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Abstract

We consider subgradient- and gradient-based methods for convex optimization problems
whose feasible region is simple enough. We unify the way of constructing the subproblems
which are necessary to be solved at each iteration of these methods. Our unifying framework
provides a novel analysis of (sub)gradient-based methods and permit us to propose a family of
optimal complexity methods. For the non-smooth case, we propose an extension of the mirror-
descent method originally proposed by Nemirovski and Yudin [8] and overcame its drawback
on optimal convergence. Our analysis is also applied to the dual-averaging method proposed
by Nesterov [14] using simpler arguments for its complexity analysis. Finally, we propose
(inexact) gradient-based methods for structured optimization problems such as with composite
structure or using an inexact oracle model. The proposed family of classical gradient methods
and its accelerations generalizes some of primal/dual gradient and Tseng’s accelerated proximal
gradient methods [6, 13, 16, 17].

Keywords: non-smooth/smooth convex optimization, structured convex optimization, subgra-
dient /gradient-based proximal method, mirror-descent method, dual-averaging method, com-
plexity bounds.

Mathematical Subject Classification (2010): 90C25, 68Q25, 49M37

1 Introduction

1.1 Background

The gradient-based method proposed by Nesterov in 1983 for smooth convex optimization problems
brought a surprising class of “optimal complexity” methods with preeminent performance over
classical gradient methods for the worst case instances [9]. A minimization of a smooth convex
function, whose gradient is Lipschitz continuous with constant L, by these optimal complexity
methods ensure an e-solution for the objective value within O(y/LR?/¢) iterations, while the
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classical gradient methods require O(LR?/¢) iterations; R is the distance between an optimal
solution and the initial point. It is important to observe that in all of those methods, the iteration
complexity is with respect to the convergence rate of the approximate optimal values and not with
respect to the approximate optimal solutions. The Nesterov’s optimal complexity method, as well
as further improvements and extensions [1, 10, 12], applied or extended for solving non-smooth
convex problems [4, 11, 12, 15, 16, 17] with composite structure [3, 11, 12, 13] and the inexact
oracle model [6], changed substantially the approach on how to solve large-scale structured convex
optimization problems arising in compressed sensing, image processing, statistics, etc.

Many of those methods for smooth and structured convex problems were unified and generalized
by Tseng [16, 17] and it was shown that they preserve the O(y/LR?/¢) iteration complexity. It is
important to notice that the computational complexity of each iteration will strongly depend on
the structure of the objective function, the feasible region, and the choice of the proximal operation
to define the auxiliary subproblems solved at each iteration.

For a general non-smooth convex problem, the complexity analysis of those methods becomes
quite different compared to the smooth case. The optimal complexity in the non-smooth case
is O(M?R?/e?) iterations for an e-solution, where M is a Lipschitz constant for the objective
function. A well known optimal method for this case is the Mirror-Descent Method (MDM)
proposed by Nemirovski and Yudin [8] which was later related to the subgradient algorithm by
Beck and Teboulle [2]. It can be proved that the MDM achieves the optimal complexity when we
know in advance an upper bound for R. The Dual-Averaging Method (DAM) proposed by Nesterov
[14], on the other hand, removed this requirement and still ensured the same complexity. The key
contribution of the DAM was the introduction of a sequence which we call scalling parameter [y,
in this paper.

The (approximate) gradient-based methods proposed as the primal and dual gradient methods
in [6, 13] can be interpreted as particular cases of the MDM and the DAM for the correspond-
ing smooth convex problems, respectively, as it will be clear along the article. They ensure the
same complexity O(LR?/¢) as the classical gradient methods. Particular cases of Tseng’s optimal
methods [16, 17] can be also seen as accelerated versions of these methods.

1.2 Contribution

Our contribution will be a modest one over these methods, i.e., identifying a common property
intrinsic to the MDM and the DAM. This property will provide a unifying framework for analyzing
(sub)gradient-based methods which can be applied for non-smooth and smooth cases as well as for
structured problems.

Our unifying framework will permit us to propose a new family of optimal methods which
includes the MDM and the DAM for the non-smooth case (Method 9).

We will introduce two models to update the auxiliary subproblems, which are necessary to
be solved at each iteration, called the extended MD model (11) and the DA model (12). Based
on them, our family of methods ensure the optimal complexity O(M?R?2/?) for the non-smooth
case. As a by-product, the proposed extended MDM overcomes the drawback of the original MDM
which requires in advance the knowledge of an upper bound R to ensure the optimal complexity.

Furthermore, our unifying framework can be extended to structured problem whose objective
functions are smooth, have composite structure, saddle structure, or their values as well as their
subgradients depend on an inexact oracle [6]. For all these cases, we propose two general methods
(Methods 16 and 17) whose complexity to obtain an e-solution are O(LR?/e) and O(,/LR?/e),
respectively (excepting for the inexact oracle case). The former method includes the classical
gradient methods analyzed in [6, 13] and the latter one, which is optimal for smooth optimization,
includes Tseng’s second and third Accelerated Proximal Gradient (APG) methods [17] which are
particular cases of Tseng’s ones [16].



A unifying framework for structured optimization problems was already provided by Tseng
[16, 17]. However, our result distinguishes in finding a common set of properties (Property 2)
which the auxiliary functions should satisfy. This fact will simplify the subsequence convergence
analysis of the proposed methods. In fact, our optimal complexity methods can be regarded as
situated between the extended MDM and the DAM. Table 1 shows the relation between our family
of (sub)gradient-based methods and other known methods.

Table 1: Relation between our family of (sub)gradient-based methods and other known methods.
The star (*) corresponds to our result. “Complexity” indicates the number of iteration to obtain an
e-solution when the objective function has no inexactness for its oracle. [13] is included considering
that its Lipschitz constant is known in advance.

problem class ‘ complexity ‘ known methods ‘ generalized methods
optimal mirror-descent [2, §] *M_ethod 9 (a) w.ith the model (11)
non-smooth 0 ( M2R2 /52) = extended mirror-descent: Method 13
dual-averaging [14] *Method 9 (a) with the model (12)
classical primal gradient [6, 7, 13] | *Method 16 with the model (11)
O(LR?*/¢) [ dual gradient [6, 13] *Method 16 with the model (12)
FISTA [3] Tseng’s first APG [17]
structured/ Nesterov’s method [12] Tseng’s modified method; see [16, (35-36)]
smooth optimal *Method 20 = Method 17 with the model (11)

O(\/LR2/e) Tseng’s second APG [17] Tseng’s method [16, Algorithm 1]
* = :
Tseng’s third APG [17] Method 21 = Method 17 with the model (12)

Tseng’s method [16, Algorithm 3]

At each iteration, all of the above methods need to solve one or two convex subproblems which
can be easy or hard depending on the structure and/or the feasible region of the original problem.
Nesterov’s optimal methods [12, 13] require two subproblems at each iteration while Tseng’s ones
need only one subproblem and even preserve the same complexity. The proposed methods in this
paper need only one subproblem at each iteration.

The structure of this article is as follows. First, we review some existing methods, in particular
the MDM and the DAM for non-smooth and smooth objective functions (Section 2). In Section 3,
we propose the Property 2 which will be required for all auxiliary functions of our methods, as
well as some supporting lemmas. We then propose in Section 4 the unifying method and prove
its convergence rate, in particular for the extended MDM and the DAM, and subsequently for the
structured problems in Section 5.

1.3 Notations

In this paper, we consider a finite dimensional real vector space E endowed with a norm | - ||. The
dual space of E is denoted by E* endowed with the dual norm || - || defined by
S|« = max (s,z), se€ E*
sl = s (s,2),

where (s, z) denotes the value of s € E* at x € E. We consider subgradient-based and gradient-
based methods to solve the following convex optimization problem :

i 1

mip, f (x) (1)

where @ is a nonempty closed convex and possibly unbounded subset of E, and f : E — RU{+oc0}
is a proper lower semicontinuous convex function with @ C dom f := {z € E : f(z) < +o0o}.
For each z € dom f, the subdifferential of f at x is denoted by df(z) := {g € E* : f(y) >



fx)+ {9,y —x), Yy € E}. We assume throughout this paper that the problem (1) always has
an optimal solution x* € @), and the structure of @) is simple enough or has some special structure
which permits one to solve a subproblem over it with moderate easiness. See [12] for some examples.

We additionally assume that there is a proper lower semi-continuous convex function d : £ —
R U {400} satisfying the following properties:

e d(x) is a strongly convex function on @) with parameter o > 0, i.e.,
1
d(rz + (1= 7)y) < 7d(z) + (1 = 7)d(y) — 5o7(1 = 1)z ~ yll>, Va,yeQ, vrelo1].

e d(x) is continuously differentiable on Q.

We denote by &(z, ) the Bregman distance [5] between z and z:

&(z,2) :=d(z) —d(z) — (Vd(2),z — 2), z,z€Q.

The Bregman distance satisfies {(z,z) > [z — z||? for any x,z € Q by the strong convexity of
d(x).
We also assume that d(z) = mingeq d(z) = 0 for 2 := argmin, ¢, d(v) € Q, which is used for

the initial point of our methods.! Finally, we define R as R := y/1d(z*), R := \/1&(wo,2*), or
their upper bounds, which quantifies the distance between the optimal solution z* and the initial
point zg in view of properties d(z¢) = 0 and d(z) > §|lz — z¢||* for every z € Q.

2 Existing optimal methods

In this section, we review some well-known subgradient-based and gradient-based methods. In
particular, we focus on the Mirror-Descent Method (MDM) and Dual-Averaging Method (DAM)
for non-smooth objective functions, and on Nesterov’s accelerated gradient and Tseng’s Accelerated
Proximal Gradient (APG) methods for smooth objective functions (or for non-smooth ones with
some special structures).

The purpose of this section is to unify the notation of these methods in order to introduce a
unifying framework for them in Section 3. For that, we sometimes changed the variables’ names,
shifted their indices, and added constants in the objective functions of optimization subproblems
compared to the original articles.

2.1 Optimal methods for the non-smooth case

Let us first assume that f(z) in (1) is non-smooth. The MDM [8] in the form reinterpreted by Beck
and Teboulle [2] generates the following iterates from the initial point xq := argmin,c, d(z) € Q.

Tpt1 = argergin {Ak[f(xk) + <g/€7$ - .’Ek)] + f(l‘k7ﬂf)} ) k= 0,1,2,..., (2)

where g € 0f (zx) and A\ > 0 is a weight. The parameter )y is also referred to as a stepsize; it is
known that the procedure (2) reduces to the classical subgradient method xj11 = 7Q (2 — A\rgr)
when E is an Euclidean space, ||-|| is the norm of E induced by its inner product, d(z) := %||z—=0||?,
and 7q is the orthogonal projection onto @ (see also Auslender-Teboulle [1] and Fukushima-Mine

[7] for some related works).

We can always assume this requirement for an arbitrary point zo € Q by replacing d(z) by &(zo, x).



The MDM produces the following estimate [2]:

* k
Yo Nif (i) ) < E(w0, %) + 55 Dimo M llill?
0<i<h Siso N B BAPY

where the right hand side can be bounded by M+/20~1&(xg, 2*)/vk + 1 if M := sup{||g|« : g €
Of (z), = € Q} is finite and if we choose the constant weights \; := M ~1\/20¢(zg, 2*)/Vk + 1, i =

0,...,k for a fixed k > 0. If we further know an upper bound R > \/éf(xo, x*), this convergence

Vk >0, min f(x;)— f(z") <

(3)

result ensures an e-solution in O(M2R?/e?) iterations which provides the optimal complexity for

the non-smooth case [2]. The above choice of weights, however, is impractical since it depends on

the final iterate k£ and an upper bound for {(z¢,2z*); a more practical choice \; := r/v/i+ 1 for

some r > 0 only ensures an upper bound §(z0:2")+(20) 12 M*(1tlog(k+1)) _ O(log k/\/k) for the right
2r(vk+2-1)

hand side of (3).

The DAM proposed by Nesterov [14] overcomes the dependence of weights of the MDM on k
and even achieves the rate of convergence O(1/v/k). This method employs non-decreasing positive
scaling parameters { B }k>—1 (Br+1 > Bk > 0) in addition to the weights {A; }x>0. From the initial
point xg := argmin,c d(z) € Q, the DAM is performed as

k
Tp41 = argmin {Z Xilf(z3) + (gi, x — x3)] + ﬂkd(x)} , k=0,1,2,... (4)

€@ Li=o

In order to ensure the rate of convergence O(1/v'k), we do not even need a prior knowledge of an
upper bound for £(xg, x*); for instance, choosing A\ := 1 and [} := v, where v > 0 and

B—l = BO = 17 Bk-{-l = Bk + Bk_la Vk > 07 (5)

it yields the estimate

. \ K oNif (i
Vk >0, O%f(x»—f(acww

which achieves the optimal complexity if we choose v := M/+/20d(z*).

A key of the analysis of the DAM in [14] is the use of dual approach such as the conjugate
function of Bd(z) for § > 0. In this paper, we prove the same result with simpler arguments (in
Section 4) for the DAM and (an extension of) the MDM without employing it.

Observe that for both methods, we do not need to evaluate any function value at any iteration

and x4 is determined uniquely even if ) is unbounded since d(x) is strongly convex [14, Lemma
6].

M2> 0.5+v2k+1

~ 1 < (e + 5 ) BEEEEEL

2.2 Optimal methods for the smooth case

Let us assume now that the function f(z) in (1) is convex and continuously differentiable on Q.
Nesterov [12] and Tseng [16, 17] proposed optimal methods whenever we could further assume that
its gradient is Lipschitz continuous on (). Let L > 0 be this Lipschitz constant, i.e.,

IVi(z) = Vi@l < Lz —yl, vryecQ.

Given positive weights { A } x>0, both methods depend on the following computation of optimal
solutions Z; and/or z; of auxiliary subproblems:

(a) 2 = argmin,c {)\k[f(xk) +(Vf(xg),x — xg)] + §§(zk,1,:r)},

(b) 21 = argmin,¢ {Zf:o Nilf (@) + (Vf(zi),z — )] + gd(x)} (6)



where {zy}r>0 C @ is the sequence generated by those methods. Note that the subproblem (a) is
closely related to the one of the MDM (2) and the subproblem (b) corresponds to the one of the
DAM (4) with By = L/o. Similarly to the non-smooth case, it is not necessary to evaluate the
function values at xx’s and the minimums are uniquely defined.

The Nesterov’s optimal method (see modified method in [12, Section 5.3]) with a particular
choice for the weights Ay is described as follow.
Nesterov’s method: Set A\, := (k+1)/2 for k > 0 and z¢ := 2_; := argmin,¢ d(z). Compute
20 by (a) and set g := 29 := 2. For k > 0, iterate the following procedure:

Set g1 = (1 — 1) Tk + T2k, where Tk 1= Z’}fﬁ)\_,

=0 "
Compute 241 by (a), (7)
Set i"k+1 = (1 — Tk)@k =+ Tkék+17

Compute zp4+1 by (b).

On the other hand, Tseng’s second and third Accelerated Proximal Gradient (APG) methods
[17] which are particular cases of algorithms 1 and 3 in [16], only require the solution of either
subproblem (a) or (b), respectively.

/ 2
Tseng’s second APG method: Set Ay := 1, A\pyq = w for k > 0, and xg := 2z_1 :=
argmin, e d(v). Compute 2y by (a) and set &g := 2. For k > 0, iterate the following procedure:

Set Tyl = (1 — Tk)@k + 112, Where T3 := Z);::Lf)\"

=0 7'
Compute Zxy1 by (a) replacing zx by Zg, (8)
Set Thtl i= (1 — Tk):i‘k + TiZk41-

/ 2
Tseng’s third APG method: Set Ay := 1, A\gy1 = % for K > 0, and zg := z_1 =
argmingcq d(x). Compute zp by (b) and set g := 2. For k > 0, iterate the following procedure:

Set Tpy1 = (1 — 1) Tp + T2i, Where 7 := Z)’\“ﬁlx’

=0 '
Compute zg4+1 by (b), (9)
Set L1 = (1 = 7o) T + Thzks1-

Remark 1. To see the equivalence to Tseng’s second APG method, notice that zq is not used at
all in [17]. Then defining d(z) := D(z, z0) = n(z) —n(z0) — (Vn(20), z — z0) for an arbitrary zp € Q,
we have 0 = 1 in (a). Finally, making the correspondence z — zx_1, yx — Tk, T — Ip, and
O — lev it will result in our notation. For the Tseng’s third APG method, identical observations
are valid, excepting that we define d(z) := n(z) — n(zp) instead.

It can be shown that both Nesterov’s and Tseng’s methods attain the optimal convergence rate;
Nesterov’s method (7) and Tseng’s third APG method (9) satisfy

) . 4Ld(x*)
Vk >0, f(ﬁk)_f(x)g J(k+1)(k+2)

while Tseng’s second APG method (8) satisfies

o * 4L§($07 1'*)

Vk >0 — < ——1 7
= 7f(xk) f(x)— 0(k+2)2

The convergence analysis of these three methods are performed in different ways. What we
propose in Section 5 is a unified analysis for them using the following Nesterov’s strategy [12]:
Find a sequence {Z;} C @ such that



k
Skf(@r) < min {Z Ailf (@i) +(Vf (i), @ — @)] + gd(m)}
i=0

where Sy = 38 A

The above gradient-based methods for smooth problems can be generalized for non-smooth
convex problems with special structures preserving the same iteration complexity. The structures
of the composite objective function and the inexact oracle model are remarkably important since
they have significant applications for compressed sensing, image processing, and statistics (see
[3, 6, 17] for some examples). These structures will be detailed in Section 5. The Nesterov’s
method (7) was generalized for the composite structure [13] and the inexact oracle model [6].
Tseng’s above methods were originally proposed for the composite objective function unifying
some existing methods [1, 3, 12], while we only have described the particular ones for the smooth
case.

3 General conditions for the auxiliary functions in the unifying
framework

For all methods we reviewed for non-smooth or smooth objective functions, we need to form one
or two auziliary functions v (x) and solve the corresponding subproblem(s) mingcg ¥, () at each
iteration. In this section, we will propose general conditions which these auxiliary functions should
satisfy in order to provide a unifying analysis. In particular, we can show that these auxiliary
functions are derived from the extended MD model (11), the DA model (12), or a mixture of them.
Based on these results, we will propose a family of methods in a unifying framework for non-smooth
functions in Section 4 and for structured convex problems in Section 5 which includes the smooth
functions.

We use the following notations for the description and the analysis of our methods. For a point
y € @, denote by l¢(y;x) : E — RU {+00} a proper lower semicontinuous convex function with
f(x) > l¢(y;x), Vo € E, i.e., a lower approximation of f(z) at y € Q. The explicit description of
the function lf(y; ) will be given in Sections 4 and 5 and will vary according to the property of
f(z). For the function d(z), we denote l4(y; x) := d(y) + (Vd(y),x — y). Note that d(x) > l4(y; x)
and £(y,x) = d(z) — lg(y; x) for any z,y € Q.

We introduce two kinds of “parameters” for our methods, namely, the weight parameter {\; }r>0
and the scaling parameter {fB;}r>—1. We define Sy := Zf:o Ai. Moreover, we use {Zx}r>0 C @
and {zx}r>0 C Q for sequences of approximate solutions and test points (for which we compute
the (sub)gradients), respectively (recall that zo := argmin, ¢ d(7)).

Finally, we consider auxiliary functions v (x) whose unique minimizers on @ are denoted by
2z = argmin, e ¥ (7). The function ¢ () is assumed to be defined by Y, (B, {mibE,
and {z}*7} for each k > 0. We also consider ¢_;(z) (and z_; := argmin, e ¢—1(z)) for conve-
nience.

The following property will be a fundamental one for the construction of auxiliary functions
{k(z)}k>—1 in our unifying framework.

Property 2. Let {\i}r>0 be a sequence of positive weight parameters, {0y }r>—1 be a sequence
of positive and non-decreasing scaling parameters, and {zy}r>0 be a sequence of test points. Let
Yi(z) be auziliary functions which are determined by {\}E_o, {BiYe_y, {zi}f,, and {z}2]
where z; 1= argmin,cq ¥;(z) for each k > —1. Then the following conditions hold:

(1) mingeg¥—1(z) =0 and z2_; = xg.



(i) The following inequality holds for every k > —1 :

Vo € Q, Yrp1(x) > rzlélél Y1(2) + M1l p (Trg15 @) + Brprd(x) — Brla(zr; ).

(iii) The following inequality holds for every k >0 :

k
min Y (z) < ggg {Z il (i3 ) + Brla(zi; ac)} .

2€Q i=0

On the construction of an auxiliary function, the following lemma [16, Property 2] is useful.

Lemma 3. Let h : E — R U {400} be a proper lower semicontinuous convex function with
Q C domh and B be a positive number. Denote 1p(x) = h(x) + fd(x). Then the minimization
problem mingeq ¥(x) has a unique solution z* € QQ and it satisfies

Y(x) = 9(2") + BE(", ), Vreq.

We now propose a family of auxiliary functions which satisfy Property 2.

(0) Define ¢_1(z) := f_1d(x).
(1) For each k > —1, define 1x41(z) by either the extended Mirror-Descent (MD) (10)
model (11) or the Dual-Averaging (DA) model (12).

Extended MD model:
Ypt1(z) == 333 Vi (2) + M1l y (Tpg152) + Bry1d(w) — Brla(zi; ). (11)

DA model:
Urs1(x) = Yp(2) + Mgl (Tpg13 @) + Brprd(x) — Brd(x). (12)

In both cases, ¥i11(z) is proper lower semicontinuous and strongly convex on Q).

Proposition 4. Any sequence of auziliary functions {1y (x)} constructed by (10) satisfies Prop-
erty 2.

Proof. Since mingecg d(z) = d(zo) = 0, ¥_1(x) = f-1d(x) satisfies condition (i).

If we construct ¢41(x) by (11), then it is clear that the condition (ii) holds. Let us consider
the case (12). Notice that on the construction (10), we can show by induction that the functions
hi(z) := Yp(x) — Brd(z) are always proper lower semicontinuous and convex. Thus Lemma 3
implies that ¥ (x) > min,eq Vi (2) + Br€(2k, ) for every x € Q. Therefore, we obtain

Yer1(®) = Yr(®) + Negalp(Tpg1;7) + Brrad(x) — Brd(x)
[0in v (2) + B (2, 2)] + Mgl (5 2) + Fprd(w) — Br(z)

Izléiél Y (2) + Meg1ly (g1 2) + Brprd(x) — Brla(zr; x)

v

for all x € Q.
Let us finally prove the condition (iii) by induction. We actually show that it is also valid
for K > —1. The case k = —1 is due to the optimality condition for z_ 1 = argmin,co1_1(z) =



argmin,cq 3-1d(z), that is, mingeq f-1d(x) = mingeq B-1l4(z-1; ) holds. Suppose that the con-
dition (iii) holds for some k£ > —1. Consider the auxiliary function ty4,(x) for a positive integer p
defined as follows. Define 9;1(x) by (11) and define 9xy;41(x) by (12) fori =1,...,p— 1. Then

k+p

Urap(@) = Ye(zr) + Y Alp(@is2) + Brapd(x) — Brlalzr; ), (13)

i=k+1

and using Lemma 3 we have

ggg wk-&—p(x) < wk-l—p(x) - ﬁk-}—pg('zk‘-i-pa 517)

k+p

_ + > Nilp(i2) + Berpd(@) = Bila(zki )| = Bropé (2hips )
L i=k+1
Giiy [ F

< Z (i x) + Brla(zi; x)

k+p

+ 3 Nlp(@i @) + Brapd (@) — Brla(zi; ) — Bropé (2heps @)

i=k+1

k+p
Z)\ Lp(zis @) + Birpla(zrtp; @)

for all z € Q. This proves the condition (iii) for 1y4,(x). It is, therefore, enough to prove the
condition (iii) in the case when the auxiliary function (x) is defined only by (12) updates. We
have ¢ (z) = Z?:o il f(xi; ) 4+ Brd(x) in this case and again Lemma 3 implies that

min () < Vi) — Beé(zk, @ ZA Ly(zis @) + Brla(zr; )

z€Q

for every x € Q. O

Remark 5. Proposition 4 proves that the following auxiliary functions satisfy Property 2 for
appropriate choices of {¢(x;x)’s.

e Constructing {¢(x)} by (10) with only extended MD model updates (11) yields

Yp(x) = mingeQ Yr—1(x) + Mely(zr; @) + Bed(x) — Br—1la(zr—1: ), (14)
Zp = argmingcg {Nely(zi; ) + Bed(x) — Br—1la(zk-1;2) }

which coincides with the MDM (2) for 8, = 1 and x; = z;_1, and the subproblems of Tseng’s
second APG method (8) for 5, = L/o.

e Constructing {1x(z)} by (10) with only DA model updates (12) yields

Ye(@) = TioNdp(ws o) + Brd(w),

zp = argmingcg {Zf:o il (g5 ) + Bkd(ﬂﬁ)} 19)

which coincides with the DAM (4) and the subproblems of Tseng’s third APG method (9)
with gy = L/o.



Notice that a pure extended MD model updates (14) considers only the previous l(xy; x) while the
DA model updates (15) accumulates all I (x;; z)’s. Moreover, Proposition 4 shows that Property 2
is satisfied even if we mix the strategies (14) and (15) which correspond in selecting some of previous
lf(xi; x)’s to define the subproblem as shown in (13). Note that, for a fixed ¢y (x), the construction
(11) of tgy1(x) is the minimalist choice which satisfies Property 2; according to (ii), any auxiliary
function 9,41 (x) majorizes the one defined by (11) on the set Q.

To conclude this section, we define the following relation based on the Nesterov’s approach
[12]; we propose (sub)gradient-based methods which generates approximate solutions {Z;} C @
satisfying the following relation for every k£ > 0 :

(Rr) Skf(an) < 1;%15 Yr(x) + C (16)

where C}, is defined according to the problem structure.
This relation yields the following lemma which provides a convergence rate of all methods.

Lemma 6. Let {¢x(x)} be a sequence of auziliary functions satisfying Property 2 associated with
weight parameters {\g >0, scaling parameters {B}r>—1, and test points {x}r>0. If a sequence
{Zr} C Q satisfies the relation (Ry) for some k > 0, then we have

Brla(z; ) 4+ C

Flin) - fla) < P

where 2y, 1= argmin, ¢ Yr (7).

Proof. Since E?:o Nilf(zi; ) < Spf(x) for all € @, using the condition (iii) of Property 2 yields

) < Nilg(xi;x la(2k; < min {S la(zk; <S la(zg; ™).
gggwk mln{z flxi @) + Brla(zr; )} ggél{ wf (@) + Bela(zr; )} < Sef(a™)+Prla(zi; x¥)
Therefore, the relation (Ry) implies

Skf(Er) < Izréicr?ll/}k(ﬂf) + C < Sif (@") + Brla(zk; %) + Ch.

O]

4 A family of subgradient-based methods in the unifying frame-
work

4.1 The unifying framework

In this section, we propose novel subgradient-based methods for solving problem (1). Throughout
this section, we assume that subgradients of the objective function f, g(y) € df(y), are computable
at any point y € Q and a lower approximation I7(y;-) at the same point is defined by

li(y;2) := fly) + (g(y),z —y), VreqQ.

For a test point xp € @, we denote g = g(xr) € Of(x). In this case, the subproblems z; =
argmin, . ¥ (z) constructed from (10) are of the form

min{ (s,) + Bd(@)} (17)

for some s € E* and § > 0.
We use the following lemma for our analysis.
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Lemma 7. Let {x;}r>0 C Q and g, € Of(xi), k> 0. Then, for A€ R, >0 and z,z € Q, we

have 1
(A, — 2) + BE(z,x) + w“)\gkﬂi >0, Vk>D0,

and, in particular,

)\2

Alp(zg, x) + BE(zk, z) + B\nglli = Af(xr), VE=0.

20

Proof. Since for every z € E and s € E* the inequality %||z[|* + 3||s||Z > (s, z) holds, we have
(gis 2 = 2) + 060 2) + 5 Al 2 Oz = 2) + Dl = 21 + 5 Al 2 0
9k, ) 20_5 Ik« = 9k, 2 20',6 gk = U.

Substituting z = xj, for this inequality and adding Af(xg) to both sides, we obtain the second
assertion. ]

Let us consider the relation (Rj) defined at the previous section with

k

Com oo 3 g2 (13
k — 2% par Bi—l Gillx-
We also use the following alternative relation:
k
(Ri) ) Aif(w) < min Yr(z) + C. (19)
i=0

Note that the relation (Rk) provides an alternative to Lemma 6 which can be proven in the same
way: If {1x(z)} admits Property 2 and the relation (Ry) is satisfied for some k > 0, then we have

k .
LY s gy < BTG (20)

L

Now, let us show the following key result which will provide efficient subgradient-based methods
in a straightforward way.

Theorem 8. Let {¢p(z)} be a sequence of auxiliary functions satisfying Property 2 associated
with weight parameters {\;}r>0, scaling parameters {fi}r>—1, and test points {xy}r>0. Denote
zp = argmingeq Vr(z) and define Cy by (18). Then the following assertions hold.

(a) The relations (Ro) and (Ro) are satisfied by setting o = xo.

(b) Suppose that the relation (Ry) is satisfied for some integer k > 0. If the relation xy11 = 2
holds, then the relation (Ry11) is satisfied by setting

STk + Mo 1Tp41
Sk+1

Tpy1 =

Moreover, if the relations (Ry,) is satisfied for some k > 0 and xp41 = 25, holds, then (Rj41)
is satisfied.

11



(b’) Suppose that the relation (Ry) is satisfied for some integer k > 0. If the relation

SkZk + Nkr12k

LTp+1 =
Sk+1

holds, then the relation (Ry11) is satisfied by setting Tg41 := Tg11-
Proof. We remark that using condition (ii) of Property 2 we obtain the inequality

Vk > -1, ;%13 Yry1(z) > ;Igél V() + M1l p (Tr41, 2641) + B (2, 2641)

by setting x = 241 = argming e ¥x11(w) (vecall that d(z) > 0 (z € Q) and B11 > Br).
(a) Letting k = —1 in the condition (ii) and using the condition (i) of Property 2, we have

. A2 . 22
min (@) + g2 —llgoll: = [ming-1(@) + doly (w03 20) + B-1€(z1,20)] + 52— lgoll:

A2 9

= )\Olf(l'OQZO)+ﬂ—1§(z—1720)+20_5 g0l
2

_ . 0 2

= Aolf(z0; 20) + B-1§(w0, 20) + 505 llgoll

> Aof(zo)

Sof({i'o),

where the last inequality is due to Lemma 7.
(b) By the condition (ii) of Property 2 and the assumptions for x;.q and Zxy1, we obtain that

1 k+1 )\2
P2
Inelnwarl Z 6@'—1 ngH*
N1 2
> i Aka1l ; i
> {ggg%(ﬁ)+ k1 f($k+1azk+1)+ﬁk§(2k72k+1)] 501 . Zﬁ% g3l
1 k 2 )\2
= l;félélﬂ)k 72 & ||9i|\3+ )\k+1lf($k+1azk+1)+ﬁk£(‘rk+1azk+1)+2 3, “lger
= 8
Lk
> [H"éln?/fk 27252— IgillZ | + Ay f (wr11)
> Spf(@k) + Megr f (Trt1)
S A
> Sk+1f< kxk; k+1xk+1>
k1

= Sit1f(@ri1),

where we used Lemma 7, the relation (Ry), and the convexity of f in the last three inequalities,
respectively. This implies that the relation (Rj1) holds. Moreover, replacing the use of (Ry) by
(Rg) in the above inequality, we obtain the relation (Rj41), which proves the latter assertion.
S, A SpZp + A
R Tk + Akt12k+1 kTl + Ak+12k vields
Sk+1 Sk+1

(b’) Denote x}_ , = . Then the relation xp1 =

Sk—i—l /
fhtl T Rk = T(xk-i-l — Tht1)-
k+1

Thus the condition (ii) of Property 2 and the relation (Rj) imply that

12



k+1

1 A7 9
mm Vi1 (2 Z gl

Bi—1
. Moo 2, 2
> gélgiﬁk(l‘) + Aol (@15 2e1) + Ou8 (2, 21) + 5o ﬂ gkl + Z By ||9zH
: Moo
> Spf(Zr) + Meprlp(Trg1s 2et1) + Br€(2k, 2ig1) + 5, ﬂ L lgrsal?
) 2 ,
> Sl (Tt ) + M1l (@ra1s 2e1) + Beé(2hy 2og1) + 5o % ﬁ Ll grsall?

SkZk + N1 2k+1 Y
Sk+1 QO'ﬁk

= Skt1ly <xk+1; > + Br&(2ks 2141)

AQ

20 5

= Spp1f(@ea1) + (Grt1, Ser1(Thyy — Trp1))
2

A
+01€ (ks 2h41) + 7o 5001 1| gt |2

= Skrrlp(@his; Thpr) + Bk 2k 261) + Ll |12

)\2
= Skt1f(@rs1) + Met19k+1, 21 — 2k) + Br& (ks 2kt1) + 5, ﬁ KL g ||
> S f(xrs)
Skt1f(Zr41)

where the last inequality is due to Lemma 7. O

Now we are ready to propose the following two novel subgradient-based methods for the non-
smooth case.

Method 9 (Unifying framework). Choose weight parameters {\,}r>0 and scaling parameters
{Br}r>—1. Generate sequences {(zk—1, %k, Gk, k) te>0 by

1
(@)  @g:=2p—1 = argmin¢y_1(x), Iy = 5 > Niwi, gr€0f(zr), fork>0  (21)
z€Q k i—0
or by
. N 1
(b) Zh_1 = argrglndjk_l(ﬂs), T 1= xp = 5 Z/\izi—la gr € Of (z), fork >0 (22)
re i=0

where {¢r(x) }r>—_1 is defined using the construction (10) as well as any construction which admits
Property 2.

Notice that the sequences {z }r>—1 and {xy }x>0 are dummy ones for the methods (a) and (b),
respectively, but we kept them to preserve the notation.

4.2 Convergence analysis of the unifying framework method

Corollary 10. Given the weight parameter {\,}r>0, the scaling parameter {fx}r>—1, and any
sequence {(2k—1, Tk, Gk, Tk) te>0 generated by

13



(a) the first procedure (21) in Method 9, we have:

k
1 2
| Brla(zr; *)+%Zﬂ lgall?
e) — f(2%) < — S Nf(x) — flz¥) < =0 2
f(@n) = J() < - Z& fla) = f@*) < S (23)
for allk > 0; or
(b) the second procedure (22) in Method 9, we have:

1 z 2

Brla(zr; Z || gillx
f(@r) = f(27) < (24)

for all k > 0.

Proof. The first inequality in (23) is from the convexity of f(x). Proposition 4 and Theorem 8 show
that the sequences generated by the procedures (21) and (22) satisfy the relation (Ry); futhermore,
the former construction (21) also satisfies (Rj). Thus, Lemma 6 and the alternative (20) of Lemma,
6 for (Ry,) prove the assertion. O

In [14], Nesterov proposed to use of the auxiliary sequence (5) to ensure an efficient convergence
of the DAM (4). This sequence also satisfies the identity

k—1

h=Y & (k>0 (25)

i=—1

and the inequality

VE>0, V2k+1<p<

1
+V2%k +1. 26
1++3 (26)

Corollary 11 (see also [14]). Consider the following two choices for the parameters.

(Simple Averages) Let {(zx—1, 2k, gk, Tk) }k>0 be generated by Method 9 with parameters Ay, := 1
and By := 0y for some v > 0. Then we have

M2\ 0.5+ 2k +1
> ~ . *) < Lk k
W20, f(80) - ) < (lataia’) + 5k ) S2EEE (27)
and )
2d(z*) M
Vk>—1, 2, %py1, 41 € {90 €qQ : [z—a*?< E;C) + 02,];2} (28)

h M_1 =0 and M, = 1. k>0.
where 1 an k Orgll?lSXngzH for k>

(Weighted Averages) Let {(zx—1, %k, Gk, Tk) }k>0 be generated by Method 9 with parameters Ay, ==

1
—— and By := ﬁ for some p > 0. Then we have

19+ pVo
. 1 (la(zr;z*)  p\ 0.5+ V2k+1
Yk >0 — N<Mpy—=|—""TTTTFHZ )| —m——— 29
20, fon) - 7)< M (M) 4 £) ROV (29)
and g )
2 *
Vk > -1, 2k, Tky1, Tky1 € {x €qQ : |z—2** < (.’E;—l-p} . (30)

14



Moreover, for both simple and weighted averages, the above f(Zy)— f(x*)’s can be replaced by its
upper bound Sik Zf:(] Nif (z;)— f(z*) when we use the first procedure (21) in Method 9. In this case,
the left hand side of the inequality can be replaced by min{ f(&x) — f(z*), ming<;<p f(z;) — f(z*)}.

Proof. Substituting the specified A\; and (i into the estimations in Corollary 10 and using the
properties (25) and (26) of B, we obtain (27) and (29), respectively. Denote by By the ball on
the right hand side of (28) for k¥ > —1. Then By C Bgyy for each & > —1. The inequality
(27) implies that vl4(zg; 2*) + (207) ' MZ > 0 for all k£ > 0. Using the strong convexity, d(z*) >
la(zg; %)+ 5|z — 2¢||?, and therefore, shows that z;, € By, for each k > 0. We also have z_; € B_y;
since z_1 = xo = argmin,co d(z), d(z-1) = d(xo) = 0, and d(z*) > lg(z—1;2%) + §[lz-1 — 2*[|* >
Zllz—1 — *||?. Finally, we conclude that xj1, 211 € By for all k > —1 because they are convex
combinations of {z;}*_ ;. The proof of (30) is similar. O

Remark 12. Notice that in our approach, the bounds in (27) and (29) are slightly smaller than
the ones in (3.3) and (3.5) in [14], respectively, since l4(zx; 2*) < d(z*) < D. However, essentially,
Nesterov’s original argument also arrives to the same one when d(z) is continuously differentiable
on @ (note that the argument in [14] does not impose the differentiability for d(z)). In fact, in
[14], Theorems 2 and 3 rely on the estimate (2.15) which is implied from (2.18). Notice in (2.18)
that we have

—Vir (=sk41) = {C%ig{@kﬂa z —20) + Prr1d(z)} = ggg{@kﬂa z —20) + Br+1la(Tr1;7)}

by the optimality of xx1 = 7g,,,(—5r+1). Then adding Zfzo il f(xi) + (9, xo — ;)] and using
ka1 = S0 o Aigi in (2.18), it yields
k

k N 2
; Nif (x;) < ggg {; il f (i) + (giyx — 243)] + ﬁkﬂld(xkﬂ;x)} + % Z ﬁng‘Hz

i=0 7t

which corresponds to the relation (Z%k)2 Thus we obtained the same bound as our analysis for the
DA model.

A consequence of Corollary 11 is that if M := sup{||g||« : g € 0f(z), = € Q} is finite, Method
9 generates a sequence {ij} such that f(iy) — f(z*) with a rate O(1/vk) in the number k of
iterations. Therefore, the estimates (27) and (29) achieve the optimal complexity for the non-
smooth case when we choose 7 := M/+/20d(z*) and p := \/2d(z*), respectively. Also Method 9
with the parameters suggested in Corollary 11 produces bounded sequences {zx}, {Zx}, and {2z}
(even if M = 400 for the Weighted Averages case).

4.3 Particular cases: The extended MD and the DA models

Restricting to the extended MD model (11) in Method 9, the first procedure (21) provides the
following extension of the MDM.

Method 13 (Extended Mirror-Descent). Set ¢ := argmin,cq d(x). Choose weight parameters
{Ak}e>0 and scaling parameters {By}r>—1. Generate sequences {(x, gr, T) } k>0 by

g € Of(w),
Tpp1 = argergiﬂ {ARlf (@) + (gr, & — 1)) + Brd(x) — Br—1la(zr; x) |,
-

2Notice that z1+1 and Bri1 in [14] are called zx and By here, respectively.
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for k> 0.

The iteration updates described by (2) of the original MDM corresponds to Method 13 with
B := 1. Corollary 11 shows, in particular, that this extended MDM has a better complexity bound
for the objective function compared to the original MDM described in Section 2.

On the other hand, restricting to the DA model (12) in Method 9, the first procedure (21)
yields the Nesterov’s DAM (4) described in Section 2. In particular, Corollary 10 and subsequently
Corollary 11 provide a small improvement over the original result assuming the differentiability of
d(x) as pointed out before. Since our analysis does not introduce the dual space, the argments are
more straighforward than the original one.

We can also obtain variants of the extended MDM and the DAM from the second procedure
(22). An upper bound of f(&x) — f(x*) for the sequence {Z} generated by these methods can be
derived from Corollaries 10 or 11.

5 A family of (inexact) gradient-based methods for structured
problems in the unifying framework

The framework discussed in Section 3 can be also applied to develop efficient (inexact) gradient-
based methods for structured convex problems.

In this section, we assume that the objective function f(z) of the problem (1) has the following
structure; for any y € @, there exists a lower approximation l¢(y; x) of f(x), which is convex in =,
and satisfies the inequalities

L(y)

lp(yiw) < f(2) <lp(yio) + =l =yl +6(y), ¥z eQ, (31)

for some L(y) > 0 and d(y) > 0. We also assume that for any y € @, s € E*, and § > 0, we can
compute the optimal solution of the (sub)problem

min{ly(y;x) + (s, 2) + Bd(x)}. (32)

Let us see some examples which admit these assumptions.
Example 14. The first four cases were already considered in the literature.

(i) Smooth case. If the convex objective function f(z) is continuously differentiable on @ and
its gradient V f(x) is Lipschitz continuous on @ with a constant L > 0, defining l(y;z) :=
f()+(Vf(y),x — y) yields the condition (31) with L(-) = L and é(-) = 0. Then subproblem
(32) is of the form

ggg{f(y) + (s +Vfy) =z —y) + Bd(x)}. (33)

(ii) Composite structure. Let the objective function f(x) has the form

f(x) = folx) + ¥(x) (34)

where fo(z) : E — R U {+o0} is convex and continuously differentiable on @) with Lipschitz
continuous gradient and ¥(x) : E — RU {400} is a closed convex function with @ C dom¥.
Letting L > 0 be the Lipschitz constant of Vfy on @, we can define l¢(y;z) := fo(y) +
(Vfo(y),z —y) + ¥(x) so that we have (31) with L(-) = L and §(-) = 0. The corresponding
(sub)problem has the form

mind fo(y) + (s + Vfo(v). @ — y) + Ba(x) + ¥(2)}-
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(iii)

A generalization of classical methods such as proximal gradient method for this model was
proposed by Fukushima and Mine [7] (without assuming convexity for fo(z)). Nesterov’s
optimal method (7) can be also generalized to this case [13]. Smoothing techniques are also
an important approach for this example. Nesterov [12] showed a significant improvement on
the convergence rate for a particular class and Beck and Teboulle [4] proposed an unifying
generalization.

Inezxact oracle model. Let us assume that our oracle for f(z) has inexactness [6], that is, we

can compute (f(y),g(y)) € R x E* at each y € ) such that

0< f(2) = (F0) + {907~ 9) < Ll — gl 48, VaeQ (3)

is satisfied for some L, > 0 and §, > 0. Then defining l;(y; ) := f(y)+(3(y),z — y), L(y) ==
L, and 6(y) := 0, we have exactly (31). This model was investigated in [6] and the primal,
dual, and fast gradient method was proposed. These methods were also implemented in [15]
for a particular class of this model, equipped by an iterative scheme to estimate the Lipschitz
constants L, at each iteration. The fast gradient methods can be seen as generalizations of
Nesterov’s optimal method (7) to those cases.

Saddle structure. Let us consider an objective function with the following structure:

f(@) = sup é(u, )

uelU
where U is a compact convex set of a finite dimensional real vector space E' and ¢ : U x E —
R U {+o0} is a concave-convex function satisfying the following conditions.
e ¢(-,x) is a closed concave function for all z € Q.
e &(u,-) is a closed convex function with @ C dom ¢(u,-) for all u € U.

e For all u € U, ¢(u,-) is a continuously differentiable on @ and its gradient is Lipschitz
continuous on @, i.e., there exists a constant L, > 0 such that

IVag(u, 21) = Vaed(u, )|« < Luller —wal|, Vi, 22 € Q.

e L := maxyucy L, is finite and positive.

Then defining
L(y;2) == max{6(u, y) + (Voo(u,y), 2 — y)}, (36)

it satisfies condition (31) with L(-) = L, §(-) = 0, and we will have the following subproblem:

min {max{gb(u, y) + (s + Vao(u,y),z —y)} + ﬁd(ff)} .

ze@ | uelU

This case is a generalization of the structured convex problem discussed in [9], namely,
E' = R™ and, for each u = (uV),...,u(™) € U, defining ¢(u,z) = >.1*,ul? f;(x) for given
differentiable convex functions fi(z),..., fm(x) on E with Lipschitz continuous gradient.
The convexity of ¢(u,-) is satisfied by imposing the following assumption as in [9]: If there
exists v € U such that (¥ < 0, then f;(z) is a linear function. Letting L) be a Lipchitz
constant of V f;(z) for i =1,...,m, we have L = maxycy L, = maxycy » 1oy w@O L@,

17



The definition of [¢(y; ) can be simplified when @ C int(dom f) and (-, x) is strictly concave
for all z € Q. In this case, denoting u, = argmax,c;y ¢(u,x), we have Vf(z) = Voo (ugy, x)
and therefore we can define

lp(y; o) := (uy, y) + (Vad(uy, y), . —y)

which satisfies (31) with L(-) = L and §(-) = 0. Its subproblem is of the form (33). This
situation is also discussed in Tseng’s methods [16].

(v) Mized structure. The above examples can be combined with each other; for instance, con-
sidering the function fo(x) in (ii) with inexactness (iii) or with the saddle structure (iv), or
considering the function ¢(u, z) in (iv) with inexactness (iii) or with the composite structure
(ii) satisfies our requirement (31).

5.1 The unifying framework

We will propose (inexact) gradient-based methods for structured convex optimization problems
which satisfies (31) and admits computable solutions for (32) highlighted by Example 14. These
methods generate approximate solutions {Zj} C @ satisfying the relation (Ry). We also consider,
in this section, the following alternative of this relation (Ry) for some constant Cy:

k
(Bi) D Nif (@isa) < minvy(a) + Cy. (37)

1=0

Notice that the relation (Rk) is sightly different from that of the non-smooth case (19). We use the
following alternative of Lemma 6 for this relation; if {¢;(x)} satisfies Property 2 and the relation
(R},) is satisfied for some k > 0, then we have

1 & la(zp, %) + C
> NS i) - flat) < AL TG

kizo

(38)

The following theorem validates our methods.

Theorem 15. Let {1y (2)}r>—1 be a sequence of auxiliary functions satisfying Property 2 associated
with weight parameters {\i}r>0, scaling parameters {fi}r>—1, and test points {x}r>0. Denote
zp = argmingeq ¥r(x). Then the following assertions hold.

(a) If oB-1/Xo > L(zg) holds, then relation (Ry) is satisfied with & := zo and Cy := Aod(xp) -

(b) Suppose that the relation (Ry) is satisfied for some integer k > 0. If the relations Ty = 2z
and 0B/ Ak+1 > L(xky1) hold, then the relation (Ryy1) is satisfied with

Sk 4 Akp1 241

5 s Cry1 = C + Aer16(Tget1)- (39)
k1

Tpy1 =

Moreover, if the relations (R;) is satisfied for some integer k > 0, and the relations o B/ Ag+1 >
L(xpy1) and xpy1 = 2x hold, then the relation (R, ) is satisfied with Cpy1 := Cyp +
)\k+15(5€k+1)c

(b’) Suppose that the relation (Ry) is satisfied for some integer k > 0. If the relations

SkZp + Net12k

5 and o BSki1/ N1 > L(kg)
k+1

LTr+1 =
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hold, then the relation (Ry11) is satisfied with

Tpyr =

SkZk + Met12k+1

S » Cig1 = Ck + Sp16(xp41)-
k1

Proof. Denote Ly = L(xy) and 0 = 0(xg).
(a) Condition (ii) with £ = —1 and condition (i) of Property 2 yields that

min ¢g(x) + Agdo > minep_1(x) + Xols(xo; 20) + B-1£(2-1, 20) + Aodo

zeQ

zeQ

= X <lf(3:'0; Zo) + ﬂ)\_olf(xo, Zo) + 50)

o)

= < ZCO,ZO
> Ao (lf x0; 20 +f||zo*950|| +50>
> Xof(20) = Sof(2o)

where the last inequality is due to (31).
(b) Condition (ii) of Property 2 implies that

min z) + C, >
erl/JkH( ) 1 >

v

(AVARRN AVAR AV4

v

gélél V() + Ck + Mol (Trg15 2hg1) + Br€(2k, 2k1) + Me10k41

gélél Yr(x) + Ck + Mol (Trt15 2kt 1) + Br€(@rs1, 2o41) + At 1041

) o B
min ¥ () + Ck + Met1 (L (Thi1; 2k11) + oo 251 — Thp1]? + Okta
reQ 2)\k

min V() + Ck + At <lf(ka+1; Zp1) + Lk“ lzk11 =z |® + 5k+1)
mln 1/%( )+ Cr + Meg1 f(2r41) (40)
Skf (Zk) + Mot 1S (1) (41)
Sk+1.f (Skxk E:f:rlzk+l> = Sk+1f(Zk11)

where the inequalities (40) and (41) are due to (31) and (Ry), respectively. When we use (R%) at
(41), it yields the relation (R;H-l)

. N . . Sk+
(b’) The assumptions for xpq and Zjy; implies zpi 1 — 2z =

Ak+1 L(Zg11 — Tkr1). Thus, from

19



condition (ii) of Property 2 and relation (Rj), we obtain

ggél Ypt1(x) + Crpr > ;%13 VYr(r) + C + Aoyl p (T 15 2011) + B (2, 2h41) + Ska 10611
> Spf(@r) + Merrly(Trrts zee1) + Or€(2ks 2e41) + Sky10k41
> Selp(zrt1; &) + Merrlp(Tt1s 2e11) + Bu€(Zks 2k+1) + Sk+10k41
SLTr + Apt12k
> Sktily (mkﬂs 5 L) 4 Br 2k, 2h1) + Sk10kia
k1

. o B

> Skl (e Ere) + =5 M2k — 2k)l* + Skt16k41
. oBkSk+1 ), .
= S | Lp(@pgs Bpg1) + TJFH»’%H — 21 ]® + Ok
k1

. Lit1 ), . 2
> Sky1 | U (Tryr; Try1) + 5 1Z+1 — Zr1 ||© + Spg1
> Spt1f(Zri)-

Now we are ready to propose the following two unifying framework methods.

Method 16 (Classical Gradient Method (CGM)). Choose weight parameters {\i}r>0 and scaling
parameters { O }r>—1. Generate sequences {(zx—1, %k, T) }x>0 by setting

k

) . 1

Ty = 2oy = argmingg_q(x), ITp = 5o Z AiTit1,
z€Q Sk i

for k > 0, where {{(x)}r>_1 is defined using the construction (10) as well as any construction
which admits Property 2.

Method 17 (Fast Gradient Method (FGM)). Choose weight parameters {\;}r>0 and scaling pa-
rameters { By }r>—1. Set xo 1= 21 1= argmin,cq d(z) and g := zp := argmin, e Po(r). Generate
sequences {(zk—1, Tk, Tr) }k>0 by setting

Zfzo Aizi + Apg12k

Tk+1 = )
Sk+1
Zhp1 = afgfginlﬂkﬂ(fﬁ),
e
k41
. 1
Ter1 =g E Nizi,
S

for k > 0 where {i(x)}r>_1 is defined using the construction (10) as well as any construction
which admits Property 2.

Notice that in this case, only the sequence {zj}r>_1 is a dummy one for the CGM.

5.2 Convergence analysis of unifying framework methods

By the same observation as Corollary 10, combining Theorem 15 and Lemma 6 (or the alternative
(38) of Lemma 6), we arrive at the following estimates.
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Corollary 18. (a) Let {(zk—1, %k, k) }x>0 be generated by the CGM associated with weight pa-
rameters {\, } x>0 and scaling parameters { By tk>—1. If 0Br—1/M\x > L(zy) holds for all k > 0,
then we have

V>0, f(i) - f7) € 3 Nef(wi) — f(a) < AT T 2 A0()
Sk

S
ko

(b) Let {(zk—1,xk, k) }k>0 be generated by the FGM associated with weight parameters {\g}i>0
and scaling parameters {Bi}r>—1. If 0Bk—1Sk/\s > L(zy) holds for all k > 0, then we have

Brla(zi; a*) + S8 Sid ()

Vk >0, f(2)— f(z") <
Sk

Particular choices for the parameters A\, and (i in the above estimates simplify the situation.
Corollary 19. Suppose that 6(-) = and L(-) = L are constants.

(a) Any sequence {(zx—1, 2k, Tk) tk>0 generated by the CGM with A\, := 1 and By := L/o satisfies

. . 1< o _ Lla(zk; )
Vk >0, f(iﬁk)—f(x)ﬁlﬁ_l;f(l“iﬂ)—f(x)ﬁ(M+5 (42)
and i
Vk > -1, 2z, Tky1, 3k € {er : Ha;—:c*H2§%lf)+2;(k+l)}. (43)

(b) Any sequence {(zr—1, 2k, Tk) k>0 generated by the FGM with A\, := % and By = L/o

satisfies
. . AL (zg; ) k+3
> — <
and
2d(x* 0
Vk > -1, 2k, Tky1, Tk € {x €qQ : |lz—a* < (Ux ) + 67(1{:%—3)(164- 1)2} . (45)

Proof. The estimations (42) and (44) can be obtained by substituting the specified parameters to
Corollary 18. By a similar argument as the proof of Corollary 11, remarking z; € conv{zi}f;il
and & € conv{z;}¥_,, we have (43) and (45). O

Let us consider the case § = 0 in Corollary 19. This includes the case of minimization of a convex

function with a Lipschitz continuous gradient. Then the FGM ensures the optimal convergence
LR? LR?
rate f(Zr) — f(z*) < O (k:2> where R = /1d(z*) which is faster than the rate O (k:

guaranteed by the CGM. Corollary 19 also ensures that the generated sequences {z}, {zx}, and
{Zx} are bounded when § = 0.

In the case > 0, a comparison between the CGM and the FGM is not obvious; an immediate
fact is that the upper bound in (44) diverges while the one in (42) converges to 0. There is a
detailed discussion about different situations in [6, Section 6].
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5.3 Particular cases: The extended MD and the DA models

The unifying framework methods, the CGM and the FGM, yield some existing methods by adopting
particular choices for the auxiliary functions {¢y(z)}.

When we apply the extended MD model (11) and the DA model (12) to the CGM, it yields
the iteration updates

g1 = argrgin {/\klf(xk; x) + Brd(z) — Br—1lq(zk; x)} (46)
xe
and
k
Tpy1 = argmin {Z Nilg(zi52) + ﬂkd(x)} , (47)
€@ Li=o
respectively.

In the composite structure (34), these updates with the choice of Ax’s and fj’s as in Corollary
19 (a) yield the primal and dual gradient methods analyzed by Nesterov [13] with known Lipschitz
constants. In the Euclidean setting (i.e., E is a Euclidean space, the norm || - || is induced by
its inner product, and d(z) = i||z — zo||?), the extended MD update (46) is also closely related
to the proximal point method proposed by Fukushima and Mine [7]. In fact, assuming the same
conditions in [7, Corollary at p.996], this method is equivalent to the CGM with Ay := 1/¢; and
ﬁk = 1.

The above updates in the Euclidean setting also correspond to the primal and dual gradient
methods [6] for the inexact oracle model (35) by choosing Ay := 1/L(zy), and i := 1/0. Since
la(z; x*) < d(x*), Corollary 18 for this case provide estimates for the optimal values with smaller
upper bounds than those of [6, Section 4]; for the dual gradient method, in particular, our estimate
does not require the computation of the solution (y in [6, Theorem 3]) of another auxiliary
subproblem.

The FGM, on the other hand, provides accelerated versions of the above ones derived from the
CGM. Using the extended MD model (11) for the FGM, it yields the following algorithm.

Method 20. Choose weight parameters {\;}r>0 and scaling parameters {B}r>—1. Set x¢ =
argmin,co d(x) and &y := 20 := argmin,cq {oly(zo; ) + fod(x) — B-1la(wo; 2)}. Generate se-
quences {(zg, T, Tk) te>0 by setting

k
Do A% T A1k
LTp+1 = )

Skt1
Zk+1 = argminer {)\k+1lf(xk+1§ HJ) + ﬂ]ngld(l') - ﬂkld(zk; ac)},
1 k+1
T = )\ZZZ

for k> 0.
The DA model (12), on the other hand, yields the following algorithm.

Method 21. Choose weight parameters {\;}r>0 and scaling parameters {B;}r>—1. Set x¢ :=
argmin, o d(v) and o = zp := argmingcq {Aolf(7o; ) + fod(z)} . Generate sequences {(zx, T, Tk) k>0
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by setting
Zfzo NiZi + Nk412k

Tpt1 = g
" Sk+1
k+1
Zpy1l = argmingeg {Z il (45 ) + ﬂk+1d(x)} ,
=0
1 k+1 '
Tpp1 = \izi.
" Sk+1 ; o

for k> 0.

Apparently, Method 21 seems to demand a computation proportional to k to solve the auxiliary
subproblems to obtain each zjy; due to the weighted summation of I;(xz;;x)’s. However, for all
cases considered in Example 14, excepting (36), the auxiliary subproblems can be simplified to the
form (32).

When {fx} is constant, L(-) = L, and §(-) = 0, the above two methods are very similar to

Tseng’s methods [16, 17]. In particular, choosing By := L/o, Ao := 1 and gy = LV;H)"Z“ in
Methods 20 and 21, they yield Tseng’s second and third APG methods (8) and (9), respectively.
We provide a unified way to analyze these methods while Tseng’s methods require slightly different
approaches for each case.

For the inexact oracle model, Methods 20 and 21 can be seen as accelerated versions of primal
and dual gradient methods in [6]. The fast gradient method in [6] corresponds to a hybrid of these
accelerations. Methods 20 and 21 solve only one subproblem at each iteration preserving the same
complexity as the fast gradient method.

6 Concluding remarks

We have proposed a new family of (sub)gradient-based methods for some classes of convex op-
timization problems, and also provided a unifying way of analyzing these methods which were
performed separately and independently in the past. We have identified a general relation (Prop-
erty 2) which the auxiliary functions of the mirror-descent and dual-averaging methods should
satisfy.

There are infinitely many ways of implementing our methods since Proposition 4 shows that
we can freely select from the extended MD model (11) or the DA model (12) the [¢(x;;x)’s and
the scaled proximal function to construct each subproblem at each iteration. All of them achieve
the optimal complexity. These methods require a solution of only one subproblem per iteration.
From the viewpoint of the relation (16), which we call (Ry), the extended mirror-descent model
(11) has a “greedy” feature in the following sense; at each iteration, it attains the smallest upper
bound f (&) < 1, (2r)/Sk among those bounds for auxiliary functions satisfying Property 2 given
the previous ¥y_1(z).

We list some further consideration to extend our approach as follows:

e In order to ensure optimal convergence, our methods require knowing the Lipschitz constant
of the gradient of the objective function for the structured case (Section 5). There are,
however, some approaches which remove this requirement as observed in [3, 9, 13, 15]. One
can expect to obtain similar result applying these techniques for the proposed methods.

e For the case of convex problems with composite structure considered in Beck and Teboulle
[4], it is possible to obtain a family of smoothing-based first order methods since our methods
correspond to the fast iterative method.
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