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Abstract

The traveling salesman problem is a problem of finding the shortest tour
through given points. In 1959, Beardwood, Halton, and Hammersley studied
asymptotic length of the shortest tour through points on Euclidean space. In
particular they described the optimal tour length with Euclidean dimension
for the case that points are distributed with respect to Lebesgue absolutely
continuous measure. In this paper we reinterpret and generalize their results
in terms of fractal geometry. We give the asymptotic order of the optimal
tour length in terms of Hausdorff dimension.
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1 Introduction

The traveling salesman problem (TSP) is a problem of finding the shortest tour
through given points. We study asymptotic length of the shortest tour through
points on Euclidean space.

Though TSP is an NP-hard problem, Karp [5] showed that if points Xy, -+, X,
are uniformly distributed on the unit square then there is a polynomial time algo-
rithm that generate a tour of length L(Xj,---, X)) such that

T}Hgo L<X17 e 7Xn)/L0pt(X17 e 7Xn> - ]-» a.s.,

where L, is the length of the shortest tour. Karp’s algorithm is based on the
following theorem by Beardwood, Halton, and Hammersley (BHH theorem):

Theorem 1.1 (BHH][2]) If points X1,---,X,, are i.i.d. random variables with re-
spect to distribution p on [0,1]¢ then

Jim Lopt( X1, - ,Xn)/nl*é = 4(d) [ f(m)lfédx, [— a.s.,

0,1)

where ((d) is a constant that depend on the dimension d, and f(x) is the density of
w with respect to Lebesgue measure.



We show that an analogous result holds for singular distributions. To state the
result we introduce some notations and results shown in [3]. Let € [0,1]%. Let
B,(x) be the d-dimensional ball with center x and radius r. Let p; be a probability
distribution on [0, 1]¢ such that

lin[l) log pin (B, (z) N [0,1]4)/logr = h, py — a.s. (1)
Let H(up) be the support set of py, i.e.,
H () = {z| lim log yu,(B, () N [0,1]%)/ logr = h}. (2)

Then it is known that
dim H () = b, 3)

where dim H is the Hausdorff dimension of H. For a proof of (3) see [3]. Note that
many of sets including fractal sets are described by such a manner [3].
We prove that:

Theorem 1.2 (Main result) If points Xy, -+, X, arei.i.d. random variables with
respect to up, then under conditions on up, there exist two constants ¢y and co
(0 < ¢1 < ¢y < o0) such that for h > 1

o < lirr}linf Lot (X1, - ,Xn)/nl’% < limsup Loyt (X7, - - ,Xn)/nl’% < co, pp — a.S.,

and for 0 < h <1, Lop(X1, -+, X,) = O(y/logn), up— a.s.

Note that if h < d, the measure py, is singular with respect to Lebesgue measure on
0,1]¢; and therefore BHH theorem cannot be applied to the measure py, since the
density of the absolutely continuous part is 0.

The theorem above shows that if points are distributed over a set H(uy) of
Hausdorff dimension h (< d), then the optimal tour length is much shorter than that
of the case for uniform distribution for large number of points. Roughly speaking,
this is because if h < d, the points X1, - - -, X, are distributed over the d-dimensional
volume 0 set and therefore the average distance from a given point X € H(uy) to
the nearest point of Xy, ---, X, is much smaller than that of the case for uniform
distribution.

Our results are reinterpretation and generalization of results of [2, 7, 8] in terms
of fractal geometry.

2 Average optimal tour length

The proof is almost parallel to those of Stadje [7] and Steel [8]. In this paper we
consider the class of distributions that satisfy the following condition:



Condition 1 Let u;, be a distribution on [0,1]? that satisfies the following property:
There exist a subset H(juy,) of [0,1]¢ such that

pn(H (pn)) = 1,

and for x € H(up)
pn( By () N[0, 1]7) = f(a)r o), (4)

where
h >0, f(x) >0, lir%g(r, x) =0,

and f is the density. Let ji be the measure defined by jin(B,(x)) = r"9r2) We
assume that fi;([0,1]) < oco.

Note that u, and H(up) that satisfy the condition above satisfy (1) and that
dim H(pp) = h > 0. Conversely if pu;, satisfies (1) and h > 0, then there exists
H(up),g, and f that satisfy the condition above such that p,(H(u,)) = 1 and
dim H (pp) = h > 0.
Let

gu() = E(min [X; - z]). (5)
In [7], Stadje showed that if X,---, X,, are i.i.d. random variables with respect to
an absolutely continuous distribution with respect to Lebesgue measure on [0, 1]¢
then

1 d
lim g, () = f(a) 4d"'m (T (L4 5)4, (6)
where f is the density and f(z) > 0.
In the following let Xy, ---,X,, be i.i.d. random variables with respect to u; in

(5). We show that an analogous result of (6) holds for the distribution gy,.

Lemma 2.1 Let h(n) be function of n such that lim, ., h(n) = h > 0. For any
positive constant a, b, and c, we have

1 a 1 ”7<1+1b)h F(l>
lim (cn)?™ / (1 — er™)rdr = lim (en)™m / (1 —erh™Myrdyr = —b
0 0

n—oo n—oo

Proof) We prove (7) by Laplace method. Let cr™™ = 1ph( je 7 = (cn)roor,
Then we have

n7(1+1b)h 1 0o 1
/ (1 — er™™ndr = (cn)_m/ I[o 1 a1 exp{nlog(l — —#"™)}dr,
0 0 ,C n

h(n) p  (1+b)h h(n)}

1 1 1
where 14 is the characteristic function of a set A. Since ¢Fwp” TR 7AW — oo as
n — 00, we have for sufficiently large n,
~ ~h ~h ~
I exp{nlog(l — LF"M)} < exp{—72}, [5°exp{—F2}dF < oo, and

1 __1 . _1
[07Ch(n)n (1+b)h h(n)]



lim,, 0 I[ S T exp{nlog(l — 27#"™)} = exp{—7"} for 7 > 0; and there-
0,c)n n

fore by Lebesgue dominated convergence theorem, we have

1, oo L'(3)

i _ ZphmN g — _shyvgx T \h
WIEgO/I[Qch(l’Un(lJrlb)thh(ln)} exp{nlog(1l el ) hdr /0 exp{—7"}dr o
which proves the second equality of (7).

For the first equality, observe that
‘ h(n)yn — TR )n 1=t
jE——— (1 —cr™™)dr < a(l —cn )" < aexp(—cn ). (8)
Since 1 — (fﬁih > 0 for sufficiently large n, by (8), and the second equality of (7),
we have the first equality of (7). n
In the following, let b be a positive constant, and let
o(n,x) = sup  |g(r.z)], 9)
Ogrgn_m
and

d(n)= sup d(n,z).

z€H (un)

Lemma 2.2 Let ju, and H(uy) be a distribution on [0,1]¢ and its support set that
1
satisfy Condition 1. Let CP(z) = f(x)_%¥ Then for x € H(up), we have

lim sup qn(ar)nhH%"’x) < Chz) < lim inf qn(a:)nh%%"@. (10)
In particular if 6(n,z) = o((logn)™'), we have for x € H(uy),
lim_ g, (z)n# = Cl(x). (11)

Proof) Let x € H(uy). We have

prn(min [ X; — 2| > ) = (1= (B, (x) N[0, 1]9))",

1<i<n

and hence

Vid
go(2) = E( min |X; —2|) = / un( min | X; — | > r)dr
0

1<i<m 1<i<m
vd d
= [T —m(B @00
a(n) Vd
- / An(r)dr + /( An(r)dr (12)
0 a(n
where A, (r) = (1—pup(B.(x)N[0,1]))", a(n) = n_<1+lb)h, and b is a positive constant.
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We have

a(n)

a(n)
/ Au(r)ydr = (1-— f(x)rh+g(T’m))”dr
0

[0 gy ar (13)
L)

= (f(x)n) T R (1 4 0(1)), (14)

where the first equality and the first inequality follow from (4) and (9); for the last
equality observe that lim, . 6(n,z) = 0, and hence (14) follows from Lemma 2.1.
Since A,(r) is decreasing as r grows, we have

/af)An(r)dr < VdA,(a(n))
= V(1= f(@)a(n) ey

1_ htgla(n),z)

< Vdexp(—f(z)n' U, (15)

Since lim,, . g(a(n),x) = 0, we see fa\(/g) A, (r)dr = o(n”~ e ); hence we have the
first inequality of (10). In a similar way, we can prove the other inequality of (10).
If 6(n,x) = o((logn)~'), we have (11). ]

Remark 2.1 If 4 is an absolutely continuous distribution with respect to Lebesgue
measure on [0,1]% and if x is a interior point of [0, 1]%, we see jg(B,(z)) = f(x)cartT9re),
where cg (= 72 /T((d + 2)/2)) is the volume of the d-dimensional unit ball, f(z)

is the density, and g(r,z) = o((logr)™'). By applying Lemma 2.2 to pq(B,(z)), we
have (6).

Lemma 2.3 Let puy, be a distribution that satisfy Condition 1.
LT(L
Let C% = E(Ch(x)) = E(f(x)’ﬂ% < 00. We have

lim sup E(qn(x)nh”%"@)) <Ch < lim inf E(qn(x)nh*“%"v@ ). (16)

In particular if 6(n,z) = o((logn)™1), we have

[un

T, E(ga ()0t = L. (1)

Proof) First we show the lemma when C% < oo. Since C} = E(Cf(z)) < oo and

pn(H,) = 1, by Fatou lemma and (10), we have (16). If 6(n,z) = o((logn)™'), we
have (17).

Note that by Fatou lemma, lim inf,, E(qn(x)nm) > E(liminf, qn(m)nm)

holds without assuming that qn(x)nm is bounded by integrable function; hence

the lemma holds for C} = oco. ]



1

Remark 2.2 Ifh > 1, E(f(x)" %) always exists and have a finite value, because by
Jensen’s inequality we have E(( (w)) ) < BE(1/f(z))% = S dfin)% < co where
fi, is the finite measure defined by fin(B,(z)) = ri+ore),

In the following for simplicity, L denote L,,. Then it is known that

nE(gn-1(X)) < E(L(Xy,- -+, X)) <23 B(g:(X)). (18)
=1
For a proof, see [7, 8].
From (18) and Lemma 2.3, we have:

Theorem 2.1 Assume that C < oo and §(n) = o((logn)~t). Under Condition 1,
for1 <h

¢ < liminf B(L(Xy, -+, X,))/n' "% < limsup E(L(Xy, -+, X,.))/n' "% < ca, (19)

and for 0 < h <1, sup,, E(Xy, -, X,) < 0o, where ¢; and c3 are constants depen-
dent on h such that 0 < ¢ < ¢ < 0.

3 Concentration

Let F; be a g-algebra generated by Xy, --, X, for 1 <1¢ < n, and Fj be a trivial one.
Let f be a measurable function with respect to F,. Let d; = E(f|F;) — E(f|Fi-1).
We see f— E(f) = X0, d;, and {3%_, di}; is a martingale sequence with respect to
F;, 1 <i < mn. For arandom variable X, let esssupy f(X) = inf{a |P(f(X) > a) =
0}, and essinfy f(X) = sup{a |P(f(X) < a) = 0}. Let d; = esssupd; — essinf d;.
Then the following Azuma-Hoeffding inequality holds.

Theorem 3.1 (Azuma-Hoeffding[1, 4]) For anyt > 0,
P(|f = E(f)] 2 t) < 2exp(=26*/ S, &7).

For some applications of the theorem to combinatorics, see [6, 8] and for Markov
processes see [9]. In this section we apply Azuma-Hoeffding inequality to our model.
In Theorem 3.1, let f = L(Xy, -, X,,). In order to obtain d;, observe that [7, §]

L<X17."7Xiv".7Xn) S L(X1’7Xn> S L(le'”aXia"' X )+21<Il;lln;é |X’L_X]|7
1<n,j#i

where (Xl,---,Xi,---,Xn) is the random vector obtained by deleting X; from

(X1,---,X,). Thus we have

d; < 2esssupE( min | X; — X;| |F})

X1,.X; <j<n,j#
< 2esssupE(m1<n | X; — X;| |F3)
X1, <J=n
= 2ess S SUp E( r<nln | X; — X;| | X;) = 2ess Sup Gn—i(X5), (20)
l ¢ '7
where the first equality follows from that Xi,---, X, are i.i.d. random variables.

To prove the following theorem we need a condition.
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Condition 2 Assume that there exists a positive constant m such that inf,c gy, f(z) >
m > 0. Assume that lim,_, 6(n) = 0.

Lemma 3.1 Under Condition 1 and 2, there exists a constant M such that

sup  gn(x) < Mn~ o8 (21)
z€H (p1n)

Proof) Let A, (r) and a(n) be the same as in the proof of Lemma 2.2. From (13),
Condition 2, and Lemma 2.1, we have for sufficiently large n,

a(n) a(n)

[ Amar < [0 = gty ay
0 0

a(n)

/ (1 — mr o gy

0

< mnfm, (22)

IN

where m is a constant. Note that a(n) — 0 as n — oc.
From (15), we have

\/3 gla(n),x n
[ An(r)dr < Vdexp(—f(a(n), o' EF) < Viexp(—mn'~TH). - (23)

(n)

Since lim,, . 0(n) = 0 (Condition 2), from (22), (23), and (12), we have (21). m

Theorem 3.2 Under Condition 1, and 2, if 6(n) = o((logn)™'), there exist con-
stants My, My, and Ms such that

n Ml, Zf h < 2,
dodi < Mylogn, if h=2,
i=1 M=%, if h>2,

and for any t > 0,
nl1f = B 2 6) < 2exp(~26 ),

where f = L(Xq, -+, X,).
Proof) Since pp(H (pn)) = 1, by (20) and Lemma 3.1, we have
di < M(n —i)°h,

where M is a positive constant. Theorem 3.2 follows from Theorem 3.1. [



Theorem 3.3 Assume that §(n) = o((logn)™'). Under Condition 1, and 2, for
1<h,

o < limninfL(Xl, e ,Xn)/nl_% < limsup L(Xy, - -- ,Xn)/nl_% < o, pp — a.e.,(24)

where ¢; and co are constants that depend on h. For(0 < h < 1, we have L(Xy,--+, X,,) =

O(Wlogn), un — a.s.

Proof) By Borel-Cantelli’s lemma and Theorem 3.2, we have

|f — E(f)]

< 1, My — a.S.,
g(n

lim sup
where f = L(Xy,---,X,), and

O(vlogn), if h<2,

O(nz=ny/logn), if h>2.
By Theorem 2.1, we have the theorem. [ ]
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