices
H° Q"<cV(k=0,1,2,...,m)so that COP(T) in (2) represents POP (1), i.e., (* = ¢?(I).
Then, the MC relaxation of POP (1) is derived as its convexification, i.e., “the strongest
convex relaxation” of COP(T') in (2) by replacing I' with its convex hull, co I". For the
equivalence between COP(T') in (2) and its convexification COP(co I'), or for the identity
CP(T) = (P(coT'), we assume the copositivitiy condition for K = T'. This condition is
satisfied for any cone J € R™ if each polynomial f*() is a sum of squares polynomials, thus,
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if f*(x) is replaced by f*(x)? (k =1,2,...,m)in POP (1). Under the copositivity condition,
we provide a condition (Condition (IV)) that characterizes the equivalence between POP
(1) and its MC relaxation based on Theorem 3.1 of Part I [5].

The second purpose of applying the unified framework to POPs is to establish a theo-
retical foundation for effective, efficient and stable numerical methods, which can be imple-
mented with first-order algorithms, for solving large-scale POPs. The MC relaxation, i.e.,
COP(co I') in (2), can be regarded as the most effective relaxation in terms of the quality
of the lower bound provided for the optimal value of POP (1). It is, however, numerically
intractable even when J is a simple closed convex cone such as R" or R’} (the nonnegative
orthant of R") in (1). As a numerically tractable relaxation of COP(co I') in (2) for J = R,
the doubly nonnegative (DNN) relaxation obtained by choosing a DNN cone for K in COP
(2) and the Lagrangian-DNN relaxation of POP (1) can be considered. In the recent paper
[16], the Lagrangian-DNN relaxation for a class of QOPs with complementarity constraints
was implemented with first-order algorithms. It was shown through numerical results on
some well-known test problems for nonconvex QOPs that the Lagrangian-DNN relaxation
combined with first-order algorithms provided tight lower bounds for their optimal values
efficiently and stably. See also Section 5 of Part I [5]. Those results indicate that applying
the methods in [16] to POP (1) with J = R is an important subject that needs further
investigation.

For an alternative to the MC relaxation, a sparse variant [17, 20, 22, 28] of the hierarchy
of SDP relaxations proposed by Lasserre [21] can be used for an equality and inequality
constrained POP. The hierarchy is parameterized by a positive integer w called the relaxation
order. This relaxation method is numerically tractable and as effective as the MC relaxation,
in the sense that under a certain assumption, the optimal value of the SDP relaxation
with the order w converges to the optimal value of the given POP as w — oo. This is a
theoretically strong result, but solving the SDP relaxations of increasing size with w is known
to be numerically hard. In fact, SDP solvers [12, 26, 27] based on primal-dual interior-point
methods have difficulties in solving SDP relaxation problems with the dimension larger than
several thousands.

We propose a hierarchy of sparse Lagrangian-SDP relaxations for an equality constrained
POP of the form (1) with J = R", by combining the hierarchy of sparse SDP relaxations
and the Lagrangian-conic relaxation in the unified framework. Notice that inequality con-
straints can also be dealt with in the form (1) since any polynomial inequality g(ax) > 0 is
equivalent to the equality g(x) — v? = 0 with a slack variable v € R. Assuming that the
polynomials f*(x) (k= 0,1,...,m) are sparse, we first embed the structured sparsity char-
acterized by a chordal graph as in [17, 20, 22, 28], and derive a sparse sum of squares (SOS)
problem equivalent to POP (1) with J = R" by applying a sparse variant (Corollary 3.3 of
[22], Theorem 1 of [20]) of Putinar’s lemma (Lemma 4.1 of [25]) for representing positive
polynomials by SOS polynomials. We then transform the SOS problem into a simpler SOS
problem with a structure that leads to the copositivity condition in the unified framework.
The transformed SOS problem is still not numerically solvable because SOS polynomials
with any degree can be used in the problem. By restricting the degrees of SOS polynomials
by the relaxation order w, we construct a hierarchy of numerically solvable SOS problems
from the transformed SOS problem. Finally, we convert the hierarchy of SOS problems into
the hierarchy of SDPs in the linear space V, of symmetric matrices with the dimension
determined by the maximum degree of the polynomials f*(x) (k=0,1,2,...,m) and w.
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Each SDP with the relaxation order w in the hierarchy is of the form:

Cg(Kw) = sup {yo

Q- Ho+ 3" Qe e K::} 3
k=1

for some cone K, C V,, symmetric matrices H’, Q* € V, (k = 0,1,2,...,m). This
problem corresponds to the dual of (2). It is constructed so that it satisfies the copositivity
condition for K = K. Thus, the entire theory of the unified framework can be applied.
In particular, we can derive the following primal-dual pair of Lagrangian-SDP relaxation
problems:

¢CAK,) = inf {(Q)+ \H,, X) | X €K, (H), X)=1}, (4)
CAK,) = sup {yo |w€R, Q) — Hlyo+ \H, €K, }, (5)

where H. = 31", QF, and A € R denotes a Lagrangian multiplier (or parameter) pre-
scribed for the problems. These problems are very simple so that efficient first-order algo-
rithms can be designed to solve the problems. In fact, the dual problem (5) involves only
one variable, which makes it possible to effectively utilize the bisection and 1-dimensional
Newton methods proposed in Part I [5]; see Also [16]. They also inherit the structured
sparsity characterized by a chordal graph from the one embedded in POP (1) with J = R",
for example, K* is described as the Minkovski sum of positive semidefinite cones of small
dimensions and linear subspaces of V. Moreover, the following theoretical results will be

established: for every relaxation order w and Lagrange multiplier A,

e the optimal value (¢(K,,) of (3) bounds the optimal value ¢* of POP (1) with J = R"
from below, and it monotonically converges to (* as w — 00,

e the optimal value (¢(\,K,) of (5) bounds the optimal value ¢¢(K,) of (3) from below,
and it monotonically converges to (4(K,) as A — oo,

e the primal problem (4) is strictly feasible (i.e., there exists a primal feasible solution
that lies in the relative interior of the cone K,) and it has an optimal solution with
the optimal value ¢4(\, K,,) = (A()\,K,,) (the strong duality).

The first two results imply that the lower bound ¢4()\,K,,) for the optimal value ¢* of POP
(1) satisfies ¢* — e < ¢¢(\, K,,) for any € > 0 if sufficiently large w and \ are taken. The last
result contributes to the numerical stability of first-order algorithms.

In section 2, we review the results shown in Part I [5] and describe the notation and
symbols used in this paper. We also present how to represent polynomials with symmetric
matrices of monomials, and introduce SOS of polynomials. Section 3 includes the discussion
on the MC relaxation of POP (1), and section 4 presents the hierarchy of sparse Lagrangian-
SDP relaxations of POP (1) with J = R".

2 Preliminaries

2.1 Conic and Lagrangian-conic optimization problems

The results in Part I [5] are summarized in this subsection. We first list some notation used
in Part I. Let V be a finite dimensional vector space endowed with an inner product (-, -)
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and its induced norm || - ||, and K a nonempty (but not necessarily convex nor closed) cone
in V. We denote the dual of K by K*, i.e., K* ={Y € V: (X, Y) > 0 for every X € K},
and the convex hull of K by co K.

For H°, Q" €V (k=0,,2,...,m), H" = ", Q" let

FK) = {XeV| XeK, (H, X)=1,(Q", X)=0(k=1,2,...,m) },
FEK) = {XeV]| XeK, (H’, X)=0,(Q" X)=0(k=1,2,...,m) }.
In Part I, we introduced the following conditions:
Condition (I) O # H° ¢ K*, Q" ¢ K* (k=1,2,...,m) (copositivity condition).
Condition (II) K is closed and convex.
Condition (III) {X e F(K): (Q°, X) < 5} is nonempty and bounded for some ¢ € R.
Condition (IV) (Q°, X) > 0 for every X € Fy(K).

For the primal-dual pairs of problems,

¢"(K) = inf {(Q°, X) | X € F(K)}

. 0 X cK, (H°, X) =1,
= inf {<Q7X> Q" X)=0(k=1,2,...,m) } (6)
¢H(K) := sup {zo Q°+2kak—H0zoeK* }, (7)
k=1
P(A\K) = inf {(Q°+ ) \H"), X) | X €K, (H’, X)=1}, (8)
7"(VK) = sup {y | Q"+ H'— H%, e K" }, 9)

the following results are shown.
Theorem 2.1.
(i) 77;5>\,K)T)\ = (YK) < ¢*(K) and (n*(\,K) < nP(X\,K))TA < ¢(P(K) under Condition
(i) (' (N K) = 1?(\ KA = ¢UK) < (P(K) under Conditions (I) and (II).
(iii) ("N K) = "N\ K))TA = (YK) = ¢("(K) under Conditions (1), (1) and (I1I).
() ¢P(K) = ¢?(co K) under Conditions (I) and (IV).

Here TA means “increases monotonically as X — oo”.



2.2 Notation and symbols

For the application of the unified framework to POPs; we use the following notation: Let
R denote the set of real numbers, R, the set of nonnegative real numbers, and Z, the
set of nonnegative integers. Let |a| = > " | «; for each a € Z'}, where a; denotes the
ith element of a € Z'}. Rx] is the set of real-valued multivariate polynomials in z; € R
(i=1,...,n), where & = (z1,...,z,) € R". Each polynomial f(x) € R[x] is represented as
f(x) = > qer fax®, where F C Z is a nonempty finite set, fo (o € F) real coefficients,
x®* =azy? 20 and o = (aq, 00, ..., o) € Z7. We assume that 29 = 1 even if 2; = 0,
in particular, £° = 1 for any £ € R™. The support of f(x) is defined by supp(f(x)) = {a €
F : fa # 0} CZ7, and the degree of f(x) € R[] is defined by deg(f(x)) = max{|a|: a €
supp(f(x))}. For each nonempty subsets F and G of Z, let F + G denote their Minkowski
sum {a+ B :acF, BeG}, and let Rlz, F| = {f(x) € R[z] : supp(f(x)) C F}.

Let F be a nonempty finite subset of Z". |F| stands for the number of elements of
F. Let R” denote the |F|-dimensional Euclidean space whose coordinate are indexed by
o € F. Bach vector of R” with elements wq (a0 € F) is denoted by (wq : @ € F) or
simply (wq : F). We assume that (wa : F) is a column vector when it is multiplied by
a matrix. If x € R", ¥ = (£* : F) denotes the |F|-dimensional (column) vector of
monomials £® € Rz] (a € F). Hence each polynomial f(x) € R[x, F| is represented
as f(x) = ((fa : F), 7). S” denotes the linear space of |F| x |F| symmetric matrices
with elements &, (a0 € F, B € F). We use the notation OF for the set F x F =
{(a.B): 0, BeF}.

Each matrix of S7 is written as (£43 1 (@, 3) € OF) or simply ((u5 : OF). If x € R,
7 ()T = (z* . F)(xz* : F)T = (x*P : (o, ) € OF) is a rank-1 symmetric matrix of
monomials 2P € R[z] ((a, 3) € OF), which is denoted by 7. (x”)T denotes the row

vector obtained by taking the transpose of the column vector x”.

For every pair of Q = (Qap : OF) and X = (Xap : OF) € §7, (@, X) denotes
the matrix inner product, i.e., (@, X) = trace(Q' X) = > (apcor Qapéap. With this

notation, we often write the quadratic form (z7)TQx” as (Q, ") to indicate that "7 =
x” (x7)T will be replaced by X = (Xqp: OF) € 7.
Let

Sf = the cone of positive semidefinite matrices in S”

- ' (wa: F)(lap: OF ) (we : F) >0
= {(faﬁ. OF) €87 ¢ ey (waﬂ: F) e R” }

L]: = {(éagimf) ES:Ffaﬁzf.yglfa—F,B:')"i‘(S}
Then Sf forms a closed convex cone in S, and L” a linear subspace of S. We also see

that 77 € Sf N L7 for every & € R™. This relation is used repeatedly in the subsequent
discussions.

2.3 Representing polynomials with symmetric matrices of mono-
mials and sums of squares of polynomials

For a nonempty finite subset G of Z, a given polynomial f(x) € Rz, G] is usually repre-
sented as the inner product of its coefficient vector (fy : G) and the vector 9 = (2 : G)
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of monomials in the polynomial, i.e., g(x) = {(fa : G), 9). However, representing a
polynomial with a symmetric matrix of monomials is more convenient in the subsequent
discussions, in particular, when discussing nonnegative polynomials on R" and R, and
exploiting sparsity in conic and Lagrangian-conic relaxations. For the representation of a
polynomial f(x) € R[x,G] using a symmetric matrix of monomials, we need to choose a
finite subset F of Z satisfying the property G C F+F. In fact, a smaller-sized F satisfying
this property is preferable for numerical efficiency. See [19] for details of choosing such an
F. See also [4].

Let F be a nonempty subset of Z' and f(x) € Rz, F + F]. Then we can represent the
polynomial f(x) using the rank-1 symmetric matrix % = 7 (2”)7 of monomials z*#
((a, B) € OF) and some Q € S” such that f(x) = (Q, 7). Note that "7 contains all
monomials £ (o € F + F), and that the choice of such a @ € S” is not unique as shown

in the following example.

Example 2.1. Consider the polynomial f!(x) = f!(z;,79) in two real variables such that
fHz) = 1—2x) — 2y + 27 + 25 + 2072 + 27125 + 2375,
Let

G = {(070)7 (LO)’ (07 1)7 (27())’ (0’2)7 (27 1)7 (L 2)’ (272)}7
1

(fa:9) = (1,=2,-2,1,1,2,2,1),
mg = (:Ea : g) = (1,1'1,1’2,$%,I’%,x%$2,l’%.l’%$g)-
Then Rlz,G] > fl(z) = ((fL : G), ). To represent f!(x) using a symmetric matrix of

monomials, we can take F = {(0,0), (1,0),(0,1),(1,1)} so that

G € F+F=1{(0,0),(1,0),(0,1),(2,0),(0,2), (1,1), (2,1), (1,2), (2,2)}.

Let
1 -1 -1 0 0 00 -1
-1 1 01 s o | 001 0 r
Q=11 0o 11]|5:FP= 0 100 |5
0 1 11 -1 0 0 O
1 I i) T1T2
wD]: _ I ZE% T1T9 .T%Z’g
T 1T l’% JflfL‘%

T1Ty TIWy 1175 wEXd

Then, Rz, F + F| > f1(z) = (Q + uP, ) for every u € R.

Lemma 2.1. Let F be a nonempty finite subset of Z,, Q € S” and P € S*. Then,
Rz, F + F] 32 (Q, z°7) = (Q + P, =™7) if and only if P € (Lf)L.

Proof. We first show that the linear subspace of S” generated by {a:Df tx € R”}, i.€.,

L= {/\:I:Df—i—,uy'jfzaz, y eR", A, ,uE]R},
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coincides with L”. By the definition of L7, we know that {wDF tx € R”} C L7, hence
L c L”. It suffices to show that dim(L) = dim(L”). Let ¢ = dim(IL”), which is equivalent
to the number of different elements in F + F. Let M be the linear subspace of R generated
by the set {x7+F = (&7 : v € F + F)} € R’. Then we can identify the linear space L
as the linear space M since each matrix X = Ax™" + uy"” € L corresponds to a vector
Mt 4+ py”tF € M and vice versa. As a result, dim(L) = dim(M). On the other
hand, we see that dim(M) = ¢ since there is no nonzero (go : F + F) such that ((gq :
F+F), "+7) =0 for all & € R™. Therefore, we obtain that dim(L) = dim(LL¥) = ¢. Thus
we have shown that L7 = L. Now assume that R[z, F + F] > (Q, z™7) = (Q + P, 7).
Then (P, X) = 0 for all X € L = L7, which implies that P € (Lf)L. Conversely if
Pc (]Lf)L, then R[z, F + F] 3 (Q, 277) = (Q + P, %) holds from "7 € L” for every
x € R" O

Lemma 2.1 implies that, for each Q € S, {Q+ P : P ¢ (IL.jC )l} forms an equivalent class
in S” represented by the common polynomial f(z) = (Q, 7).
We introduce some additional notation for SOS of polynomials. Let

SOS[x, F] = {Z:(goz(a:))2 coi(x) eER[x, F] (i=1,...,r) Ir € Z+}

for every F C Z1,
SOS[z] = SOS[z,Z%].

We call SOS[x] the cone of SOS of polynomials, and each f(x) € SOS[x] an SOS polynomial.
The following lemma provides a characterization of an SOS polynomials.

Lemma 2.2. [10] Let F be a nonempty finite subset of Z.. Then
SOS[z, 7] = {(Q, ™) : Q € ST} .
In Example 2.1, the matrix Q € S” itself is not positive semidefinite. But if we choose

p = 1, then the matrix Q' = Q + uP € S” is positive semidefinite. Hence f!(x) =
(Q', z°7) € SOS|z, F] by the lemma above. In fact, we see that

SOS[z, F] 3 f1(z) = (Q', 7)) = (21 + z3 + 1125 — 1)?, (10)
where
1 -1 -1 -1
) -1 1 1 1 e
F = {0,0,(1,0,01,1LD} Q=] | | | ;|est
-1 1 1 1

The following lemma will be used in Sections 3 and 4.

Lemma 2.3. Let F be a nonempty finite subset of Z!, and M a linear subspace of S”. Then,
(SZ. N M) + ((IL,]E)L N M) is closed.



Proof. We first show that the set {X € ¥ : X +Y € B, X € 87, Y € (L¥)"} is
bounded for every bounded subset B of 7. Let ¢ = |F|. Since the set of monomials &
(a € F) is independent, i.e., there is no nonzero (gq : F) such that (go : F)T (x> : F) is
identically zero for all € R", there exist ; € R" (j = 1,...,¢q) such that the ¢ X ¢ matrix
A= ((x: F),(xg: F),..., (x> : F)) is nonsingular. For some bounded B of S”, assume

q
on the contrary that there exists a sequence {Z” = X? +Y? :p=1,2,... } satisfying Z? =

X?+Y? e B, X? e Si, Y? € (L}—)L (p=1,2,...) and || XP?|| — oo as p — oo. We
may assume without loss of generality that S~ > X*/|| XP”|| converges to some nonzero
X € ST as p — oo. Hence (]Ljr)L > Y?/| XP|| = Z7/|| XP|| — X?/||XP]|| converges to
—X as p — o0o. Since (LF)L is a linear subspace of S, we obtain that X € S{ N (I[f)l.
Recall that &7 = (2 : F)(z¢ : F)' € L7. Hence (AA", X) = fo(@s s F)(es
F)T, X) =320 ((x: F)(x : F)T, X) = 0. Since AA” is a g X ¢ positive definite matrix
and X € Sf, the identity (AA”, X) = 0 implies that X = O. This is a contradiction.
Thus we have shown that {X € S : X +Y € B, X ¢ Sf, Y € (LF)L} is bounded for

every bounded subset B of 7.

Now, we show that (S7 NM) + ((I[f:)L N M) is closed. Suppose that Z¥ = X? +Y?,
XPESfﬁM, Y? € (]Lf)LﬁM (p=1,2,...) and Z° — Z for some Z € §” as p — oc.
Since the sequence {Z? = XP+Y?:p=1,2,..., } is bounded and X? € Sf, Y? € (IL,jE)L
(p=1,2,...), the sequence {X”:p=1,2,... } is bounded. Hence we may assume that it
converges to some X € S7. It follows that Y? = ZP— X? - Y forsome Y € S” asp — 0.
Since both Sﬁ N M and (]L]E )L NM are closed subsets of S, we know that X € S{ N M and

Y € (Lf)LﬂM. Therefore, we have shown that Z = X +Y € (SiﬂM)—i—((Lf)LﬂM). O

3 A class of polynomial optimization problems and
their covexification

Consider a class of POPs of the form (1). Assume that J is a nonempty closed (but not
necessarily convex) cone in R”, and f*(z) € Rlz, F + F| (k= 0,1,...,m) for a nonempty
finite subset F of Z including 0 € Z. For practical applications, we focus on R", R’ and
R’ x R"* with 1 < ¢ < n — 1 for the cone J , but the theoretical results in this section are
valid for any closed cone in R".

We transform POP (1) into the COP of the form (6) to present the moment cone (MC)
relaxation of POPs in the unified framework of Section 2, Part I [5]. The MC relaxation
was proposed by [4] as an extension of the completely positive (CPP) relaxation [2, 8] for a
class of linearly constrained QOPs in continuous and binary variables. We also recall that
the CPP relaxation for the class of QOPs was discussed in Section 4 of [16].

Let us take S” for the underlying linear space V, and represent each polynomial f*(x) €
Rz, F+F|as ff(z) = (Q*, ) (k=10,1,...,m), where Q* € S”. Let A = {27 € §”
:x € J}. Then, POP (1) can be rewritten as

¢ = inf {(Q°% X)| XeA] (Q" X)=0(=12,...,m) }. (11)

We consider the following illustrative example:
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Example 3.1. As in Example 2.1, we take n = 2 and F = {(0,0), (1,0),(0,1), (1,1)}. Let
m=1,Rlx, F+F] 3> fox) = (Q°, %) for some Q° € S, and let f!(x) € Rz, F+ F] be
a sum of squares of polynomial given in (10). Let J = Ri. In this case, it is obvious that the
feasible region of POP (14) is bounded and contains two points « = (1,0) and & = (0, 1),
thus, its finite minimum value (* is attained at some feasible solution. By definition, we see
that A7 = {27 € S" :z e R2}.

The problem (11) is in a form similar to COP (6), but we still need to embed A7 in a
cone K € §” and introduce an inhomogeneous equality constraint (H°, X) = 1 such that
A7 = {X € K: (H", X) = 1}. This can be achieved by two methods. The first method
is to take the conic hull of A7 such that

AT = {/LXES]:Z,U,ZO, XEA{}:{ua}DfGSf:uEO, :136.,]]}.
The second method is to homogenize A7 such that
17 = { @) e F) ey e F)T €87 (w,m) Ry x T}
where 7 = max{|a| : &« € F}. We note that, for zo = 0 and « € R",

27l g { 0 if7>|af

x® otherwise, i.e., if T = |a].

Both A7 and I'" are cones in S”. The first construction of the cone A% was (implicitly)
employed in [24], while the second I'” in [4].

Let H° be a matrix in S with 1 in the (0,0)th element and 0 elsewhere. Then, we
see that (H°, z°7) = (H°, (x> : F)(mo‘ : }_)T) = z%2% = 1 for every z € R", and that
(H°, X) = Xoo = 227 for every X = (z; “lelga }")(:vg_lalaza - F)T e 7. 1t follows that

{Xea”: (H X)=1}
:{uwaESf'weJ p>0, (H° pz"r) =1} = A],
(XD (H', X) =1) (12)

{(xo lod e :]—")(xo—lalma:]—")T “(xo, ) ERL X J, 2o = 1} = AT

Therefore, both COP (6) with K = A7 and COP (6) with K = I'" are equivalent to POP
(11), and ¢?(A7) = (M(T7) = ¢*.
For Example 3.1, we see that

( 0 WLy Ty T T
AF pay  pat ML ux?wg €S
ML ULT1To HTy HUT1To

2 2 2,.2
L\ M21T2 pxiry  pxi1xy  PTiT

(Mv'rlax2) < Ri )

( 4 3 3 2
F — 3 2 2.2 2 €S+ . (.TO,Il,fL‘Q) €R+ . (13)

ZE%J]L’EQ [L‘()Q]%IQ ngll’% JZ%I%
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Obviously, for every x; > 0 and every x5 > 0, the matrix

000 O
000 O
000 O
0 0 0 zix2

is contained in T but not in A%,
Now, we are ready to apply all the discussions in Section 3 of Part I [5]. In particular,
the following theorem is obtained directly from Theorem 3.1 of [5].

Theorem 3.1. Suppose that Condition (I) holds for K = T". Then,
(i) CPlco A7) = (%
(i1) Assume that (* is finite, we have that

P(co TF) = { ¢ if Condition (IV) holds for K =T,
—o0 otherwise.

Next we investigate Conditions (I) and (IV) in detail for K = I'¥, and in particular,
J = R" and J = R’}. First, suppose that J = R". Then it follows that r’ c Sf NnL”,

and (I‘f)* Dol (Sf+ (Lf)L> = ST + (Lf)L. (See Lemma 2.3 for the last equality).
Therefore, if Q € S{ + (Lf)L, or, equivalently, if f*(x) = (Q*, %) is a sum of squares
of polynomials (k = 1,2,...,m) (see Lemma 2.1 and 2.2), then Condition (I) is satisfied for
K = T7. (Recall that O # H" € S by definition). If a polynomial equation g(x) = 0 is
given, it is equivalent to have (g(z))* = 0. Thus, Condition (I) for K = I'” is not a strong

assumption.
Now suppose that J = R". Then,

¥ c(C)*nL” c S, NN nL7,
and
(TF) o (CF+ @)Y D (ST +N+ (L5,

where

" for every (€ 1 F) >
(the copositive cone),
(C7) = {XeS" (X, Y)>0forevery Y € C"}
= o {(a:F)éa: F)" €S”: (éa: F) >0}
(the completely positive cone),
N = {XeS": Xop>0 ((a, B) € OF)}

(the cone of nonnegative matrices).

o - vew o VG20
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Therefore, if Q" € ST + N” + (L7)* (or, less restrictively, if Q" € C7 + (L7)*) (k =
1,2,...,m), then Condition (I) is satisfied for K = I'”.

Now we focus on Condition (IV) with K = I'¥. Recall that 7 = max{|a| : @ € F}. Let
F={a € F:la| =7} Suppose that

X = (zf ¥z A ¥z F)T e Fy(T7)
Then,
X B B ifa, B € F,
B 0 otherwise.

—k

As a result, if we define ak = (Qup: OF) € S* and f*(x) € R[x, F + F| such that

otherwise

Qo = { §o0 B 2P Pa) = @ o)

(k=0,1,...,m), we can rewrite Condition (IV) for K = T'” as
fAz)>0 ifxe] and ff(x)=0(k=1,2,...,m).
Usual cases where the condition above holds are:
(a) Q' =0 eS” or fO(x) is an identically zero polynomial, i.e., deg(f°(z)) < 27.

(b) {zel: ffx)=0(k=1,2,....,m)} ={0}.

We note that (a) can be always satisfied by choosing a nonempty finite subset F of Z'} such
that f*(x) € R[z,F + F] (k =0,1,2,...,m) and deg(f°(z)) < 27, and that (b) implies
that the feasible region of POP (1) is bounded.

For Example 3.1, we observe that

(1’1, 332) € Ri,

R(I7)=¢X =
@', X) = Q%171)(1,1)X(1,1)(171) =0

F .
es?:

- {0}7

where Q' is given as in (10). Thus, Condition (IV) is satisfied for K = I'”.

If the cone co I is closed, i.e., Condition (II) is satisfied for K = co I' in addition to
Condition (I), then we can introduce the primal-dual pair of Lagrangian-conic relaxation
problems (8) and (9) for K = co I', and apply the discussions given in Section 3 of Part
I [4]. In particular, the relation (n(\,K)=n"(A\,K))TA = (YK) < ¢?(K) follows; see
Theorem 2.1. The cone I as well as its convex hull co I'”, however, are not necessarily
closed. In fact, T7 given in (13) is not closed. To see this, let

X =

o O OO
oS O O O
__— 0 O
__— 0 O

Then X ¢ I'Z, but the matrix (zj 'z Do € F)ap x> a € F)T € T with
(20, 21,22) = (€,€,1/€) and € > 0 converges to X.

12



Lemma 3.1. Assume that 0 € F and 7e; € F (i = 1,2,...,n), where e; denotes the i-th
unit coordinate vector in R™. Then, TV and co T are closed.

Proof. Let {X?:p=1,2,... } be a sequence in I'¥ converging to X € S*. By X? ¢ TV,
there exists (zf, #7) € Ry xJ such that X7, 5 = ()™ 1% (x?)*(2f)™1P/(2?)P, which converges
to Xap as p — oo for ((a, ) € OF). Specifically, (xh)™~1l(2P)(2f)7~ 1% (xP)* converges
to Xoqo for @ = 0 € Fand a = 7e¢; € F (i = 1,2,...,n). Thus, (25)?" and (2?)*
(i=1,2,...,n) converge to X oo and Y(Tei)(rei) (1=1,2,...,n), respectively. This implies
that the sequence {(xf,x?) : p = 1,2,... } is bounded, and we can take a subsequence which
converges to (Zo, ) € Ry x J. Therefore,

X = (30 ®(@)* : F)((20)" (@) F)T € T,

and we have shown that I'" is closed. The closedness of co T follows from Lemma 3.1 of
[4]. [

Without loss of generality, the assumption of the previous lemma can be satisfied by
adding 0 € Z'} and 7e; € Z', (i =1,2,...,n) to F if necessary. For Example 3.1, one can
add (2,0) and (0,2) to F to satisfy the assumption.

The MC relaxation problem proposed in [4] as an extension of the CPP relaxation for
QOPs to POPs is essentially equivalent to COP (6) with K = co I'¥. A hierarchy of
copositivity conditions assumed there is weaker than Condition (I) and can be regarded as
a generalization of Condition (I). We have assumed a stronger condition here, Condition (I),
to consistently derive the Lagrangian-conic relaxation (8) in the unified framework. On the
other hand, the additional condition on zeros at infinity assumed in [4], which was also
assumed in [24] for a canonical convexification procedure for a class of POPs, is stronger
than Condition (IV). See Condition (IV)’ and Lemma 3.1 of [5].

If 7 = {a€Z} :|a] <1}, then POP (1) becomes a QOP. In this case, L¥ = S”
and (L7)* = {0}, and the previous discussions correspond to Section 4.2 of Part I [5],
where the convexification of a linearly constrained QOP with complementarity condition
was discussed.

4 A hierarchy of sparse Lagrangian-SDP relaxations
for POPs

The primal COP (6) and its Lagrangian-conic relaxation (8) have been mainly used when
applying the unified framework of Part I [5] to QOPs and POPs, and their duals. As a result
of this application, the problem of computing tight lower bounds for the optimal values of
general POPs is reduced to the dual COP (7).

In this section, we propose a hierarchy of Lagrangian-SDP relaxations for POPs by
combining the approach in [3, 5, 16| for deriving the Lagrangian-CPP and Lagrangian-DNN
relaxations for a class of QOPs with the hierarchy of SDP relaxations proposed by [21]
for POPs. The motivation for combining these two approaches, which have been studied
almost independently, is to develop efficient and effective numerical methods for POPs. We
simultaneously take account the important issue of exploiting sparsity [17, 22, 28] in the
proposed hierarchy of Largangian-SDP relaxations for POPs. As a result, the description
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may be slightly complicated, but exploiting sparsity is essential for numerical efficiency of
solving large-scale POPs.

4.1 A class of equality constrained POPs with a structured spar-
sity
Let us fix J = R" in POP (1) throughout this section. We deal with a class of equality
constrained POP of the form:
¢* = inf {f%%x) |zeR", f(x)=0(Gi=12,....,mo)}. (14)

As mentioned in Section 1, we can include inequality constraints since a polynomial inequal-
ity g(x) > 0 can be rewritten as g(x) — v* = 0 with a slack variable v € R. We assume
that POP (14) is sparse. More precisely, each equality constraint f*(z) = 0 involves only
a small subset of the variables z, ¥, ..., r, and the objective polynomial f°(zx) consists of
monomials whose variables include only a small number of pairs of z; and x;. Under this
assumption, a structured sparsity [17, 22, 28] can be embed in POP (14). Let

C* C {L...n}, Ce#0, (k=1,....m), | JC"={1,....n},
k=1

A = {aEZ’i:|a|§T} (r€Zy),
A = {aeA ia;=0ifi g C*} (1€ Zy,k=1,...,m),
A = |JAi={aeZa;=0ifi ¢ Cr}.

T€Z+

Then, the sparsity structure of POP (14) is described as

(@) € Rz, AL and fi(z) € | Rw, AL] (i =1,2,... mo).
k=1 k=1
From the second inclusion relation, we can partition the index set {1,2,...,mg} of equality
constraints in (14) into m sets I* (k= 1,2,...,m) such that

fi(x) € Rlx, A% ] for every i € I*.
Now, we rewrite POP (14) as
¢* = inf {f%%x) |z eR", f(x)=0@Gecl" k=12,...,m)}. (15)
As an illustrative example, we consider the same problem as Example 3.1.
Example 4.1. Let

n = 4, mg=3,
F = {0,e1,es,e; + ey,2e3,2e4} C Zi,
where e; € Zi denotes the ith unit coordinate vector,
fo(x) € Rz, F*+ F°)], where Fy = {0,e1, e, e, + €5},

fl(m) = I1—$§, f2<33):$2—$4217 fS(m):$1+$2+$1$2—1-

14



Then, the POP in Example 3.1 can be rewritten as

1 2 2 2
- 0 fl@) =2 —23=0, [x)=2—27=0,
minimize {f (z) ‘ fPx)=21+20 + 1105 —1=0 '

Define I* = {k} (k= 1,2,3), C* = {1,3}, C? = {2,4} and C® = {1,2}. Then, the problem
above can be expressed as in (15).

We impose the following two conditions on POP (15) in the subsequent discussions.
Condition (A)

(a) Each C* (k = 1,2,...,m) is a nonempty maximal subset among the family
{C',C? ...,C™}, i.e., there is no C° (s # k) that includes C*.

(b) For every k € {1,...,m — 1}, there is an s > k + 1 such that
cFn(C*'u---uC™) C C®and # C*.

Condition (B) For each k = 1,2,...,m, there is an i € I such that fi(x) = p;, —
Z 7 for some pj, > 0.

ieCk

Let G(N, E) be an undirected graph with the node set N = {1,2,...,n} and the edge set
E={(i,j) € Nx N:i#jand (i,5) € C* for some k =1,2,...,m},

where each edge (i,7) € E is identified with (j,7) € E. It is known that Condition (A)
provides a necessary and sufficient condition for G(N, E) to be a chordal graph and for
Ct,C?% ..., C™ to be its maximal cliques. The property (b) of Condition (A) is called the
running intersection property. See [7] for the definition of a chordal graph and its properties.

Condition (B) implies that the feasible region of POP (15) is bounded. Conversely, if
the feasible region is bounded, we can add the constraints

pk:_zx?_x721+k20(k:17277m>

i€eCk

for some p, > 0, and replace & by (&, Tpi1,...,Tnim) and C* by C* U {n + k} (k =
1,2,...,m), where x, . denotes a slack variable (k = 1,2,...,m). See [17, 22, 28] for more
details on how the structured sparsity can be constructed from a given POP. Condition (B)
can be weakened if Theorem 1 of [20] is used instead of Corollary 3.3 of [22] in the proof of
Lemma 4.1. But its description is slightly complicated, so we prefer to use Condition (B).

We can easily verify that C1, C? and C? constructed in Example 4.1 satisfy Condition
(A). In this case, the corresponding graph G(NN, E) does not have any cycle, which is a
trivial chordal graph. Although Example 4.1 can be modified to satisfy Condition (B), we
use Example 4.1 for ease of discussion.
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4.2 A sparse SOS problem equivalent to POP (15)

By applying the sparse SOS relaxation [17, 22, 28] to POP (15), we obtain the following
SOS problem:

fo(x) — 2
L i
R R GZ(S@S{w,A’;O]+ZR[m,A’;o]fi<w>> 1o
k=1 i€y,

Lemma 4.1. Suppose that the feasible region of POP (15) is nonempty and that Conditions
(A) and (B) hold. Then ¢* = <.

Proof. By Condition (B), the feasible region of POP (15) is bounded, which together with
the nonemptyness of the feasible region ensures that the optimal value (* is finite. Let
2o be a feasible solution of SOS problem (16). Then there exist ¢*(x) € SOS[z, A% ] and
Yi(x) € Rlx, A% (i € I, k=1,2,...,m) such that

@)~ 20 = Z<¢k<m>+zww>ﬁ<m>> for all & € R",

k=1 1€y,

which implies that f°(z) — 2o > 0 for every feasible solution = of POP (15). Thus we have
shown that ¢* > (2. To prove the converse inequality, let

S = {zeR":fl(x)=0@Gcl, k=1,....,m)}

B W i@ >06Gel, k=1,...,m),
- {‘”GR ' —fi(m)zo(iekfk, k=1,...,m) }

and let € be an arbitrary positive number. Then fo(x) — (¢* —€) > 0 for all x € S. By
Corollary 3.3 of [22],

folx) = (¢ —¢)
e Y (S@S[m,Aﬁo] +3 (SOS[z, AL ) fi(z) — SOS[z, AL fi(m)))

k=1 i€y,
=y (S@S[m,A’;] + ZR[w,A’éo]fi(w)> :
k=1 i€y,

We have shown that for any positive €, zp = (* — € is a feasible solution of (16). Thus
¢4 > (* — e for all € > 0. Therefore, ¢* < (4. O]

4.3 Replacing SOS problem (16) by a simpler SOS

In this subsection, we establish the equivalence between SOS problem (16) and the following
SOS problem, which is simpler than (16).

fo(m) — Y
Cgo = supyo €ER | ¢ Xm: (S@S[a},flﬁo] — ykZ@k[x](fl(az))?) , (17)
k=1 i€l
(Yo, Y1, - -+ Ym) € RT™
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where

Oi(x) = ) a** € SOS[z, AY),
acAk (18)
OF[x] = {0¥(x) : T € Z,} C SOS[zx, A" ].

The second relation in (18) indicates that (17) is simpler than (16). The following lemma
shows the equivalence and plays a key role in analyzing the SOS problem (16) in the unified
framework presented in Part I [5].

Lemma 4.2. (¢ = (4.

Proof. (i) Proof of ¢4 < (4. We know that
Rlx, A% | D —y.O"[x]fi(x) for every y, eR (i € Iy, k=1,...,m).

This implies that if (yo.y1,...,ym) is a feasible solution of (17), then zy = yp is a feasible
solution of (16). Therefore, the inequality (¢ < (¢ follows.

(ii) Proof of (¢ > (. Let z, be a feasible solution of (16) and € an arbitrary positive
number. We show that there is a feasible solution (yo, 41, ..., ¥ym) of (17) with objective
value yg = 2o — €. Since zq is feasible solution of (16), we see that

Y 808l A 3 @)Y > vi@)f (@) (19)

for some ¢'(x) € Rz, A"] (i € I, k = 1,...,m). Let 7 = max{deg(¢'(x)) : i €
I, k=1,...,m}, so that ¢*(x) € R[z, A*] (i € I, k=1,...,m). Then, each polynomial
Yi(x) € R[zx, A*] can be represented as

Vi)=Y wha® (i€ ly, k=1,...,m).

ac Ak

Substituting these identities into the relation (19), we get

> S08[z, AL] 5 @)~ - Y D vertf (@), (20)

k=1 k=1 i€l; ac A

Choose a p > 0 such that € — Z Z Z (1/(2p))* > 0, and let

k=1 1€l}, OLEA.I,C-

ze =max{(pyL)? rae A% i€ I} (k=1,...,m).
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k=1 i€ly aec A* k=1 i€l acA*

It follows from (20) that

S US0S[x, AL S @) - >y vhatfi(x)

el k=1 i€l aec A
eSS Y vhat@) + Y Y a e e)
k=1 i€l ae Ak k=1 i€ll ac Ak
= f@) =G+ w3 Y (@ e@)”
k= €l acAx

= Iy,

EEASRAP DL

Therefore, we have shown that

o) —(20—¢) € Z<S@SwA —z Y 0%() (w))2>

= f(x) — (20— ¢) Z Z > )J”(ac))2
acAk

k=1 i€l
c >y <S@Saz AL =2 ) O] f’(:c))2> :
k=1 i€l

and that (yo,y1,...,Ym) = (20 — € 21,...,2m,) is a feasible solution of SOS problem (17).
Thus we have ¢4 > Yo = zo — € for all € > 0. This implies that ¢4 > 2y for any feasible z
of (16). Hence ¢4 > 4. O

4.4 A hierarchy of finite SOS subproblems of (17) for numerical
computation

The SOS problem (17) that attains the exact optimal value * of POP (15) cannot be solved
numerically because the degree of sum of squares of polynomials involved is not bounded.
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For numerical computation of lower bounds of (* which converges to (*, we introduce a
hierarchy of SOS subproblems of (17) by bounding the degree of the SOS polynomials to
be used with an increasing sequence of finite integers.

Let wyin = max{[deg(f°(x))/2], deg(fi(x)) (i € Iy, k = 1,2,...,m)}. For every
w € Z, not less than wy,;,, we consider the following SOS problem:

( )
— Y% + Z Yk Z 9
1€y,
d = su eR , 21
= Py € ZS@S[:I;,AQ}, (1)
k=1
L (90791,---:@/m) ERIJ’_m )
where
7 = w—deg(fi(x) (i €ly, k=1,...,m). (22)
We note that
Z z, A+ AL ] C R, AL+ A,
k=1 (23)
Ze (z)(fi(x))? € SOS[x, A"] € Rlz, A, + A, (k=1,2,...,m).

i€y,

Therefore, the degree of polynomials in the SOS problem (21) is bounded by 2w. This SOS
problem can be solved as an SDP (31), as shown in the next subsection.
Now, we apply the discussion above to Example 4.1. First, observe that

deg(f'(x)) =2 (1 =1,2,3), Wmin = 2.
If we take w = wyin = 2, then

T = w—deg(f'(x)) =0,
A= {0y cZi, 0F =1 (i=1,={i}, k=1,2,3).
If w=wnin +1=3, then
Fo— w—deg(fi() = 1 (i =1,2,3)

Al = {0,e,e3} CZY, A% ={0,er,e4} CZ,, Al ={0,e1,e2} CZL, (24)

0L, = 1+al+a3, 0% =1+a5+a], 0% =1+27 + 3,
where e; € Zi denote the jth unit coordinate vector (j = 1,2,3,4).
Lemma 4.3. Suppose that Z, > w > wmin. Then, ¢4 fw = (2.

Proof. The inequality ¢¢ < ¢ follows from the definitions of #%(x) and ©*[x] in (18).
Letting wmin < wi < ws, we now show that (¢ < (4. Suppose that (yo,y1,-..,ym) is a
feasible solution of (21) with w = wy. Then,

ZS@SJ:A"" > Oz —yo—i—ZykZGk (25)

i€l
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where

o= w —deg(fi(x)) (€L, k=1,...,m).

Let
7, = wy—deg(f'(2)) (i€ Ir, k=1,...,m).
Then,
> Gel, k=1,...,m),
0k (@) (f'(2))" = 64(@) (f@)" = | 3 2* | (f'(@))” € SO, AL
acF!
(ie]k, k’zl,...,m),
where

Fo= A \A = {a €A« §ZA71¢} = {a €A laf > T{}
(iEIk, k::l,,m)
It follows from (25) that

ZS@SmA’“ = —y0+2yk29k

+Z%2( z) (fi(2) - 0% (=) (F'(2))°)
= —y0+2y,€29k (26)

Hence, (yo,y1,-.-,Ym) remains a feasible solution of SOS problem (21) with w = wy. We
have shown that ¢ < (2 .

Finally, we show that (¢ converges to (% as w — oo. Let ¢ > 0. Then there exists a
feasible solution (Yo, y1, .- -, Ym) of (17) such that yy > ¢4 —e. Thus,

ZS@S:)@A’“] 5 Oz y0+2yk29

k=1 1€l
for some o € Z, (i € I, k=1,2,...,m) and some
w2max{0i+deg(fi(a:)) iel,, k=1,2,. }

Now, define 7% (i € I, k = 1,2,...,m) by (22). Then 7% > ¢° (z €y, k=1,2....,m),
and we can prove that

ZS@SmA’“] > = —y0+2yk29

k=1 Zelk

by the same way as (26) has been derived from (25). As a result, (yo, ¥1, - .., ym) is a feasible
solution of (21) with the objective value 39 > ¢4 — e. This implies that (¢ —e < (4. We
already know that (¢ < (¢ < (% if w < ws. Since € > 0 arbitrary, we have shown that ¢Z
converges to ¢4 as w — oo. O
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4.5 Reducing SOS problem (21) to COP (7)

To derive a COP of the form (7) equivalent to SOS problem (21), we need to convert the
SOS condition

— Y +Zyk29ﬂ (@))* € ) SOS[w, A] (27)
i€l k=1
to a linear matrix inequality. By (23), we can represent the left hand side of (27) as
yO"’ZykZe-rz <Q° H', +ZQ'“yk, A > (28)
i€ly,

Here H® and Q" (k= 0,1,...,m) are matrices in S** chosen such that
f@) = (@ a™) e ZR[m,Ak LA
1 = <H0, 2" > ﬂ SOS[z, A", (29)

S 0k (@) (fi(x)? = <Qk, oA >eS@S[a: A (k=1,2,...,m).

i€l

Specifically, H® is a matrix in S* whose elements are all zeros except Hyy=1.
Suppose that w = wyin + 1 = 3 in Example 4.1. By (24), we see that

DoO0h@)(f @) = (a1 —ad) + (aaler = a3) + (wslar - ),

S @) (@) = (2= e+ (raes — D)+ (maloa — D)’
Zeiz‘(m)(fi(m)f = (z1+ 22+ 2@y — 1) + (1(21 + 22 + 2125 — 1))

+ ($2(£L‘1 + T9 + Tr129 — 1))2 .

Thus, each Q* € S* (k = 1,2,3) can be represented as the sum of 3 rank-1 positive
semidefinite matrices such that Q% =0 if (o, 8) ¢ OAF = AF x AF.

We now begin to discuss the structured sparsity in the matrices Q* € S*« (k =
0,1,...,m) by introducing some notation and symbols. The discussion presented here is
essentially an extension of the one for cones in the linear space S'*" in Section 5 of Part I [5],
where DNN and Lagrangian-DNN relaxations for a class of sparse QOPs were discussed, to
cones in the linear space SA. A finite subset £ of OA, = A, x A, is said to be symmetric
if (o, B) € £ implies (B, a) € &. For every cone K C S and every symmetric subset £ of
OA,,, we use the following symbols and notation:

g = {(awB) € DAw : (avﬁ> g g}v

S%(E,0) = {X = (Xap:OA,) €S™: Xopg=0if (a,8) € E},
K(£,0) = KnNS*(&,0),
K(E,7) = K4 S*(£0).
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See Section 5 of Part I [5] for the meaning of the cone K(&,?). In the subsequent discussion,
the following identities (S (€, O))* = (S™(€, 0))L — S (£¢,0) will be frequently used.
These identities can be verified easily.

Let £, = U OA%. Then OA" (k= 1,2,...,m) and &, form symmetric sets in O.A,,.
k=1
By the relation (29), we can choose matrices Q° and Q* (k = 1,...,m) from S*(&,,0)
and S+ (0AF,0) ¢ S2(€,,0) (k = 1,2,...,m), respectively. On the other hand, by
Lemma 2.2, each cone SOS[x, .A¥] on the right hand side of (27) can be expressed as

SOS[z, A%] = {(WF ) W e siv(0A4%,0)}
(k=1,2,...,m). Hence, we can rewrite the inclusion relation (27) as
<QO - HOyO + Z Qkyka mDAW> = <Z Wka mDAw>7
k=1 k=1

Wk e st @Ak 0) (k=1,2,...,m).

or
Q" — Hy+ > QFyr € S(0AL0) + (L))"
k=1 k=1
by Lemma 2.1. Furthermore, since all matrices H, Q" (k = 0,1,...,m) and all cones
S (0A%,0) (k=1,2,...,m) are included in the hnear subspace S (€, 0) of S« (LA«)L

can be replaced by (]LA“J) NSA(E,,0). Therefore, the previous inclusion relation is equiv-
alent to:

Q' — Hy+ > Qe S\ (0AL0) + (L) nst(&,,0). (30)
k=1 k=1

Lemma 4.4. Suppose that Condition (A) holds. Then,

(i) 51(60,7) = [ {X = (Xap: DAL) €% : (Xop: DA €51},

k=1

(ii) ZSAW (DAL, 0) = $1(£,,0) = (ST(€0,7)", (S19(€4,0))" = ST (€4, 7).
(iii) LA“(E,,7) = {X — (Xaps DA €845 (on s Aot B0 }
(iv) (LA(£,,7))" = L) NSA(E,,0), LA*(E.,7) = (L) NS*(E.,0)".

Proof. (i) By definition, we know that S7(&,,7) = S7% + S (€5,0). Thus, X = (Xog:
OA,) € $* lies in SA‘” (€, 7) if and only if there ex1sts an X = (Xap @ OA,) € S
such that X5 = Xaﬁ ((e, ) € &,). The problem of finding such an X € S or
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such values X o5 ((a, B) € £°) is called the positive semidefinite matrix completion in the
literature [14, 13, 23]. We consider an undirected graph G(A,, ) with the node set A,
and the edge set €2 = {(a,B8) € £, : a # B}, where each edge (a,3) € £ is identified
with (3, ) € £°. By using Condition (A), we can prove that G(A,, ) forms a chordal
graph and that A!, A2 ..., A™ provide the family of maximal cliques of the graph. See
Lemma 6.1 of [18]. In this case, X = (Xap : OA,) € S* lies in S7*(&,,7?) if and only
if (Xap:OAF) (k=1,2,...,m) are all positive semidefinite [14]. Therefore, assertion (i)
follows. This assertion also follows from assertion (i) of Lemma 5.2 of Part I [5].

(ii) In assertion (i), we have shown that G(A,,E&?) forms a chordal graph and that
AL A2 .. A™ provide the family of maximal cliques of the graph. By Theorem 2.3 of [1],

we obtain the identity Z S (0A%, 0) = S NSA(€,,0) = S7(£,,0). This identity may
k=1
be regarded as the dual of assertion (i). (See also Theorem 4.2 of [15]). Since S7*(E,,?)
and S“j_‘“(ﬁw, 0) are closed cones by (i) and definition, respectively, we see that
(S7(€.,,0))" = (S NSM(€,,0)) =l (S +S%(£5,0)) = S*(E,,7),
(SA(Eu, 7)) = (S2(£,,0))7 = cl S2(£,,0) = ST (€., 0).

This assertion also follows from Lemmas 5.1 and 5.2 of Part I of [5].

(iii) Let

M:{X:(X 5:0A,) e st foap=Xpilat =719, }

(o, 8) € &, and (v,6) € £,

By definition, LA“(&,,?) = LA + S (£°,0). Hence, if X € L4(&,,7), then X € M
obviously. Now suppose that X = (Xap : OA,) € M. Then we can consistently define
X =(Xap:0OA,) € S*“ such that

< - X.s if thereis a (v,6) € £, such that a + B8 =~ + 4,
*F 0 otherwise.

It follows that X € LA and X — X € $*(£°,0). Thus, X = X + (X — X) € L™ +
SA(£8,0) = LA (&, 7).

(iv) Since both LA« (&€, ?) and (LA“)+ N SA“(E,,0) are linear subspaces of S, we see
that

(L) NS (£,,0)" = ((LA) - nS*(E,,0)"
= LA 4 S%(&°,0) = L*(&,,7),
(LA(E,,7)" = (L) NSA(E,,0)"" = (LA) " nS*(E,,0).

By Lemma 4.4, the inclusion relation (30) can be rewritten as

Q' — Hy+ > Q'yr € (ST(6u, 7)) + (L(Eu, 7))

k=1
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Consequently, we obtain the following primal-dual pair of COPs:

X € S (E,, ) NLA(E,, ), .
(H°, X)=1, (Q", X)=0(k=1,2,...,m) [ (31)

5 PRI

¢ = inf {<Q°, X) '

Q" - H%+ > Q'u
d ._ k=1
C, = sup ¢y eR c (Sf”(gw, ?))* L (LA“(EW, ?))* . (32)

(y07 Yiyeo aym> S Rler

The problem (32) is equivalent to the SOS problem (21).

Theorem 4.1. Suppose that the feasible region of POP(14) is nonempty and that Conditions
(A) and (B) hold. Let Zy > w > wpin. Then ¢¢ < (P < ¢* and ¢4 w = ¢*.

Proof. The inequality ¢¢ < (P follows from the standard weak duality. To prove the in-
equality (P < (*, suppose that & € R" is a feasible solution of (14) with the objective value
fo(x). Let X = "4~ By (29), X is a feasible solution of (31) with the same objective
value (Q°, X) = fO(x). As a result, the inequality ¢ < ¢* holds. The relation (% Tw = ¢*
follows from the equivalence between (32) and (23) and Lemmas 4.1, 4.1 and 4.3. O

If the previous discussion is applied to Example 4.1, the following is obtained:
Cc' = {1,3}, C* ={2,4}, C° ={1,2},
n+w
A, = {ani:|a|§w}, |Aw|=( ),

w

w

AF = {ac A, a; =0 (i ¢ CH)}, |A§,|:(2::“’) (k=1,2,3),

ODAY = AP x AR QF e ste(0Ak,0) (k=1,2,3),
3 3
€, = JoAL leu <D (4E)", Q° e S™(£.,0),
k=1 k=1
H" e St with Hyy=1and Ho5 =0 ((a, 8) # (0,0)),

If we take w = 3, then the size of the matrices Q" (k = 0,1,2,3) and H" is 35 x 35, and
the nonzero elements of the matrices correspond to the elements with indices (a, 3) € &,
where |E,| is bounded by 300. If w = 4, then the size and the bound are 70 x 70 and 675,
respectively. This shows that it is computationally meaningful to exploit sparsity even for
this small example.

Since LA“(E,,7) is described in terms of linear equalities as shown in Lemma 4.4,
COP (31) forms an SDP, which has been constructed to satisfy a structured sparsity char-
acterized by the maximal cliques C*,C?,...,C™ of the chordal graph G(N, E). For such
an SDP, we could use a primal-dual interior-point method combined with the technique
for exploiting sparsity via positive semidefinite matrix completion [13, 23]. An additional
important feature of COP (31) is that it satisfies Condition (I), which is used to derive the
Lagrangian-SDP relaxation of POP (14) in the next subsection.
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4.6 Lagrangian-SDP relaxations of COPs (31) and (32)

IfK = S (&, HNLA“(E,, ?), then the problems (31) and (32) coincide with the primal-dual
pair of COPs (6) and (7), respectively. We are now ready to apply the general discussions

on COPs (6) and (7) given in Sections 2, Part I [5]. Let H' = Z Q" and K = S (£,,7)N
k=1

LA~ (&,,?) for their Lagrangian-conic relaxation problems (8) and (9). Then we obtain:

nP(\) = inf {(Q0+/\H1,X> ‘ (33)

1()) cr| @ M —Huy (34)
¢ ‘= sup x * :
1 Yo € (ST, M)) + (L™, )", wo R

X € St (E,, ) NLA(E,, ),
(H°, X) =1

Theorem 4.2. Let wyy < w € Zy. The following results hold.

(i) 15(N) ™A= (5.

(ii) ni(\) = nE(\) for every A € R. The problem (33) attains the optimal value at a
feasible solution.

Proof. (i) Tt suffices to show that Condition (I) holds for K = S7(&,,7) N LA (&,,?).
Then, the desired result follows from Lemma 2.3 of Part I [5]. By construction, we know
that H°, Q" € S (k =1,2,...,m). On the other hand, K = S7*(€,,?) N LA C S7*.
Therefore K* D S“EL“, and Condition (I) follows.

(ii) By (i) and (ii) of Lemma 4.4, we see that S7*(&,,?) and LA (&,,?) are both
closed convex cones. And, so is their intersection. Therefore, Condition (II) holds for
K =S (E,,7) NLA“(E,,7), and assertion (ii) follows from Lemma 2.4 of Part T [5]. O

By Theorems 4.1 and 4.2, we can conclude under Conditions (A) and (B) that the
optimal value ¢* can be bounded from below by the optimal value n¢()\) of its Lagrangian-
SDP relaxation (34) with any accuracy if we take sufficiently large w and A.

Remark 4.1. We have derived the Lagrangian-SDP relaxation problem (34) of (14) from
SDP (31). By the same argument as above, we can prove directly that (34) is equivalent to
SOS problem:

Fo@) =m0+ A D0 DOk @) (' ()
7755()‘) = sup ¥ €R " k=1 iel}
< ZS@S[%AZEL yo € R

k=1

Thus it can be shown that if wy;, < w; < ws, then the inequality 175)1 N < nﬁQ()\) holds for
every A > 0.
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4.7 A brief discussion on the applications of the bisection and
1-dimensional Newton methods

In order to solve the primal-dual pair of COPs (33) and (34), it is possible to apply the
bisection and 1-dimensional Newton methods proposed in Part I [5]. See also the numerical
method in [16], consisting of a bisection method (Algorithm A of [16]), a proximal alternating
direction multiplier method [11] (Algorithm B) and an accelerated proximal gradient method
[6] (Algorithm C). In fact, we can transform (33) and (34) to a primal-dual pair of COPs
with a cone K = K; N K5 in some linear space V such that the metric projections from V
onto the cones K; and K, are easily computed. See also Remark 4.1 of Part I [5]. This
transformation is essentially the same as the one called the conversion method in [13, 23].
Let

VvV = ﬁSA" = {Y: (YLY? ..., Y™ :YFest (k;:1,2,...,m)},
k=1

K, = {Y:(YI,YQ,...,Y’”)EV: Y* e st (k;:1,2,...,m)},

Y(iﬁ - Y‘fﬁ if (a713) € DA‘Z), }

Ky = {Y=(YLY%2...Y")eV:
2 { (YLY5...¥") e (7,0) c0A" anda+B=~+96

Each Y € V can be identified with a symmetric block diagonal matrix. We use the no-
tation (U, Y) = Y7 (U*, Y*) for the inner product of U = (U',U? ..., U™), Y =
(Y1 Y% ...,Y™) € V. The cone K, is described as the Cartesian product of positive
semidefinite cones of smaller dimensions, and the cone Ky is actually a linear subspace of V.
Hence, it is straightforward to implement the metric projections from V onto both cones.
We now associate each X € S*(&£,,?) with Y = (Y', Y2, ..., Y™) € V through Y* =
(Xap: OAF) (k =1,2,...,m). With this correspondence, we see that X € S*(£,,7), N

LA (E,,7) if and only if Y € K; NK,. Furthermore, we can choose éo, ﬁo, ﬁl € V such
that

Q" Y)=(Q", X), (H,Y)=(H’, X) and (H,Y) = (H', X)

hold. Consequently, we obtain the following primal-dual pair of COPs which are equivalent
to the primal dual pair of COPs (33) and (34):

) ~0 ~1 N
nP(A) = inf {(Q +\H |, X) ‘ Y e K NK,, (HO, X) =1 }

~ ~1 —~0
ni(A) = sup {yoeR( Q +)\H —Hy cK +K; yoeR }

For details, see [13, 16, 23].

5 Concluding remarks

For POP (1) with J = R, two different approaches, both based on the discussions in
Section 4, can be used. The first one is the hierarchy of sparse Lagrangian-DNN relaxations,
obtained by replacing SDP cones with DNN cones in the construction of the hierarchy
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of sparse Lagrangian-SDP relaxations in Section 4. The second one is the hierarchy of
sparse Lagrangian-SDP relaxation for the reformulated equality constrained POP over R*",
obtained from adding x; —z7,,, =0 (¢ = 1,2,...,n) and replacing the cone R’} by R We
have taken the second approach in Example 4.1. The lower bounds generated by the first
hierarchy of Lagrangian-DNN relaxations may not be theoretically guaranteed to converge
to the optimal value of the original POP. However, it may work effectively and efficiently
for practical problems with a low relaxation order.

There remain some issues to be investigated for an efficient implementation of the hierar-
chy of sparse Lagrangian-SDP relaxations. We can utilize some of the first-order algorithms
in [16], where the Lagrangian-DNN relaxation was implemented to solve QOPs by applying
a bisection method with the proximal alternating direction multiplier method [11] and the
accelerated proximal gradient method [6]. We can also utilize the 1-dimensional Newton
method proposed in Part I [5]. In addition, how to handle sparsity, which was not consid-
ered in [16], is an important issue. We hope to report some numerical results in the near
future.
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