ISSN 1342-2804

Research Reports on
Mathematical and
Computing Sciences

Nearly optimal first-order methods for convex
optimization under gradient norm measure:
An adaptive regularization approach

Masaru Ito and Mituhiro Fukuda

February 2020, B-492

Department of
Mathematical and
Computing Sciences
Tokyo Institute of Technology

series B: Q0@ rations Research




Nearly optimal first-order methods for convex optimization under
gradient norm measure: An adaptive regularization approach

Masaru Ito* Mituhiro Fukudaf

February 2020

Abstract

In the development of first-order methods for smooth (resp., composite) convex optimization
problems minimizing L-smooth functions, the gradient (resp., gradient mapping) norm is a funda-
mental optimality measure for which the best known iteration complexity to obtain an e-solution
is O(y/LD/elog(1/¢)) for the distance D from the initial point to the optimal solution set. In this
paper, we report an adaptive regularization approach attaining this iteration complexity without
the prior knowledge of D which was required to be known in the existing regularization approach.
To obtain further faster convergence adaptively, we secondly apply this approach to construct a
first-order method that is adaptive to the Hoélderian error bound condition (or equivalently, the
Lojasiewicz gradient property) which covers moderately wide class of applications. The proposed
method attains nearly optimal iteration complexity with respect to the gradient mapping norm.

Keywords: smooth/composite convex optimization; accelerated proximal gradient methods; Holderian
error bound; adaptive methods

Mathematical Subject Classification (2010): 90C25; 68Q25; 49M37

1 Introduction

The class of proximal gradient methods is a fundamental tool for solving the composite convex opti-
mization problem

¢" =minfp(z) = f(z) +¥(x)], (1)

where f is an L-smooth convex function defined on a Euclidean space, i.e., f is a continuously differen-
tiable convex function with L-Lipschitz continuous gradient, and ¥ is a proper, lower-semicontinuous
convex function. Accelerated first-order methods for this class of problems have been well-studied
as they provide optimal iteration complexity to obtain an e-approximate solution under the measure
() — ™ for various classes of problems [2, 14, 17, 18, 20, 22].

A major interest focused on this paper is to consider the iteration complexity to obtain an e-
approximate solution with respect to the gradient mapping norm. The gradient mapping gr(z) is
defined by

) L
g1(x) = L(z — proxy,,(z — L'V f(2))),  where proxy,; (y) = argmin |¥(z) + o [lz — y|||
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and gr(z) = 0 holds if and only if = is optimal to (1). The norm ||gr ()| of the gradient mapping is a
useful optimality measure as it is computable at each iteration (if proxy is computable) in contrast to
the measure ¢(-) — ¢* that is not verifiable if we do not know ¢*. Note that, for the smooth problems
(i.e., the case ¥ = 0), the gradient mapping gr,(x) coincides with the gradient V f(x).

To find an approximate solution x such that ||g.(z)|| < e, the best known iteration complexity of
first-order methods for the problem (1) is

O(\/LeDlongD> , (2)

where D := dist(zg, X*) for an initial point z¢ and the optimal solution set X*. This complexity is
attained by a regularization technique [16] but it requires D to be known in advance. Without the
prior knowledge of D, accelerated gradient methods achieving the iteration complexity O((LD/e)?/3)
seems to be the best known ones [6, 16, 23]. One aim of this paper is to report an adaptive algorithm
(Algorithm 3) for the regularization technique that attains the iteration complexity (2) without the
requirement of D, as shown in Corollary 4.3.

Another motivation is the development of an adaptive first-order method under the Holderian
Error Bound (HEB) condition, that is, given an initial point z, we assume that

o(z) — ¢* > kdist(xz, X™)?, Vaz such that p(x) < ¢(z9), (3)

for some x > 0 and p > 1. This condition is also related to the concept called the Lojasiewicz gradient
inequality [10, 11] which is a useful tool for the development and the analysis of algorithms as well as
first-order methods [1, 4]. These concepts are known to be satisfied under moderately mild assumptions
such as when ¢ is coercive and subanalytic (in particular, semi-algebraic) [3]. The coefficient x and the
exponent p are critical parameters to determine the convergence rate but they are difficult to estimate
in general, so that the development of adaptive algorithms is an important issue.

For the problem (1) under the Holderian error bound condition, we propose Algorithm 4, a restart
scheme of the previous mentioned adaptive regularization algorithm. Our method is inspired by Liu-
Yang’s method [8] as we employ an (approximated) proximal-point approach, where the main difference
is the adaption parameter: Liu-Yang’s method adaptively estimate the coefficient x while our method
adaptively determine the regularization parameter o to define the regularized auxiliary problem

. o
min [p(x) + 7 llo — o]
x 2

As a result, without knowing the coefficient x and the exponent p, the proposed method adapts both
the parameters £ and p. To find an approximate solution = such that ||gr(x)|| < e, we prove the
following iteration complexity result (Corollary 4.5):

e Case p = 1. The algorithm finds an optimal solution with a finite iteration complexity, i.e., the
iteration complexity is independent of ¢ (if € is sufficiently small).

e Case p € (1,2). The iteration complexity is O(logloge™!) (superlinear convergence).

e Case p = 2. The iteration complexity is O(loge™1) (linear convergence).

__p=2
e Case p > 2. The iteration complexity is O(¢™ (=D loge~!) (sublinear convergence).

The finite and the superlinear convergences in p = 1 and p € (1,2), respectively, are due to accurate
convergence analysis, which were not shown in the existing adaptive methods [8, 20]. Moreover, for



the smooth problems (i.e., the case ¥ = 0), we show that the proposed method attains the nearly
optimal iteration complexity with respect to the gradient norm. We can also immediately deduce the
nearly optimal iteration complexity result with respect to the measure p(-) — ™.

Table 1 shows the relation to existing adaptive first-order methods. All the algorithms in this
table attain the nearly optimal iteration complexity with respect to the employed measure. The
recent first-order methods [20, 22] are applicable to our problem (for specific ¥) and they adapt both
k and p ensuring the nearly optimal iteration complexity with respect to the measure ¢(-) — ¢*. One
advantage of our method compared with these methods is the (nearly optimal) convergence guarantee;
the method of Roulet and d’Aspremont (see [22, Proposition 3.4]) is a fixed step algorithm (remark
that, if we know ¢*, [22, Algorithm 3] gives nearly optimal convergence), and Renegar-Grimmer’s
method [20] fixes the target tolerance . Although the other algorithms, i.e., this work and the first
four algorithms [5, 7, 8, 17] in Table 1, terminate if an e-solution is found, they provide the nearly
optimal convergence letting € = 0 as we discuss later.

Table 1: Adaptive first-order methods. The column ‘Parameters’ indicates the parameters that the algorithm
can adapt. The column ‘Optimality measures’ is the optimality measure for which the nearly optimal iteration
complexity was proved. The column ‘Convergence’ shows whether the algorithm ensures the convergence of the
optimality measure to zero (at the nearly optimal rate).

Algorithm H Problem class ‘ Parameters ‘ Optimality measures ‘ Convergence
Nesterov [17] p-strongly convex ¢ I gradient mapping norm yes
Lin and Xiao [7]
Fercoq and Qu [5] HEB (3) with p =2 K gradient mapping norm yes
Liu and Yang [§] HEB (3) with known p K gradient mapping norm yes
Roulet and d’Aspremont HEB (3) k and p o() — ¢* no (fixed iteration)
[22, Proposition 3.4]
Reneger and Grimmer HEB (3) k and p o(+) — * no (fixed tolerance)
(20]
This work (Algorithm 4) HEB (3) k and p | gradient mapping norm yes

(and o() — ¢")

This paper is organized as follows. Section 2 collects preliminary facts on the gradient mapping
and the Holderian error bound condition. In particular, in Section 2.2, we deduce a lower iteration
complexity bound with respect to the gradient norm for the class of smooth convex functions satisfying
the Holderian error bound condition. We review in Section 3 the regularization technique [16] preparing
auxiliary results. In Section 4, we propose adaptive first-order methods and show their iteration
complexity results. We show an adaptive regularization algorithm in Section 4.1 and prove the iteration
complexity (2). A restart scheme of this algorithm is given in Section 4.2 and we show that it adaptively
attains the nearly optimal iteration complexity under the Hoélderian error bound condition. Concluding
remarks are given in Section 5.

2 Preliminaries

Throughout this paper, let E be a finite dimensional real Hilbert space endowed with an inner product
(-,-). We denote by ||z|| = (=, x>1/2 the induced norm on E.

A convex function f : E — R is called L-smooth for L > 0 if f is continuously differentiable and
its gradient is L-Lipschitz continuous on E:

IVf(@) =Vl < Liz—yl, Veyck.



The following inequality is a fundamental property of L-smooth functions (e.g., see [15]):

L
We focus on the the convex composite optimization problem
" =minfp(z) = f(z) + ¥(2)] (5)

for an Ljy-smooth convex function f : E — R and a proper lower-semicontinuous convex function
U :E — RU{+oo}. We denote by X* the set of optimal solutions of min,cg ¢ (z):

X* = Argmin p(z).
el

The subdifferential of ¢ at x is denoted by dp(z) = {g € E | ¢(y) > p(z) + {9,y — z), Yy € E}.
For the objective function ¢(x) = f(z) + ¥(z), we define
L
mr(y;2) = f(y) + V), 2 —y)+ 5z - yl? +w(x),

Ti(y) := argmin mr(y;z) (= proxg,.(y — L'V f(y))),

where the minimizer 77, (y) is well-defined since mp (y; -) is strongly convex. It is assumed that ¥(-) has
a “simple” structure, namely, 77 () is moderately computable (see [19] for examples). The gradient
mapping of v is defined by

gr(y) ==Ly —TL(y)), y€E, L>0.

For instance, if ¥ = 0, we see that T7.(y) =y — Vf(y)/L and g5(y) = Vf(y) hold.
Remark that the norm of gz (y) is given by

lgz @)l = Llly = TL)ll,

from which the quantity ||gz,(y)|| can be used as a computable optimality measure at y (see Lemma 2.1
(i) below).
The following lemma collects basic properties on T, (z) and g1, (z) which can be found in [2, 15, 17].

Lemma 2.1. Let p = f+W¥ be the sum of a continuously differentiable convez function f : E — R and

a proper lower-semicontinuous convex function ¥ : E — R U {+oo}. Then, the following assertions
hold.

(i) For ally € E, the map L — ||gr(y)|| is increasing.
(ii) x* € X* holds if and only if gr.(z*) = 0.
(iii) Vf(Tr(y)) — Vf(y) +gr(y) € 0p(Tr(y)) for all y € E. Moreover, if f is Lg-smooth, then

V420 - 50+ o)l = (4 1) lantol.
(iv) If y € E and L > 0 satisfy o(Tr(y)) < mr(y;Tr(y)), then we have
% lar)I? < e(y) — (TL(y)) < oly) — ¢*,

1
_ < dj *.
o7 lor ()] < dist(y, X*)



(v) If f is Lg-smooth, then o(Tr(y)) < mp(y; Tr(y)) holds for ally € E and L > Ly.

Proof. (i) is proved in [17, Lemma 2].
(ii) The optimality condition of the problem min,cg my(y; x) is given as follows:

z2=Tr(y) < 0€ Vf(y)+ L(z —y) + 0¥ (z). (6)
On the other hand, the optimality of the original problem min, ¢(z) is characterized by

z € Argmingp(x) <= 0€ Vf(z)+ 0¥(2).
zcE

(Remark that dp = Vf + 0¥ holds [21, Theorem 23.8]). Plugging y = z = z*, we see that the
equivalence z* € Argmin, g ¢(z) <= z* =TL(z*) (<= gr(z*) = 0) follows.
(iii) By the optimality condition (6), we have

0eVf(y)+L(Te(y) —y)+ 0% (Tr(y) = Vi) —grly) + 0% (Tr(y)). (7)

Hence,
VI(TL(y) = VI(y) +9u(y) € VI(TL(y)) + 0¥ (TL(y)) = 0p(TL(y))-

Now if f is L-smooth, we have

IVF(TL(y) = VIl < Ly lITely) —yll = % gL (W)l

which yields the latter assertion of (iii).
(iv) It is shown in [2, Lemma 2.3] that, if o(T7(y)) < mr(y; Tr(y)) holds, then we have

o) = (Tow) > o lor )| + {gn(y). 2~ y), Vo € E

Letting x := y shows the first assertion. On the other hand, since ¢(T7(y)) > ¢*, letting = := 2* € X*
gives

]' * * * *
oY lgrWII® < (gr(y),y — %) < g )| ly — *||, V2" € X™.

Thus, we obtain 5= [|gr(y)| < dist(y, X*).

(v) Since f is L-smooth for any L > Ly, the inequality (4) implies ¢(z) < mr(y;x) for all z,y € E
and L > Ly. O
2.1 Holderian error bound

Here we introduce the Holderian error bound condition which is also discussed in the context of
Lojasiewicz inequality [3, 9, 11].

Definition 2.2. Fix x¢p € E. We say that ¢ satisfies the Holderian error bound condition with
coefficient k¥ > 0 and exponent p > 1 if

o(x) — ¢* > rdist(z, X*)?, Va € levy(p(xp)), (8)

where lev,(y) = {z € E | p(x) <~} and dist(z, X*) = infyecx« ||z — 2*|.



According to [3, Theorem 3.3], the Holderian error bound condition is satisfied for some s and p
if o(x) is a proper, lower-semicontinuous, convex, coercive and subanalytic function. As subanalytic
functions contain semi-algebraic ones, this condition appears in many applications including popular
problems in machine learning; see, e.g., [4, 8] for related studies.

A noteworthy concept related to the Holderian error bound condition is the Lojasiewicz gradient
inequality [10, 11], which is of the form

dist(0, dp(z)) > Ap(x) — "), Va € levy(p(o)) \ X 9)

for A > 0 and 0 € [0,1). In fact, these concepts (8) and (9) are equivalent for convex functions (see
Remark 2.4). The Lojasiewicz gradient inequality is a powerful tool for analyzing the convergence of
first-order methods as it covers wide class of applications and algorithms [1, 4].

Lemma 2.3. Let ¢ : E — RU {400} be a proper lower-semicontinuous convex function. For xy € E,
suppose that ¢ satisfies the Holderian error bound condition (8) with coefficient k > 0 and exponent
p > 1. Then, for every x € levy,(p(xg)) \ X*, we have

rdist(z, X*)P! < inf{|g]| : g € dp()},
;1

ke (o(z) — o*)'% < inf{||gl| : g € Dp(x)}. (10)

Proof. Let x* be the projection of z onto X*, so that ||z — z*| = dist(z, X*). For every g € dp(z),
we have

. * . * 1 *
rdist(z, X7)7 < p(x) — ¢ < —(g,2" — ) <[l dist(z, X7) < |lgll 75 (p(2) — ¢ )?.
In particular, we obtain two inequalities
rdist(x, X*)P < ||g|| dist(z, X ™),
N 1
pl(z) = ¢* < lgll =7, (p(a) — )17
K
Then, since x ¢ X*, the assertion follows. O

Remark 2.4. The condition (10) is the Lojasiewicz gradient inequality (9) with the correspondence
A= kP and § = (p—1)/p € [0,1). It is shown in [4] that the Lojasiewicz gradient inequality
is essentially equivalent to the Hélderian error bound condition: If (9) holds with A = px!'/? and
0 = (p—1)/p, then (8) holds (In [4, Theorem 5 (i)] set (k~'/7s'/? p(x0)) in place of (¢(s), ) and let
the radius p of B(Z,p) to +00). O

2.2 Lower complexity bounds

Let us discuss lower bounds on the iteration complexity under the Holderian error bound condition
with respect to the optimality measure ||gr(z)||. The lower bound is derived in the case ¥ = 0 so that
¢ = f is a smooth function and we have g1 (z) = Vp(z).

Given a class F of objective functions and an optimality measure 6 : F x E — R U {+o0},
the iteration complexity of a first-order method M applied to ¢ € F for an accuracy € > 0, say
C(M,p,d;¢), is defined as the minimal number of evaluations of a first-order oracle (¢(-), Vi(+)) in
the method M required to find a point = € E satisfying 6(¢,x) < . Then we define the iteration
complexity of first-order methods associated with the class F with respect to the measure § by

C(F,d;¢) :=1inf sup C(M, ¢, d;¢),
M peF



where M runs all first-order methods for the class F starting from some fixed initial point g € E.
We are interested in the iteration complexity under the following classes and measures:

e F(z0, R, L) denotes the class of L-smooth convex functions ¢ with X* # () and dist(x¢, X*) < R,
where X* = Argmin, g ¢(z).

e Class F(xo,R,L,k,p): For R,L,x > 0, p > 2, and z € E, we say that ¢ belongs to the class
F(zo, R, L, K, p) if p € F(xo, R, L) and it satisfies the Holderian error bound condition

p(x) — ¢* > rdist(z, X*)?, Va € levy(p(xp)),

where X* = Argmin g ().

Remark that we do not consider the case p € [1,2) because any L-smooth convex function cannot
admit the Hélderian error bound condition with exponent p € [1,2).!

e We consider the optimality measures

6" (p, ) 1= p(x) — inf ¢,
§(p, ) = [|[Ve(z)| -

For the class F(xo, R, L), the following lower bound on the iteration complexity holds (by [12,
Section 2.3B]| applied to the class of L-smooth convex quadratic minimization):

C(F(zo,R,L),d5¢) =Q <min{dimE,\/L€R}> ) (11)

Let us observe a lower bound on the iteration complexity for the class F(zo, R, L, k, p).

Proposition 2.5. For the class F = F(xg, R, L, k, p), we have

1\, 1 o
C(F,0;e) > C(F,0%¢e"), where € := () gr-1,

Proof. If a first-order method M applied to ¢ € F finds an approximate solution =z € E satisfying
d(p,z) < e, then Lemma 2.3 implies

1 1 _1
7o) =ole) ¢ < () IVe@IFT = (£) 7 st < ()7 e e

Therefore, it follows that
C(M,p,05) > C(M,p, 0" ¢%),

and we obtain the assertion. O

! Suppose that ¢ is an L-smooth convex function satisfying (8) for some exponent p € [1,2). For p = 1, Lemma 2.3
implies [|[Ve(z)| > & for ¢ Argmine. If p € (0,2), on the other hand, Lemmas 2.1 and 2.3 imply 5~ [Ve(x)]* <

p(z) — @ < g1/ HV(p(ac)HTﬁl for all z, which yields ||Vp(z)|| > const. for all z ¢ Argmin¢. This contradicts to
the continuity of V¢ at points in Argmin .



Under the measure ¢*, the following lower bound is known [13]:

Q (min {dimE, 2Lp_2}> p > 2,
C(F(wo, R, L, k,p),0%;€) = e (12)

2
Q (min{dimE, \/ LlogﬁR}> tp=2.
K €

Consequently, by Proposition 2.5, we obtain lower bounds under the gradient norm measure d:

| L
Q mln{dlmE, 1[)2}) :p>2,
C(F(x0, R, L, k, p), 5 ) = e (13)
Q min{dimE,\/logi}) p =2
K

3 Accelerated proximal gradient method applied to regularized prob-
lems

x

This section is devoted to review the regularization strategy [8, 16], from which we construct adaptive
methods in the next section. We consider to apply an accelerated proximal gradient method to the

el ' 2 ’

where g € E is a fixed initial point and ¢ > 0 is a regularization parameter. Since ¢, is strongly
convex, it has a unique minimizer. Let

xp = argmin o, (), ¢, = ming,(x).
x

z€E €k

We define the gradient mapping ¢¢ (x) for the regularized function ¢, in the following manner:
o
fol@) = () + 2 llz = woll?

M) = Fo(9) + (Vo) 7 — 9 + 5 Il — 9l + ¥(a),

17 (y) = argminm{ (y; x),
z€E

91(y) == Ly = T7 (v))-
The following relations between ¢, (x) and ¢(x) are useful.
Lemma 3.1. (i) ¢,(z) < pg(x0) implies p(x) < o(z0).
(i) ||xo — x| < dist(zg, X*).
(iti) We have ||gr(y) — 97 W)l < o lly — xol| for any y € E.

Proof. (i) is immediate by ¢(z) < ¢, (x) and ¢, (z0) = ¢(z0).
(ii) For any z* € X*, the strong convexity of ¢, implies ¢, (2*) > ¢} + Z [|z* — z%||?, which can be
rewritten as
2 2 )2
(=2 = zol|” + llog — @olI” + [l — 25 (7).

o] 9

p(e”) — p(zy) 2



As p(z*) — (%) < 0, we conclude [|J2* — o> > [|l2* — 2o)® + ||z* — %||* > ||l2* — 20||?, which proves
the assertion.

(iii) In general, if A is a lower-semicontinuous and p-strongly convex function, we have for any a,b € E
that?

la — bl

, where z; = argmin{(a,z) + h(z)}, z; = argmin{(b,x) + h(z)}.
z€R z€E

g = 3]l <

This fact implies

T (y) — TY ()| < IV £f(y) —LVfa(y)H _0 ||y£ $O”

Therefore, we conclude (iii) because of ||gr(y) — 97 (W)|| = L||Tr(y) — T7 (y)]|. O

3.1 Accelerated proximal gradient method

We employ Nesterov’s accelerated proximal gradient method [17] for solving min,cp ¢, (z), by regard-
ing the objective function as

Po(7) = [(@) + Wo(a), Wola) =W(@)+ 5 |z~ wol”. (14)

The analogy of the definition of T7(-) for this regularization is

. L

Tu(y) = avgmin | f(y) + (V/(®),2 = v) + 5 o = ylI* + Lo(2)|
TE

Observe that T7,(y) = T7. ,(y) holds (because of the identity m7 , (y;z) = f(y) + (Vf(y),z —y) +

Lz - y|I> + ¥, (x)). Therefore, the accelerated method A(zg, Lo,o) given in [17, Algorithm (4.9)]

applied to the regularized function (14) can be described as follows: Let zg € E, ¢o(z) = § ||z — zol?,
Ayg =0, Lo > Lyin. Generate the sequence {xy, Y, My, Ly, Ar} by the iteration

{Tkt+1, Yrt1, M, Lig41, Ag1} < APGItery (g, Y, Li, Ak)

for each k > 0. The scheme APGIter at each iteration is shown in Algorithm 1. Nesterov’s method
involves the backtracking line-search procedure to adapt the Lipschitz constant Ly with the estimate
My, (and Lgy1) which is controlled by the parameters ine > 1 and ygec > 1.

Remark 3.2. In one execution of the loop (Lines 3-10) in APGIter, we have three evaluations of (z)
(at © € {z,TL(2),T7, ,(2)}), two evaluations of Vf(z) (at x € {y, z}), and three proximal operations
17, (y), 17 ,(2),TL(2). There is one proximal operation to compute v outside the loop at Line 1.
Remark that vg = zg holds and, by the recurrence formula for v, at Line 13, v for £k > 1 can be
computed as

Ay,

k
1
v = prox., gy (wy), where y; = oA, Wi = To — T+ oA, ;ain(xi). (16)

O]

? By the strong convexity of (a,z) + h(z) and (b, z) + h(z), we have
g i — @3 l|* < (@ 23) + h(zh)] = (@ 25) + h(z2)],
5 llws = 2l < [(b,2%) + h(@y)] = [(ba3) + h(ah)],

respectively. Adding them implies ||z} — 2;||* < (a — b,z; — 23) < |la —b| ||z — x5l -



Algorithm 1: Accelerated Proximal Gradient Iteration
{Zr+1, Y1, My, L1, Ag1 } < APGIters (g, Vi, Lk, Ay)

Parameters: Yinc > 1, Ydec > 1, Liin € (0, Ly].
Input: 0 >0, 2 € E, ¢y : E —» RU{+0o0}, Ly >0, Ax > 0.

1: Compute vy := argmin g ¢¥r(x) (cf. (16)).

2: Set L := Lk/'Vinc‘

3: repeat

4: Set L := Ljnec.-

5: Find the largest root a > 0 of the equation AZia = 2%.

6: Set y = %

7 Compute z = T7, ,(y) = argmin, [f(y) + (Vf(),x — y) + 5 |z — y[|* + T (2)].

8: Compute Ty,(z) and T7, ,(2) .

9: Test the conditions
(VIW) = VT y = TEio W) = 7 (IVF(9) = VT @) (15a)
0o (T715(2)) <ML o(2T710(2)), (15b)
[Optional] ¢(T7(2)) < ¢(2). (15¢)

10: until the conditions in (15) hold.

11: Define y ==y, My := L, xp41 := 2 = T]‘\’/[k+g(yk),

120 agpq1 = a, Aggr = Ap + agyr, Ligr i= max{ L, Mr/YVdec )

130 Prp1(2) = Yi(2) + app1[f(@pt1) + (VI (@kt1), @ — Tp41) + Yo (@)
14: Output {zpy1, Yrg1, Me, L1, Apgr )

Remark 3.3. Compared with the original Nesterov’s method, there are small modifications for our
development. The update Lyt := max{ Lmin, Mk/Vdec} at Line 12 is slightly different from the original
one Lii1 := Mg/7Ydec in [17], which affects Lemma 3.5. Moreover, we have additional computations
Tr(z) and T7, ,(z) at Line 8 in order to test the conditions (15b) and (15c¢). Remark that, when
L = Ly is known, the computation of 77, (z) at Line 8 can be omitted as it is only used to check
the second condition (15b). We let the third criterion (15c) optional; it is independent of the analysis
of Algorithm 3 while we need it in Algorihtm 4. The first condition (15a) is equivalent to the one in
Nesterov’s method (see the proof of Lemma 5 in [17]). It will be verified in Lemmas 3.4 and 3.5 that
our modification does not affect the original complexity analysis. O

Lemma 3.4. The condition (15) of APGIter holds whenever L > Ly.

Proof. The first condition (15a) is satisfied since f is L-smooth (e.g., see [15, Theorem 2.1.5]). Since
fo is (Ly 4 0)-smooth, the second one (15b) holds if L > L by Lemma 2.1 (v). The third one (15c)
can be verified again by Lemma 2.1 (v): If L > Ly, we have

p(Tr(2)) < mp(zTi(2) < ¢(2),

where the second inequality follows from

my (5 T1()) = min {f(z) FV() = 2) @)+ 5 e - z||2} @+ =), (1)

10



The following lemma is given in [17, Lemma 6] while we rewrite its proof due to the difference in

the update of Lgq.

Lemma 3.5. Suppose that Ly < vincLy holds. Then, APGIter ensures My < YincLy and Lipiq <

max{ Lyin, %11 incLg. The number of the executions of the loop (Lines 3-10) is bounded by

longec + 1 lo Lk+1'

1+
log Yine ~ 10g Yine Ly,

Proof. Let ni > 1 be the number of inner loops so that My = kayffl’“_l If nk =1, then M} = L; <
YineLy. If np > 1, then My < 9ineLy must hold because otherwise kaymc = Mp/Yine > Ly and

the ny-th loop cannot occur (by Lemma 3.4). Hence, we conclude M < 7incLs and also Ly =

max{me, Mk/’)/dec} < max{me, 'y;
Now, the relation M = Lk’ymc_l 1mphes

Licsr = max{ Lin, Mi/aee} 2 —— L™ g

dec

’Ydech+1

Then, we have (ng — 1)log~ine < log = 10g Vdec

log Ydec 1 lo Ly .

<1
s log “Yinc 10g “Yinc Lk

The complexity estimate of Nesterov’s method is given as follows.

Proposition 3.6. Let {x, Y, My, Lx, A} be generated by the accelerated proximal gradient method

applied to the regularized objective function (14), that is,
{xk—i-l) wk-ﬁ-l; Mk7 Lk—‘rlv Ak—i—l} — APGIteI‘O—(SCk, wlﬁ Lk)a Ak)) k= O) 1) 2) DRI

with the initialization xo € E, 1o(z) = % |z — J:OH2, Ag=0, Ly > 0.

(i) If Lo € [Lmin,YincL¢], then we have Ly < Ly < My < ~incLy for all k > 0. The total number

of the executions of the loop (Lines 3-10) until the k-th iteration is bounded by

1 1 L
log Yine log Yinc Loy

(ii) For each k > 1, we have
2

A >
b= '}’inch

Vo :| 2(k—1)

14+
[ 2’YincL f

(111) po(TK) — @ < M holds for all k > 1.
(iv) p(xr) < @(xo) holds for all k > 1.

(v) For every k > 1, we have

1
||:Bk - xOH S <1 + \/@) diSt(xo,X*),

Myp_1+o0 . X
lgans @Ol < |91, o @n)]| + o llax — a0l < (2\/ e +a) dist(z0, X*).

11



Proof. (i) Lmin < Ly < My, is clear by the construction. My < 4incLs is obtained by applying
Lemma 3.5 inductively.
Since V¥, is o-strongly convex, (ii) follows by [17, Lemma 8] applied to the objective function

Yo = f + wa-
According to [17, Lemma 7], the following relations hold for all k£ > 0:

{ Ao (k) < minger i (z),
Ui(x) < Appo () + 3 llz — zo®, Vo €E.

Combining them, we obtain
_ 1
Appo () < min {Akcpg(sv) + =z — :L‘0||} , Vk>0.
ek 2
Taking # = 2 on the right hand side, we obtain (iii). On the other hand, taking x = =z yields

0o (k) < @o(x0). Then Lemma 3.1 (i) gives the assertion p(xg) < (o).
(v) By the o-strong convexity of ¢, and using (iii), we have

2
* ||.%'(]—Z';” 1 >k||

o 2
3 o =23l S wolon) — ¢ < 0 = o =l < v — 251

This shows the former inequality of (v):

1 1
o = 20l < o = a3+ o = 2311 < (14 2 ) oo = a3l < (14 <o ) distCan, 7).

where the last inequality follows by Lemma 3.1 (ii).
Since @o (T, 1o (@k)) < mGy 4o (@ Ty, 4, (2x)) holds by (15b), Lemma 2.1 (iv) yields

2 .
< |lxo — k|| < dlSt(xo,X*).

|08 s @) | < polan) —
2(My_1 + o) 19t TR = Pollh) = o = g 0 7 = o )

Thus, )ggh_ﬁ_o (k) H < \/M’“;‘iiﬂf dist(xg, X*) holds. Consequently, using Lemma 2.1 (i) and Lemma 3.1

(iii), we obtain

lgase @Ol < Ngas o @) < ||951, o (@] + o ok = 2o

v 1
< kAl:U dist(zo, X*) + o <1 + m) dist(zo, X*)
My
< (2 '€1+‘7+g> dist(xg, X*).
Ay,

3.2 Proximal gradient method

We end this section by presenting Algorithm 2, a basic proximal gradient descent with a backtracking
strategy to estimate Ly [17, Algorithm (3.3)], which will be used in the initialization of our method.
The method consists of evaluations of ¢(x) at « € {zy, Tr(x)} (which can be omitted if L is known),
one gradient evaluation V f(zy), and proximal operations 17 (zy), for each guess L of the Lipschitz
constant.

12



Algorithm 2: Proximal Gradient Iteration
{Tw, (zr), My, Li41} < PGIter(xy, Ly)

Parameters: Yinc > 17 Ydec > 1, Lyin € (07 Lf]
Input: x; € E, Ly > 0.

1: Set L := Lk/’)/inc-

2: repeat
3 Set L := YincL.
4: Compute 17 (xg).
5. until the following condition holds:

(T (k) < mp(wg; Tr(wg)). (18)

: Define My, := L, Li11 := max{Lyin, Mk/Vdec}-
: Output {TMk <$k>, Mk, Lk+1}.

N O

Lemma 3.7. Let {Tn, (vk), My, Liy1} be given by PGIter(xy,Ly). Then the following assertions
hold.

(1) ¢(Thr, (2x)) < @(xy) holds.

(1t) If L, < YincLy, then we have My, < YineLy¢ and Ly < max{ Ly,
the number of the executions of the loop (Lines 2-5) is bounded by

3;‘; Lt} <incLy. Moreover,

1 1 L
Og Ydec log k+1 .

14
log Vine log Yine Ly,

Proof. (i) The condition (18) ensures ¢(Ta, (zx)) < mar, (zx; T, (1)) < @(zx) (recall (17) for the
second inequality).
(ii) can be verified in the same way as Lemma 3.5. O

4 Adaptive proximal gradient methods

In this section, we propose an adaptive proximal gradient method (Algorithm 3) and its restart
scheme (Algorithm 4). We show that these two are nearly optimal for the classes F(zo, R, L) and
F(zo, R, L, k, p), respectively.

4.1 Adaptive determination of the regularization parameter

For solving (5) under the measure ||gr(z)||, we propose the adaptive accelerated proximal gradient
method AdaAPG shown in Algorithm 3, which can be seen as a simple extension of the regularization
technique [16] introducing a guess-and-check procedure to adapt the regularization parameter o. The
J-th outer loop of AdaAPG corresponds to applying Nesterov’s accelerated proximal gradient method to
the regularized problem min,cg ¢, () where 0 = 00/7eg (Treg > 1). We stop Nesterov’s method if it
successfully finds an e-solution or it iterates excessively as detected by the growth condition of Ay at
Line 10. The growth of A is used as the criterion that the current guess of o; is not desirable and
then we restart Nesterov’s method reallocating the regularization parameter as 011 := 0;/eg. The
proposed method involves the parameter 3 € (0, 1] which controls the accuracy of solving min, ¢, ()
by Nesterov’s method (recall Proposition 3.6 (iii)).
The next lemma shows what happens if an outer loop fails to terminate the algorithm.

13



Algorithm 3: Adaptive Accelerated Proximal Gradient Method
AdaAPG(zg, L_1,00,¢)

Parameters: 7inc > 1, Ydeec > 1, Liin € (0, L¢], Yreg > 1, B € (0,1].

Input: xg € E, L_; € [Lmin,’Yinch]y o9 >0,e>0.

1: Lo:=L_4.
2: for j=0,1,2,... do
3: 0j = 00/ Veg-
4 Polz) == 3 ||z — xol%, Ao := 0.
5: repeat for £ =0,1,2,...
6: {$k+17 Yra1, My, L1, Ak+1} — APGItero—j (xk, Yy, L, Ak)
T if ||ng(J}k+1)|| < ¢ then
8: output {o;, Tx41, T, (€k+1), Mk, Ly+1} and terminate the algorithm.
9: end if
10: until Ay, > %
7;
11: Lo := Lk+1.
12: end for

2(My+oj)
2 2
B a;

Lemma 4.1. In AdaAPG, suppose that a j-th outer loop finished with the criterion Agiq >
for some k > 0. Then we have

AP
Tre1 — 2o < [ 1+ —= ) dist(zg, X™),
s = ol < (14 ) dist(an, )

lgas, (el < (14 V28)0; dist(zo, X*).

Moreover, the number of inner iterations is bounded as follows.

2%ine L inel ;
E+1<2+ M+1 10gm_
O‘j ﬁUj

Proof. The bounds on ||zx+1 — xo|| and ||gar, (zx+1)|| can be obtained by Proposition 3.6 (v) applying

. 2(Myg+o;
the assumption Ajyq > (5%,]20])

when k = 0). By the assumption on k£ and Proposition 3.6 (i), we have

. To show the bound on k + 1, suppose k£ > 1 (the result is clear

A, < Q(Mk;1 ;‘Uj) < 2(’Yin012/f2+ 75)
B g; B g;

On the other hand, Proposition 3.6 (ii) implies
2(k—1)

o 2 1

Ay > [1+ J ] > explo2tk—1)—m ],
'Yinch 2')/inch 'Yinch P ( ) /271;7?[’1‘ +1
J

14



where the second inequality is due to the fact® 1+ z > exp Tts (Vx > —1). Therefore,

1 < 2(YineLy +05)
2’Yinch - 202
A/ T + 1 ﬁ J

27111ch + 1) lo og ’Ymch(’Ymch + U])
/82 2

The assertion follows by relaxing Yinc L < YineLy + 0. O

exp | 2(k —1)

71nch

1
:¢k+1§2+<
2 0j

In view of Proposition 3.6 (i) and Remark 3.2, the total number of the executions of APGIter, say
N, determines the iteration complexity of AdaAPG. For instance, the total number of the evaluations
of Vf(-) in AdaAPG is bounded by

9 |:1+ log')’dec:| N 2 o Vinch
log Yine log Yine L_4

Theorem 4.2. In AdaAPG, let N be the total number of the executions of APGIter. Then the following
assertions hold.

(i) The algorithm terminates at the j-th outer loop whenever o; < o(xg,€), where

o(xg, ) :=

(1 ++/28) dist(zo, X*)

(We let o(xg,€) := +00 when xo € X*). Moreover, we have

0j > 0(x0,€)/Vreg, Vj > 0. (20)

(ii) Suppose that the algorithm terminates at j = € for some ¢ > 0. Then N is at most

2'7111(2 |: / / :| ")/mch + oy
’Yreg
'Yre

incLf + 0
+<1+log%e :) <2+1 Jinclif + T¢ Cﬁ’fm E).

N <2+ ’Ymch +1 ) 1og ’Yinch‘i‘UO‘
o0 Boo
(i) If o9 > o(xg,€), then N is at most

2P)llnc 'Yreg%nch i 1)

’Vre an BO- 330)8) /B
'}’reg'Ymch 1

2+ log > [2+1 (+
< e ( 0, €) Bo(xo,e) B

_ 5 <\/Lf dist (g, X*) - Ly dist(:o,X*) 10g dist(:o,X*) log Ly disti:zo, X*)> |
g

(i1i) If o9 < o(zo,€), then

(21)

3 In fact, since the derivative log(1 4 ) of the function h(z) := (1 4 ) log(1 4 x) — « is increasing and vanishes at
xz =0, we have ming~_1 h(z) = h(0) = 0.
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Proof. (i) By Lemma 4.1, the algorithm must terminate at the j-th loop whenever

= o(xzg,€).

(3
%= (11 v/38) dist(zg, X°)

To see the latter assertion, assume that o; < o(zg,€)/Yreg holds for some j > 0. Then the previous
(j — 1)-th loop satisfies 0;_1 < o(xo,€) so that the j-th loop is not executed by the former assertion.
This verifies the assertion (20).
(i) Since 04 = 00/7feg, We have £ = log,,., 00/0¢. Using Lemma 4.1, N is bounded as follows.
vey

2 in L in L j
2 -+ M -+ 1 log M
= oj Bo;

L inc L
2C+1) + v/2yincLy log 2 f”fz + (£ 1)log TR0
Oy

(14 V2B)oj dist(zg, X*) < ¢, ie.,

L

where the second inequality is due to o; > oy (V5 < E) Note that
¢
Z ~ g 1 ’yreg£+1 -1
reg” — D ——
=0 UO/'}’reg 00 y/Vreg — 1
/ v/ Yreg \/0—0/0—8_1 |:\/’Y7 / :|
’Yreg ’Yreg -1 e \/ o

Therefore, we see that

inc L 2 1 1 inc L
N < (£+1) (2+1og7”‘c f+‘”>+\/7‘Tf[\/Te\/7_\/>]bgW_
Boe Vreg — 1 of 0o Boy

The assertion follows by substituting £ = log,,., 00 /oy.
In view of (i), the assertions (iii) and (iv) follow by applying (ii) with o, = 09 and o7 > o(z0, €)/Vreg,
respectively. The big-O expression (21) is obtained by substituting the definition of o (xzy, ¢). O

If o¢ is chosen appropriately, then the complexity estimates in Theorem 4.2 (iii) and (vi) match
the lower complexity bound (11) for the class F(xo, R, L), up to a logarithmic factor. Nesterov’s
regularization technique [16] essentially corresponds to the ideal choice oy = o(xg, ), which requires
dist(zg, X*) to be known. Here we show a simple example to choose oy so that AdaAPG attains the
near optimality without knowing dist(zg, X*).

Corollary 4.3. Given g € E and L_1 € [Lyin, VincLys], apply {Tn(x0), M, L} < PGIter(wzo, L_1).

For any € > 0 such that ||gar(xo)|| > €, choose oy from the interval
2eM 2M

(1+v28) [lgne(xo) | 1+ V28

(22)
Then we have

2PYinch
1++/28

Consequently, AdaAPG(xo, L_1,00,¢) finds x, € E and My > 0 satisfying ||gn, (xr)|| < € with the
iteration complexity at most

L di X* L di X*
O<\/ fdlst(:o, )log 7 dist (o, )) (24)

e

o(xp,e) < op < (23)

16



Proof. Since o(Th(x0)) < mpr(zo; Tar(zo)) holds by the condition (18) in PGIter, Lemma 2.1 (iv)
implies

1 1
dist(zg, X*) > — > —e >
where the last inequality follows from Lemma 3.7 (ii). This can be rewritten as
U(.CU(),&‘) = 9 < 2e M 2M < 2'Yinch

0+ V2B) llgm (@)l ~ 14 V38 ~ 1+ V2B

Therefore, (22) implies (23). In particular, we can apply Theorem 4.2 (iv) to obtain the complexity
bound (21) whose second term is dominated by the first one due to the upper bound (23) of 0. O

(1 ++/2p) dist(zq, X*)

Finally, we make an observation on the convergence of the proposed method. Let us consider the
execution of AdaAPG with £ = 0 which is possibly an infinite step algorithm. Then the choice

00 :=2M /(14 2/B)

given in Corollary 4.3 ensures the nearly optimal complexity bound (24) for every e € (0, ||gar(xo)]«)-
This means that, with this choice of gy, the algorithm AdaAPG with € = 0 yields a nearly optimal
convergence with respect to ||gr(z)].

4.2 Adaptive restart algorithm under the Holderian error bound condition

In this section, given an initial point z(?) € E, we assume that the objective function ¢ admits the
Hoélderian error bound condition

p(z) — " > mdist(z, X*)7, V€ levy (o)), (25)

for some x > 0 and p > 1. For this case, we propose the restart scheme rAdaAPG described in
Algorithm 4. Namely, given a current solution 2!, we apply a proximal gradient iteration x(Jf) =
Ty () from which we start AdaAPG to find the next z(*+1) reducing the gradient mapping norm

at the ratio 6 € (0,1):
H9M<t+1>(x(t+1))u <90 Hng(x(t))H -

Remarkably, the regularization parameter ¢®) is input to AdaAPG which adaptively finds the next
ot+t1) | Therefore, the next z(*+1) can be seen as an approximate solution to the regularized problem

(t+1)
R

p(x) +

computed by an accelerated proximal gradient method. Finally, we note that the initial regularization
parameter 0(®) may be determined depending on the result of Line 1, as observed in Corollary 4.5.

4.2.1 Iteration complexity results and near optimality

To show the iteration complexity result, observe that the total number N of the executions of APGIter
determines the complexity of rAdaAPG. For instance, the total number of the evaluations of V f(-) in
rAdaAPG can be bounded by (recall Proposition 3.6 (i), Lemma 3.7 (ii), and Remark 3.2)

'Vinch

log “Ydec og
10g Yine LY

log “Yinc

[1+ ](2N+1)+
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Algorithm 4: Restart Scheme for Adaptive Accelerated Proximal Gradient Method
rAdaAPG(z(®) LD 40 ¢)

Parameters:
Yine > 1, Ydec > 1, Limin € (0, L] (for backtracking line-search);
Yreg > 1 (the ratio to reallocate the regularization parameter);
B € (0,1] (controls the accuracy applying accelerated proximal gradient method);
0 € (0,1) (the ratio reducing the residue per iteration).
Input: z(¥ e E, L1 ¢ [ min,%mLf] o® >0, ¢>0.
1: Compute {x(o) MO O}  peIter(z@, LED) |
2: fort=0,1,2,... do
if HgM@) (z®) H < e then output {z®, M®), :L‘Sf)} and terminate the algorithm.
4 =0 HgM(t) H
5 {U t+1)’x(t+1)7 $+1)’M(t+1)7L(t+1)} - AdaAPG(xSf)’L(t)’o,(t)7€(t))
6: (with testing the optional condition (15c¢) of APGIter).
7: end for

w

We focus on the bound on N in the remaining of this section.
To describe the iteration complexity bounds we define N(e,0,,C) and ¢ as follows. Given
g,0+,C >0,let N(g,04,C):=0if H9M<0> H < ¢ and otherwise

© (0) Lot
N(e, 0., C) = (1+10g o Mﬂogm Uo_> <2+10g%ncf+0)

Box
2'71nc ’YHICLf + O«
'Yre \l V 0'(0

lnCL *
+ C\/2meLy log lgggijlff (26)

O %

Moreover, we define

1
0 1 ( Ly )_ﬂln—Z ,
——kr [ —— 41 gr-l if p > 2),
= _ 1—|—\/§ﬁ (Lmin ( ’ ) 27
7 9 L -1 2-p 27)
f 0)y _ x\—=F .
+1 T ) ifl1<p<2).
vl (2L +1) (e -9 (1<)

The next theorem provides the descriptions of iteration complexity bounds which have complicated
expressions to explicit their dependence on parameters. A simplified form is presented in Corollary 4.5.
Their proofs are given in Section 4.2.2.

Theorem 4.4. Assume that the Hélderian error bound condition (25) holds. In rAdaAPG, let N be
the total number of the executions of APGIter. Denote

. = { o (if o) < a), (28)

G /Yreg (oOtherwise),
for & defined in (27). Also, let N(-,-,-) be defined by (26). Then the following assertions hold.
(i) If p =2, then N < N (g, 04, C) holds with

C=\/+ <1+1og HgM(O) =) H)
O«

18



(i) Suppose p > 2. If 0©) > &, then N < N(e, 0,,C) holds with

(0)
1 p—1 Oy fyre \/‘ 1
C=\/——[1+——1o «9” \/
o(0) < p—2 &1/6 min(aio),a(o))> 90 ? ( o(0) )

p—2
where ¢ = 1+\9fﬁ < ) ||gM(O)( zO)|271. Otherwise, it follows c® = o)

(Vt > 0) and N < N(g,0©,C) holds with

[ 1 Hg o ()]

(iii) Suppose p € (1,2). Then we have

1 \! ) 1
N <1+ N(max(e,e4),04,C) + (log > <log log /HE— — log log p1> . (29)
p—1 62=° min(e, &) 62=»

where

—o=t L —3—,
= [0 V2)0 (e Ly + o) “( ; “) o (30)

_[1 |g2s0 ()|
C— @<1+10g1/9n’1ax(575*) .

(iv) If p =1, then we have
N <1+ N(max(g,¢e4),04,C),

LN\ T loaro )]
E*—E<Lmin +1> , C= o <1+10g1/6max(5,5*) .

(®)

Moreover, if € < ex, then x}” in the output of the algorithm must be an optimal solution to the
original problem (5).

where

Corollary 4.5. Let 29 ¢ E and LGV e [Liin, YincL¢]. Assume that the Hélderian error bound
condition (25) holds. After the initialization step (Line 1) in rAdaAPG, determine o(© by

(0)
o0 .= e M ONE where {TM(xSr)) ML}%PGIter(xSE), LO). (31)
(1+v28)||gu(x
Then, rAdaAPG(x(O),L(*l),a(o),e) finds ® € E and MY > 0 such that HgM(t) H < & with

iteration complexity at most the following quantities, where we denote

90 := gy (@), Ag = () —
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ey 15 defined by (30), and we regard 0, Yinc, Yreg, 5, % as constants.

( L L
o <[10g lsoll “] log f2> (p>2),
p Tep—T ep-1
<\/ log =+ I ‘ (p=2),
éLl
L -pP
0] Liay”™ log LfAzp log 12157~ | (1og L) 'loglog == (pe(1,2),e <ev)
KP KP K2 P Lf27p€ (32)
2o 2-p
P
KP KP
L¢A LyA
0 (/52 105 1252 0g 2L ) (b=1

Let us observe the consequences of Corollary 4.5. Notice that the iteration complexity bounds
(32) in the cases p = 2 and p > 2 match the lower bounds (13) up to a logarithmic factor. Therefore,
rAdaAPG achieves the near optimality for the class F(zg, R, L, k, p).

Note that ¢ defined in (31) is independent of €. Therefore, if we consider rAdaAPG with ¢ = 0,
the algorithm ensures the above iteration complexity for every e so that we obtain a convergence
result.

The algorithm rAdaAPG with € = 0 can also provide an iteration complexity result with respect to
the measure ¢(-) — ¢*. As we prove the inequality (35), the following relation holds if p # 1.

P
t % 1 L p—1
o) — " < — (Lf +1>
—1 min

P

p—1

g1 ()| (33)

This means that, given § > 0, we have the following implication:

Substituting this € to our complexity bound (32), we also obtain an iteration complexity bound under
the measure ¢(-) — ¢* which is nearly optimal in view of the lower complexity bound (12). Although it
enjoys an adaptive and nearly optimal convergence, the proposed method does not provide a stopping
criterion for the measure () — ¢* since the right hand side of (33) is not verifiable unless we know
and p.

L -1
HgM(t) < ! +1> 5 o= oz (t)) p* <.

4.2.2 Proof of the main results
Here we complete the proofs of Theorem 4.4 and Corollary 4.5. We prepare some lemmas below.

Lemma 4.6. Assume that the Holderian error bound condition (25) holds.
rAdaAPG, the following assertions hold.

In the execution of

(i) LO, M® ¢

(i) o

(i) t <logy g

V) <o)<

g0 (2@)]]

[9p00 (z®)]]

[Lnin, YineL ] for all t > 0.

< p(z?) < p(a®

for each t > 0.

20
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(iv) Whenever ZL'+) ¢ X*, we have

L
dis‘c(acgf),X*)p_1 < 1 (L L 1) HQM(t)(ﬂf(t)) ) (34)
K min
e 1/ L P
el -1 < 2 (L 41) fonro (a)] (39)

Proof. (i) Since LY € [Lyin, Yinc L], it follows LO) M©) € [Lyn, yincLs] by Lemma 3.7 (ii). Then,
using Proposition 3.6 (i) inductively, we obtain (i).

(ii) For t = 0, we have go(ng)) = o(Tyr0 () < p(2) by Lemma 3.7 (i). Moreover, according
to the criterion (15¢) and Proposition 3.6 (iv) applied to the subroutine AdaAPG in rAdaAPG satisfies

pe{™) < p@®V) and oY) < o)

respectively. This shows ¢(z} (t+ 1)) < oz (t))
(iii) Since the recurrence e(t /0 = HgM(t) H < (=1 holds for t > 1, we have £(© > () /gt for
each t > 0. Therefore,

e 9200 (=)
| .
e 081/6 HQM(i)(x(t))H

(iv) Since x(f) = Ty (x®), Lemma 2.1 (iii) implies that g; := V f(x (t)) — V(D) + gppm ()
belongs to dp(x (¢ )) Then, Lemma 2.3 shows (note that x( ) belongs to lev,(p(z()) \ X* by (ii))

t <logys

i

. N L
waist(@ X0 < ol < (5754 1) oo 0] < (24 +1) o ()

where the second inequality is due to Lemma 2.1 (iii) and the last follows by (i). This shows the
assertion (34). Similarly, (35) can be obtained using (10). O

The following lemma plays an essential role to derive our iteration complexity results.

Lemma 4.7. Let N be the number of the executions of APGIter at the t-th outer loop of rAdaAPG.
Assume that, for some Ty > 0, o, > 0, and g, > 0, we have

o) >, (t=0,...,T.) and HQM(T* H 2 Ex.

Then, under the definition (26) of N(-,-,-), the following inequality holds.

T
> N® < N(ey,04,C) < N(ew, 0, Ci),
t=0

5/ [1 [lgar ()|
a(t+1 Ci:= <1 +logy g 5

where
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Proof. Since ¢V > g, for each t = 0,...,T,, Theorem 4.2 (ii) gives the following bound for ¢t =

0,...,T:
(t) L4 ot
() B Jimelf VO 7
NV < (1 +log,,., o(tH)) <2+log oD >

\/ 2'71110 1
V ’Yreg (t+1) - W

’Vinch + U(t+1)
log—1 —

/77reg Bg(tﬂ)
®) L
g Yinclif + O«
) (1 * e a<+>> (210w 252
2%inc L f \/ \/ 1 ’Vinch + 04
v/ Yre 4/ = | log ————.
T e — 1 v/ Vreg — Trer (¢+1) ol®) o8 Bo

By Lemma 4.6 (iii), T is bounded by

T, < log1/9 HgM(O)( (0))H < log1/9 ‘HgiM(O) (x(O))H.
lgarern) @T)]] €x
To estimate the sum Z?;O N®_ note that
I (*) (0) ) )
Z (1 + logvreg o'Z"‘D) =147, + log%eg ﬁ <1+ 10g1 HgM(O):C)H + IOereg GU* ’
t=0

and

Ty 1 1 Ty 1 T
Z [\/’Yreg\/o_(t_i_l)_\/o_(t)] :(\/’Yreg_l); OM+;

t=0

Vamm =
ot S

T
1 1 1
= (y/Yreg — 1) Z \/U(tJrl) + \/U(T*“) N \/U(o)'

t=0

Therefore, Zt o VW is bounded by

T (0) (0) I
ZN( (1 +logy g —Hng)(x ll +log, ., U) (2+log JineZf T T f+0*)
O

Box
2'71nc / / %nch + 04
PYre U*

/ Li+o
+ v/ 2%inc L Z t+l) '71nc f u

= N(a*,a*,C’).

Finally, C' has the following bound:

S / [T 9200 (= @)]]
(t+1 1+T <1+log M? =C4,

which also concludes N(E*, 04, C) < N(ey,04,Cy). O
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In view of this lemma, the complexity analysis boils down to analyze lower bounds of () as we
discuss next.

Lemma 4.8. Assume that the Holderian error bound condition (25) holds. Suppose that rAdaAPG
terminated with the stopping criterion at the (T + 1)-th outer loop for some T > 0. Let ¢ be defined

by (27).
(i) For eacht=0,...,T, we have
Sy =0 (01 < o(al),e®)),
> o(wﬁf), M) /yreg  (otherwise),

where o(-,-) is defined by (19).

(i) It follows that
o@P,eWy>5, t=0,.. T (36)
When p > 2, we further obtain

1
o p—1 L T p—2
otall 02 e () T

Qi
—~
w
J
~—

foreacht=0,...,T.
(iii) For eacht=0,...,T 4+ 1, we obtain

o[ =09 (09 <0),
> 0 /Yeg (otherwise).

Proof. (i) In the case o) < a(x(i),s(t)), Theorem 4.2 (i) implies that the subroutine AdaAPG at the
t-th outer loop must terminate at the first loop j = 0 so that ¢®*1 is defined by ot1) = ¢(®). On

the other hand, consider the case o® > a(ng),s(t)). When the subroutine AdaAPG at the ¢-th outer
loop terminates at the first loop 7 = 0, then it is clear that

o) = 60 > 530, D) > 52D, e®) /g

In the another case, (20) implies o(*+1) > U(J:S:), €M)/ Vreq-
(ii) We may assume ng) ¢ X* which allows us to apply Lemma 4.6 (iv) (Note that the assertion

is clear if :cgf) € X* since then a(ng), e®) = +00). In the case p > 2, using (34) implies

(¢ ——= p=2
o@@),e) = lonsote )()t‘)‘ =z e ( - +1> . guro (2) =
(1+v28) dist(2'), x*) — 1+28 Linin

Since £® = 0||gy 0 ()|« and ||gyz0 (2®)]|« > € (by the definition of T), we obtain (37).
If p € [1,2), on the other hand, since @(xgr)) < (29 by Lemma 4.6 (ii), the inequalities (25) and
(35) imply (remark that 2=2 £ >0)

. . 1 ol 1 = 222
dist(z{, X*) < — (D) — )7 = < (pP) — )7 (o) — ) 7
KP KP
1 L o 222
< L (L 1) oo e o1a0) - )
KP min
1 L 2;
<L (L 1) oo )] (0 - 15
K P min
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Therefore, we conclude that

—1

®) )y — 0 [|gpsco (=" H 0 2 < Ly > O -

o(zl), ) = > o (1) (@) - ) =g
" (1+v28)dist(z?, x*) ~ 1+ V28 \Lmin

This proves (36).

(iii) In the case ¢(© < &, (ii) implies ¢(®) < e(:v(f),z—:(o)). Then, using (i), we have (V) = ¢(©) and
also o)) < 5. Continuing this argument inductively, we conclude that o) = ¢(t=1) = ... = 50 for
all ¢.

In the case 0(® > &, on the other hand, let us show o® > 0/Yreg (t=0,...,T + 1) by induction.
The assertion for ¢ = 0 is clear since ¢ > 5 > T/Vreg- Assume that o > 7 /Yreg holds for some
t > 0. By (i) and (ii), we have

oD > min{o®, e(2?,e®) ey} > Min{G/Yrcg, 7/ Yres} = &/ Fres:

This completes the proof of (iii). O

In order to provide more accurate complexity analysis, we prove bounds of o® specialized to the
case p > 2.

Lemma 4.9. Assume that the Hélderian error bound condition (25) holds with p > 2. Suppose that
rAdaAPG terminated with the stopping criterion at the (T +1)-th outer loop for some T > 0. Ifo® >3
holds for & defined by (27), then there exists to € {0,...,T + 1} such that the following conditions

1 - p=2
hold, where O'EP) = 1+\0/§[3 C Rl (Lfn{n ) o lgar© ()| 2.
(i) o0 — ... = (to), (38)
(i) oD >0 T 05yt =ty T (39)
p—1 Q)
i to <1+ log, ) ————————. 40
(i) 0 1TI0) > 5/5(0), (41)
Proof. Define
= L[ Ly TR 2
(t) — ) =F
o\t =  kp-1 +1 eM)e=1, t>0.
1+ \/§5 <Lmin ) ()
Then Lemma 4.8 (ii) can be written as
o@P, Wy > >5 t=o0,... T (42)
For simplicity, denote
= L =
P N ) o
w:=——¢€(0,1), c:= I +1

so that we have
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Note that {Uf)} is non-increasing; in fact, the relation e+ < () implies
USH—l) = c(e(t+1))” < cﬁw(a(t))” = Gwait) < J,(f). (43)

Let to be the smallest integer in {0,...,T + 1} such that ¢ > aito). Remark that, by the
definition of T, we have T+ = 0||g, ;cr+1) (zTTD)]||, < fe. This implies that

0-(0) >G5 = 0(95)‘“ > C({;‘(T+1))w _ O_£T+1)'

Therefore, ty is well-defined.
(i) By the definition of ¢y and (42), we have

o0 < (L(kt) < O'($S:), (t )), 0 <Vt <t

Therefore, by induction, we obtain ¢(®) = (1) = ... = 5(®0) due to Lemma 4.8 (i).

(ii) Let us show o(tt1) > a,gt)/%eg (to <t < T). To prove this, we verity c® > ait)/%eg for
t = to,...,T + 1 by induction. Note that o) = o0 > aito) > affo)/’yreg holds by (i) and the
definition of tg. Now under the hypothesis o) > U,Et) /Vreg for t with tg < ¢ < T, Lemma 4.8 (i) and
(42) imply

o+ > min{a(t), (xsr el )/'yreg} > mm{U* /’Yreg,O'* /’Yreg} = U* /’Vreg >0 t+1)/%eg'

Therefore, this completes the induction; in addition, the above inequality proves the desired inequality
olt+l) > U,Et)/’yreg (to <t <T). This yields (ii) combined with (42) and (43):

ot > o /’yreg > gty /’yreg >0 a/vreg, t=to,...,T.

(iif) If to = 0, then (iii) is trivial since ¢(®) > o = Ity > 0, then the definition of ¢y and
using (43) imply
o0 < =) < glto—1);(0)
o0
which yields tp <14 = logl/g (2)
(iv) By (42), (43), “and the definition of to, remark that
ol S O'(T) < Hw(T—to)O_ﬁtO) S QM(T_tO)O'(O).

Hence, *(T—%) > 5 /5(%) holds. O
Finally, we present the proofs of Theorem 4.4 and Corollary 4.5.

Proof of Theorem /.4. We may assume that H9M<0) (w(o)) H > ¢ since N = 0 on the other case. Suppose
that rAdaAPG terminated with the stopping criterion at the (7' 4 1)-th outer loop for some T' > 0.
Denote by N the number of the executions of APGIter at the ¢-th outer loop so that N = Zfzo N®,
Let & be defined by (27).

By the definition of T, we have

l9as0 @)]| > ¢ 0,...,T. (44)
Moreover, by the definition of o, in (28), using Lemma 4.8 (iii) implies

c® >0, t=0,...,T+1.
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Therefore, applying Lemma 4.7 with T, = T', we obtain the assertion

N < N(,0,,C) with C = ,/Ui (1 +logy HgM“” H) (45)

For the case p = 2, (45) proves the assertion (i). We discuss the other cases to improve (45).

’ (ii) Case p > 2. ‘ If 0 < &, then o, is defined as . = ¢(?). Therefore, the latter bound of (ii) is
obtained by (45).

Now consider the case ¢(®) > . Then, there exists tg € {0,...,T + 1} satisfying the conditions in
Lemma 4.9. By (41), remark that

~T—to+1 =2 G
T T—t / Or-1 . —
S Ve = O “_? Lo o (46)
t=to \/ 0,0 1 9p 1

Therefore, we conclude that

T 1 to 1
; \/ O-(t+1) — M t+1 + Z V O-(t+1
T
,/ s+ %;’g S Ve (by (38) and (39))

t=to
(0)
1 p— Ox
< 1+ lo _—
o) ( p— 51/ min (", 0’(0))>

| %([ Vort [ ) (by (40) and (46))

=:C.

With this definition of C, Lemma 4.7 gives N < N(g,0,,C).
’(iii) Case p € (1,2).‘ If ¢ > e, then (45) gives our assertion because the second term of (29)

vanishes. Suppose, on the other hand, that ¢ < £,. Denote

9

§t = HQM(t) (x(t))

and let T, > 0 be the smallest integer such that &, < e,. Then, since 7,1 > €, holds, Lemma 4.7
shows that

— [T lgar )]
> NW < N(e,0.,0) with C= — | 1+1logy, Me—
=0 * *

Note that, under the convention Zt_:lo() = 0, this inequality also holds if T}, = 0 since then & < e,
and N(ex,04,C) = 0.
It remains to observe ZtT T N®. Taket € {T.,...,T}. We shall prove N®) = 1. In the t-th outer

loop, consider the first iteration of the subroutine AdaAPG(z} ® L), a(t),s(t)), which executes

{1'1,¢1,M0,L1,A1} < APGIterg(t) (er 7w0a AO)
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where 1o (z) = ||z — a:gf) |> and Ag = 0. Then Proposition 3.6 (v) implies

()
lon (o)l < [ 20/ TOETZ 4 000 ) disi(al), X7,
1

Moreover, according to the equation at Line 5 in Algorithm 1, A; can be calculated as A; = 2/M,.
Now remark that, using Mo < vincLs (Proposition 3.6 (i)), we have

2

() () ()2
My+o) ) _ ﬁM(M;) Lo < g [QRE D2

Aq 2
= (1+V2)(Mo + W) < (1+ V2)(yine Ly + o ™).

Combining them and using (34)*, we conclude that

lgas (1) ]| < (1 + \[)(%nch + 0(0))dlst( ) , X*)

1

1 1 L o1 1
<@Vt +00) (1) (724 1) e
ﬁ N min
— el (47)
pP—2 1

<0grE T =06 =V

where the last inequality is due to & < &* for ¢t > T (and rernark < 0). This shows N®) =1 and

(47) yields the recurrence
pP—2 1

Er1 <07, t=T.,...,T.

Since p—il > 1, it reduces & superlinearly. In particular, solving this recurrence implies

€ 1 T-1 15
log ——— > < ) log ———.
e \Pol 05er,

Since &7 > € and &7, < &4, we obtain

> N =T-T, +1<1+(log

a 1\ Ex 1
=T -1, < > log log —loglog — | .
t=Tx p—1 92*/’6 6279

Consequently, N is bounded as follows.
1 \! £x 1
— 1> (log log ——— — loglog M) .
f02-re 02-»

’(iv) Case p = 1.‘ We have ¢® > o, for each t = 0,...,T + 1, by Lemma 4.8 (iii). Moreover,
Lemma 4.6 (vi) shows that, if :c+) ¢ X*, then we have

t< 2 (g 1) oo @Ot oo @] 2= ( 041

4 Although (34) is asserted in the case xit) g X™, it trivially holds if Jcit) € X* unless p = 1.

To—1
N = ZNt)—FZN <N(5*,a*,C)+1+<log
p
t=0 t=T,
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In other words, the condition H gy (z H < €4 must imply xi) € X* which also yields N® =1 and

D) = gf) € X* by Proposition 3.6 (v) (then the algorithm terminates at the (¢4 1)-th outer loop).
Therefore, we have

HgM(t) H >e,. 0<t<T-—1. (48)

Now we consider two cases. If HgM(T) H > ¢, holds, then combining with (44) yields HgM(T> (1)) H >
max(e, £4), from which Lemma 4.7 with T, = T" concludes

(0)
N < N(max(e,ex),04,C) with C = \/i <1 +log g HgM(O)(x)H> .
O«

max(e, £4)

On the other case HgM(T) H < &4, we have N(T) = 1. Since (44) and (48) implies |‘gM(T_1)(x(T*1))H >
max (e, e,), Lemma 4.7 with T, =T — 1 shows Z 0 PN® < N(max(e, e4), 04, C). Hence,

N=ND LN " NO <14 N(max(e, e,), 04, C).
t=0

This proves the desired bound on N. To show the latter assertion of (iv), suppose € < e,. Then

the output {x(TH),M(T“) T+1 } satisfies HgM<T+1)( (TH) H < € < g4. Therefore, a:SrTH) must be
optimal.
The proof of Theorem 4.4 is completed. O

Proof of Corollary 4.5. The function N(-,-,-) defined in (26) has the following expression.

(0) L
lgHgEOH —i—logi—%— Uff—i-C\/L»f )

By the choice (31) of 0(®), we can apply Corollary 4.3 and then the bound (23) becomes

Lf+0*

*

N(g,04,C)=0 <log

0) _(0) < (0) < 2 Vinch
elxy’, € o —_— 49
Then, we have 0'(0) > o since 8(ZE(0), 5(0)) o holds by Lemma 4.8 (11) Therefore, (o n (28) becomes

>
0. = O(5), which also implies o, = O(c(?)) = O(L;) combined with (49). Applying the bounds
o0 =0O(Ly), 0. = O(Ly), and o, = Q(7), we obtain
) (50)

N(e,m,C)zO(logL&[ ”90” \/>+C\F

If p = 2, Theorem 4.4 (i) implies N < N(e,0,C) with C = O <\/glog @). In particular, (50)

yields
L;
N(z,0.,C) = O (,/ o g ”?”) (51)

Since ¢ = O(k) by (27), we conclude the bound (32) in the case p = 2.

In the case p = 1, using Theorem 4.4 (iv), the same argument as the case p = 2 can be applied to
obtain (51) replacing ¢ by max(e, ), where £, = K(Lf/Lmin + 1)71 = O(x). Since & = Q(xk%/A¢) by
(27), we obtain the bound (32) in the case p = 1.
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In the case p € (1,2), we apply Theorem 4.4 (iii) and the argument is similar to the previous

cases. Therefore, the bound (32) in this case can be obtained based on the estimate (51) replacing
2—p p—1
),

by max(e, e4) and applying 7 = Q(H%AST), Ex = O(/{flﬂL;T
Finally, consider the case p > 2. By Lemma 4.8 (ii) and (49), remark that ¢(® > ¥ > & holds.
Then, Theorem 4.4 (ii) implies N < N(e,04,C) with C = O (, / ﬁ + \/g> =0 <\/g) Therefore,
—2
(50) applying 6 = Q(ﬁpﬁilsh) concludes the bound (32) in the case p > 2. O

5 Concluding remarks

In this paper, we proposed two adaptive proximal gradient methods, Algorithms 3 and 4. The former
algorithm is nearly optimal for the class of problems where f is L-smooth. If we additionally assume
the Holderian error bound condition, the latter algorithm ensures near optimality. It is unclear whether
the latter algorithm also provides the near optimality without the Holderian error bound.

A remarkable fact of the proposed method (Algorithm 4) is the near optimal complexity with
respect to the gradient norm under the Holderian error bound condition, thanks to the lower complexity
bound (13). Remark that the optimal complexity of the first-order methods for L-smooth convex
functions under the gradient norm is unknown [16], namely, it is open whether we can reduce the
logarithmic factor of the complexity bound (24). Similarly, it is an important question whether we
can improve the complexity (32) to attain the lower bounds (13).

The key idea of this work is the adaptive determination of the regularization parameter o used
to define the regularization ¢, (z). As proved in Theorem 4.2, our method (Algorithm 3) adapts the
unknown desired regularization parameter o(zg,e) = This feature is also critical

13
(1++/28) dist(zo,X*) "
for the development of the restart scheme (Algorithm 4) to adapt the Hoélderian error bound con-

dition. Basically, this adaption is obtained thanks to the relation between o(xg,e) (in other words,
dist(xo, X*)) and the “problem structure” denoted as & (cf. Lemma 4.8 (ii)). This might suggest
the possibility of dealing with this adaptive regularization approach under other kinds of problem
structures.
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