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Abstract

It has been known that the graph isomorphism problem is polynomial-time many-one re-
ducible to the ring isomorphism problem. In fact, two different reductions have already
been proposed. For those reductions, rings of certain types have been used to represent
a given graph. In this paper, we give yet another reduction, which is based on a simpler
and more natural construction of a ring from a graph. By the existing reductions, one of
the original graph isomorphisms can be found in each ring isomorphism obtained for the
reduced ring isomorphism problem instance. On the other hand, in our new reduction, it
is not clear how to get a graph isomorphism between two graphs from an obtained ring
isomorphism between rings constructed from the graphs. However, we show that we can
compute a graph isomorphism from an obtained ring isomorphism in polynomial time. In
fact, one ring isomorphism may correspond to many graph isomorphisms in our reduction.
Our proof essentially shows a way to obtain all graph isomorphisms corresponding to one

ring isomorphism.

Introduction

A ring is an algebraic structure consisting of a set together with addition (+) and multiplication ( -

and it plays an important role in mathematics, especially in algebra and number theory.

Rings are also important in computer science, since many problems in computer science can be

regarded as problems of rings. For example, the deterministic primality test proposed by Agrawal et al.
[1] can be seen as checking some automorphisms of a ring Z,[X]/(X" —1). Similarly, the integer factor-

ization problem is reducible to problems related to rings, such as counting isomorphisms or computing

an isomorphism between certain rings [2].

It has also been known that the graph isomorphism problem is polynomial-time many-one reducible

to the ring isomorphism problem. In fact, two different reductions have already been proposed [2, 3]. In

this paper, we give yet another reduction, which is simpler and more natural than previous reductions.
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The organization of this paper is as follows. We start with the definitions of ring isomorphism
problem and graph isomorphism problem in section 2. In Section 3, we overview the existing reductions
from the graph isomorphism problem to the ring isomorphism problem. In Section 4, we propose a new
and simple way of constructing a ring from a graph, and prove that our new way of construction can be
used for the reduction. In Section 5, we discuss how to compute an original graph isomorphism from a
ring isomorphism between rings constructed by our new reduction. The last section concludes the paper

and lists some open problems.

2 Preliminaries

In this section, we give the definitions of ring isomorphism problem and graph isomorphism problem.
A ring is a set R equipped with two binary operations, addition(+) and multiplication( - ), which
satisfy following conditions:

e R is an abelian group under addition with identity element 0;
¢ R is a monoid under multiplication with identity element 1;

e Multiplication distributes over addition.

For two rings R; and Ry, a bijection ¢: R; — R is called a ring isomorphism if and only if it satisfies
these two conditions below:

o for all a,b € Ry, ¢(a) + ¢(b) = ¢(a + b);
o for all a,b € Ry, ¢(a) - ¢(b) = ¢(a-b).

We say the two rings are isomorphic if and only if there exists a ring isomorphism between two rings.
The ring isomorphism problem is to decide whether two given rings are isomorphic. The corresponding

language can be defined as:
RING ISOMORPHISM = {(R4,Rs) | Rings Ry and Ry are isomorphic}.

To represent rings, we use basis representation of rings described in [2].

A graph G of n vertices is a pair (V, E), where V = {1,...,n} is a set of vertices and E is a set of
edges, which are pairs of vertices. In this paper, we focus on simple graphs, that is, edges are undirected
and neither parallel edges nor loops are allowed. A cliqgue C of a graph G = (V, E) is a subset of the
vertex set V', such that for every pair of vertices in C, there exists an edge connecting them. A clique
C is called a mazimal clique if and only if C' is not a proper subset of any larger clique.

For two graphs G1 = (V1, E1) and Gy = (Va, Es), a bijection 7: Vi — V5 is called a graph isomor-
phism if and only if {(7(u),7(v)) | (u,v) € E1} = E5. We say that the two graphs are isomorphic if
and only if there exists a graph isomorphism between two graphs. The graph isomorphism problem is

to decide whether two graphs are isomorphic. The corresponding language can be defined as:

GRAPH ISOMORPHISM = {(G1,G3) | Graphs G; and G5 are isomorphic}.

3 Known Reductions

To reduce from the graph isomorphism problem to ring isomorphism problem, we use rings of certain

types to represent the structure of given graphs.



Kayal et al. [2] proposed the following construction of a ring from a graph.

s Construction 1 ([2]) ~

Given a simple graph G = (V, E) with n vertices, define the following ring R:
RG = Zp3 [‘/17 ceey Vn, 14(172)7 e >A(n71,n)]/Ia

where p is an odd prime number and the ideal I has the following relations:
° foralllgign,‘/f:O;
o forall 1 <i<j<n,ViV;=V;Vi=A4;);
e foralll<i<mnande,e €{(k)|1<k<i<n}, AV;=A;V.=0,4. A, =0;
e for all e € E | the order of A, is p;
e for all e ¢ E , the order of A, is p?.

N J

In this construction of a ring, the variables Vi,...,V,, represent vertices and A 2),..., A(n—1n)

represent pairs of vertices. The structure of edges is embedded in a ring by setting orders of variables
differently according to whether the corresponding pair has an edge or not.

Suppose we are given two graphs G and Ga, and let R, and R, be the rings constructed from G,
and G using construction 1, respectively. Kayal et al. [2] proved that two graphs G, G5 are isomorphic
if and only if R, and Rg, are isomorphic. This shows that the graph isomorphism problem can be
reduced to the ring isomorphism problem.

Their proof is based on a observation that one can compute a graph isomorphism from a ring
isomorphism between R, and Re,. Suppose that Rg, and Rg, are isomorphic and we are given an
isomorphism ¢: Rg, — Rg,. Let

(Vi) =i+ Y BiVint D> vigkAl-

1<j<n 1<j<k<n

Here, we use variables V{,..., V., A21,2)’ ceey A’(nfl)n) for Rg, instead of Vi,..., Vi, A(1,2), -+, A(n—1,n)-
It can be proved that exactly one of §; 1,..., 3, is a unit of Zys. Let m be the mapping satisfying the
following condition:
(i) =j & B;; is a unit.
Then, it can be proved that 7 is indeed an isomorphism from G to Gs.
Agrawal et al. [3] proposed another construction of a ring as stated below. Here, (S) denotes the

ideal generated by S.

- Construction 2 ([3]) ~N

Given a simple graph G = (V, E) with n vertices, define the following ring R¢:

Rg :ZFq[Xl,...,Xn]/<{pG(X1,~«~,Xn)}U U {XE}U U {XlXJXk}»a

1<i<n 1<i,j,k<n

where F, is a finite field of odd characteristic and pg € Fy[Xq,...,X,] is a polynomial defined as
follows:
pa(Xi,. . Xn) = > XX
(i,j)eE

N J




In this construction, the variables X1,..., X,, represent vertices, and the products of two variables
X1Xo, ... , X,,-1X,, represent pairs of vertices. To embed the structure of edges of a graph, a ring
satisfies the condition that the sum of all X;X; that correspond to the edges is zero in a ring.

Suppose we are given two graphs G and Gy of n vertices, and let Rg, and Rg, be the rings
constructed from G; and G2 using construction 2. Then, Agrawal et al. [3] proved that two graphs Gy,
G are isomorphic if and only if either R, and R, are isomorphic or Gy = G = K, U Dy, for some
k (here, K, _ is the complete graph of n — k vertices and Dy, is a collection of k isolated vertices).

They proved that by showing every ring isomorphism from Rg, to Rg, contains a graph iso-
morphism from G; to Ga. Suppose Rg, and Rg, are isomorphic and we are given an isomorphism
¢: Rg, — Rg,, and let

H(X;) = i + Z Bi;Yj + Z Yij kY5 Y-

1<j<n 1<j<k<n
Here, we use Y71,...,Y, for Rg, instead of Xy,...,X,. Then, it can be shown that exactly one of
Bi1,--.,Bn is nonzero. Let m be the mapping satisfying the following condition:

m(i) = j© Bij #0.

Then, it can be proved that 7 is an isomorphism from G; to Gs.

4 New Reduction

Construction 1 has a relatively complex structure. Construction 2 is simple but has some special case
(namely, when a graph can be written as a union of a complete graph and isolated vertices), and the
condition that “the sum of all edges is zero” is some what unnatural.

Hence, we propose the following “simpler” and “more natural” construction of a ring.

s Construction 3 B
Given a simple graph G = (V, E) with n vertices, define the following ring Re¢:

Rg :=F,[X1,..., X,]/( U {X;X;}U U {X2}u U {X: X; X)),
(i.J)€E 1<i<n 1<i,j,k<n

where F, is a finite field with odd characteristic.

y

This construction of a ring from a graph is very similar to construction 2, but the condition is

changed from “the sum of all edges is zero” to “every edge is zero.” In this way, the structure of a ring
is much simpler than construction 1, and the way of embedding the information of edges is more natural
than construction 2.

However, it is not clear whether this construction can be used for the reduction. To see this,
suppose we get an isomorphism ¢: Rg, — Rg,, where Rg, and Rg, are the rings constructed from
Gy = (V4, Ey) and Gy = (Vi, Es) using construction 3, and let

X)) =o(Xi) =i+ > Bii¥Vi+ D ijkYiYe

1<j<n (4,k) ¢ Eo

Then, there may be more than one of 3; 1,...,3; , which are nonzero, and every nonzero f3; ; is a unit.
Therefore, we cannot get a graph isomorphism from a ring isomorphism using the same way as we did
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in construction 1 or 2. Hence, there might be some cases in which rings are isomorphic even if graphs
are not isomorphic.

Nevertheless, we prove the following.

Theorem 4.1. Let Gy = (V1, E1),Gs = (Va, E2) be simple graphs and Rg,, Rg, be the rings con-
structed from G; and G2 using construction 3. Then, G; and G4 are isomorphic if and only if Rg, and

R, are isomorphic.

Proof For simplicity of notation, we will use Ry and R instead of Rg, and Rg,, respectively.

If G; and G5 are isomorphic, any graph isomorphism between graphs induces a natural isomorphism
between R; and Rs. So we only have to prove the other direction.

Suppose that there is an isomorphism ¢ from R; to Ryo. We will prove that Gy and G5 are indeed
isomorphic.

First of all, we can assume that the number of vertices of G; and that of G2 are equal, since the
rings cannot be isomorphic if two graphs have different numbers of vertices. Let n be the number of
vertices of G1 and G. We will use X1q,...,X,, for the variables of Ry and Y7,...,Y,, for those of Ry

instead, so that we can distinguish an element of R; from an element of Ry easily.
Remark 4.2. Note that ¢ satisfies the following conditions from the definition of isomorphism.

o {#(1),{d(Xi)}1<i<cn, {0(XiX;)}i,j)¢E, } forms a basis of Ry, and hence they are linearly inde-
pendent.

o $(X;)p(X;) = ¢(X;X;) holds for all 1 <i,5 <n

Claim 4.3. ¢: R; — R satisfies the following conditions:

o(1) =1,
d(Xi) = Z Bi;Y; + Z Vi, kY;Yr forall 1 <i<n,
1<j<n (k) EE2
WX X;) = > GijkaViVi for all (,j) ¢ Ej.
(k)& B2
Proof
Let

H(X;) = i + Z Bi;Yj + Z Vij kY5 Yk

1<j<n (4,k)¢ E2
Since X2 = 0 in the ring Ry,

0= ¢(X?) = ¢(X;)* = a? + (higher degree terms).

This gives a; = 0. Therefore, ¢(X;) can be written as
(Xi) = Z Bi;Y; + Z Yirj kY5 Y-
1<j<n (4:k)¢ B2
For all (i,7) ¢ Ei1, ¢(X:X;) = ¢(X;)¢(X;) holds and neither ¢(X;) nor ¢(X;) has a constant term.

Hence, ¢(X;X;) has quadratic terms only and can be written as

HX:X;) = > GijrkiViVi
(k,1)¢ E2



Corollary 4.4. ¢~': Ry — R, satisfies the following conditions:

¢ 1(1):
() = Z'BHXJF Z ’Y”kXXk forall 1 <i<mn,
lsjsn (7.k) ¢ B
o7 (YY) = Z 0751 X X for all (¢,7) ¢ Es.
(k)¢ Er

O
Claim 4.5. For all (¢,j) ¢ E», Y;Y; can be written as a linear combination of {¢(XxX;) | (k,1) ¢ E1}.

Proof From Corollary 4.4, ¢~1(Y;Y;) can be written as

oY) = > 6k Xe X
(k)¢ E1

By mapping both sides by ¢, we get

>0 Xk X)),

(k7l)¢E1

Now, we define a new mapping ¢’ : Ry — Ry as follows:

¢'(1) =1,
Z Bi;Y; forall 1 <i<n,
1<j<n
¢'(XiX;) Z OijkaYeYr forall (4,7) & .
(k,1)¢ Eo

The mappings ¢’ and ¢ are almost the same, but ¢'(X;)’s are a little bit different from ¢(X;)’s since
quadratic terms are removed from ¢(X;).

Claim 4.6. ¢’ is also an isomorphism from R; to Rs.

Proof It suffices to show that ¢’ satisfies the conditions described in Remark 4.2.

First, we will check if {¢'(1), {¢'(Xi)}1<i<n, {9"(XiX})}ij)¢r, } are linearly independent. Notice
that ¢'(1) and ¢'(X;X;)’s are equal to ¢(1) and ¢(X;X;)’s, and ¢'(X;)’s are “changed” from ¢(X;)’s by
removing quadratic terms. From Claim 4.5, ¥}, Y;’s can be written as a linear combination of {¢(X,;X;)},
so the difference between ¢'(X;) and ¢(X;) is a linear combination of {¢(X;X;)}. Therefore, they are
still linearly independent.

Second, ¢'(X;)¢'(X;) = ¢'(X;X;) holds since

¢(XiX;) = 0(XiX;) = d(X)o(X5) = D Y BinBiaVeVi = ¢/ (Xi)¢' (X;).

1<k<n 1<Ii<n

Therefore, ¢’ is indeed an isomorphism. O



Remark 4.7. Note that ¢'~': Ry — R, satisfies the following conditions:

O

YY) = Z B8l X; for all 1 <4 <n,
1<j<n

o YY) = > 6 XeX,  for all (i) ¢ .
(kD) Er

O

From here, we assume that ¢(X;)’s have no quadratic term, since, even if ¢(X;)’s have quadratic
terms, we can construct a new isomorphism (namely, ¢') by removing quadratic terms from ¢(X;).
We define a mapping fy4: 2V1 - 2V2 55

fo(8):={j | i€SB,;#0}
A mapping fy-1 : 2V2 — 2V1 is defined similarly:
(8= 1j | i€ S8, 0}

Claim 4.8. Let C' C V4 be a clique in G1. Then, f,(C) is a clique in Go. Similarly, let C’ C V5 be a
clique in G. Then, f,-1(C”) is a clique in G;.

Proof We will prove the former statement. The latter one can be proved similarly.
It suffices to show that (i,j) € Ey (ie. Y;Y; =0) for any 4,5 € ¢(C) , i # j. There are two cases to
consider.

1. There exists k € C such that 8;; # 0 and B ; # 0.
2. There exists no such k € C.

In case 1, ¢(X7?) can be written as:
®(X7?) = 2By.i0k,;YiY; + (other terms).

Since ¢(X7?) = 0 and 20,0, is nonzero by the choice of k, ¥;Y; must be zero.
In case 2, we can choose k,l € C such that §i; # 0 and §; ; # 0. Then, ¢(X;X;) can be written as:

(X Xi) = Bk,if1,;Y:Y; + (other terms).

Since C'is a clique, ¢(X1X;) = 0. By the choice of k and [, (i (k,; is nonzero. This gives Y;Y; =0. O

Claim 4.9. For all S C V; and S’ C Vs,
IS] < [f6(9)],

19'] < [f-1(S)]-

Proof We will prove the former one. Each of {¢(X;) | i € S} is a linear combination of {Y; | j € ¢(S5)},
and they are linearly independent. Therefore, |¢(S)| must be at least |S]|. O



Claim 4.10. For all S C V4 and S’ C V5,
fo-1(£5(5))) 2 5,
fo(fs-1(8)) 2 5"

Proof We will prove the former one. For ¢ € S, let

X)) = Y BirYe
kefs(S)
By mapping both sides by ¢,
X = Z Bikd™ " (Ya).
ke fy(S)
Hence, there exists k € f,(S) such that (3 ; is nonzero (that is, X; appears in ¢~*(Y3)). This shows
i€ fyi(fa(5). .

Corollary 4.11. Let C be a maximal clique in G1, and C’ be a maximal clique in Gs. Then,
fo-1(16(C))) = C,

fo(for(C"))) = C".
Proof Immediate from Claim 4.8 and Claim 4.9. O

Claim 4.12. Let C' be a maximal clique in G. Then, f4(C) is a maximal clique in G and |C| = | f4(C)|
holds. Similarly, Let C’ be a maximal clique in G2. Then, fs-:(C’) is a maximal clique in G and
|C'| = | fy-1(C)] holds.

Proof We will prove the former statement Let C* be a clique in Gy which contains f(C). We are
going to show that |C| = |f,(C)| and | f,(C)| = |C*|.

Since C' is a maximal clique, f4-1(fs(C))) = C holds from Corollary 4.11. By the choice of C*,
fo-1(C*) 2 fo-1(f4(C)) = C holds. This means f,-1(C*) is a clique which contains C. Since C is
maximal, fy-1(C*) must be equal to C.

On the other hand, from Claim 4.9, we get

Cl < 1fo(C) < 1C7] < | fo-1(CT)-

Since we already know that fy-1(C*) = C, the equalities hold throughout the inequalities above. This
gives |C] = [f4(C)| and |f4(C)| = |C~]. O

Claim 4.13. Let M be the set of maximal cliques of G, and M’ be the set of maximal cliques of Gs.
The mapping
M= M:Cw f4(0)

yields one-to-one correspondence between M and M’.

Proof The mapping is injective since f;(C) is a maximal clique in G from Claim 4.12. It is also
surjective because, for any ¢’ € M, f;-1(C") is a maximal clique in G and f4(fs-1(C")) = C" from
Corollary 4.11. O

From the claim above, Gy and G5 have the same number of maximal cliques. Let [ be the number of
maximal cliques in G1 and Ga. Let C1, Cy,Cs, ..., C; be maximal cliques in Gy, and C{,C%,C5, ..., C)
be maximal cliques in G5. Here, we assume that f4(C;) = C/ holds for all 7.
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Claim 4.14. Forall 1l <m <nand 1 <j; <--- < j,, <n, the following equality holds:

m m

Jal=1Ud,
=1

i=1
Proof From Claim 4.12, the statement holds when m = 1.

Let us consider the case when m = 2. Since ¢(X;) , ¢ € Cj, UC}, , are linearly independent,
|Cj, UC,| < |C5, UC,|
Applying the above argument to the other direction, we also get
|Cj, UCy,| > |C, U Ty,
Combining these two inequalities, we get
|C;, UC),| = |C]’~1 UCJ’»2|.

We can prove the statement similarly when m > 2. O

The above claim shows that the structure of maximal cliques of G; and that of G5 is exactly the
same. Therefore, G; and G5 are isomorphic. Thus, we finish the whole proof of Theorem 4.1. O

5 Computing a Graph Isomorphism from a Ring Isomorphism

In this section, we discuss how to compute a graph isomorphism from a ring isomorphism between rings
constructed from graphs using our new reduction.

As discussed above, in known reductions, one of the original graph isomorphisms can be found easily
in each ring isomorphism obtained for the reduced ring isomorphism problem instance. On the other
hand, it is not clear how to get a graph isomorphism from a ring isomorphism in our reduction.

However, we can show a way to obtain one as stated below.

Theorem 5.1. Let G; = (V1, E1), Go = (Va, E») be simple graphs and Rg,, Rg, be rings constructed
from G and G2 using construction 3. Given an isomorphism ¢ : Rg, — Rg,, we can compute a graph

isomorphism from G; to G35 in polynomial time.

Proof Throughout the proof, we use the same notation as in the proof of Theorem 4.1.
We define Pg and Qg for S C {1,...,1} as follows.

Ps = {NcIn{NT}.
i€S ¢S
Qs = [)Cu
i€s

We define Pg and Qs similarly. For example, when | = 4, Py 4y = C} NCyNC3NCy and Q,4y = C1NCy.
We can see that the following equality holds from the definition:

Qs = U Ps.

TS
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The similar equality between P and QY also holds. Now, G; and G2 are isomorphic since R; and Rs
are isomorphic. Thus, the following equalities hold for every S C {1,...,1}:

| Ps| | Pgl,
Rsl = Q%!

Claim 5.2. A bijection 7: V3 — V5 is a graph isomorphism if it satisfies the condition below:
i € Ps = 7(i) € P§.

Proof We will prove that for any i € Ps and j € Pr, (7(i),n(j)) € Es if and only if (i,7) € Es.
Suppose that (i,7) € Ey. Then, SNT is not empty, since there is at least one maximal clique in G4
that contains both ¢ and j. From the condition, 7(¢) € P§ and n(j) € P hold. Thus, there is at least
one maximal clique in Gy that contains both 7 (i) and w(j). Therefore, (7 (i), 7(j)) € Es.
On the other hand, suppose that (i,5) ¢ E;. Then, S NT must be empty. Hence, there is no
maximal clique in Gy that contains both 7 (i) € P& and n(j) € Py.. This means (7(i),7(j)) ¢ Fo. O

Claim 5.3. For any S C {1,...,l} and ¢ € Pg, fs({i}) C Q%.

Proof Forallk € S, fy({i}) C f4(Ck) = C}, holds since {i} C Cj. Therefore, we get

fs{i}) € () Cr = Q.

keS

O

Claim 5.4. Given ¢: Ry — Ry, let m: V7 — V5 be a bijection such that 7(i) € fg({i}) holds for all
i € V1. Then, 7 is a graph isomorphism between G; and Gs.

Proof From Claim 5.2, it suffices to show that (i) € P§ for all S C {1,...l} and i € Ps. We
will prove it by induction on S. Note that from the condition and Claim 5.3, 7(i) € Q% holds since

(i) € fo({i}) C Qs
When S = {1,...,1}, the statement clearly holds since 7 (i) € Qs = Ps.
Assume that the above statement holds for all T 2 S. For all ¢ € Pg,

m(i) € Qs = |J Pr-

DS

This means that bijection m maps ¢ to a vertex in P such that 7' D S. From the induction hypothesis,
for all ' 2 S, all vertices in Pr are already mapped to vertices in Pj.. Combining the condition that
|Pr| = |Pr| and that 7 is a bijection, ¢ cannot be mapped to vertices in PJ. such that T' D S. Thus, ¢
must be mapped to vertices in P¢, so m(i) € P holds. This completes the induction. O

The problem of finding a bijection m : Vi — V5 such that «(i) € fs({¢}) for all i € V; can be
regarded as a problem of finding a perfect matching of the bipartite graph G’ defined below:

& = (V,E),
Vo= ViUV,

B = A{G) 15 € fo(ih}
10



Claim 5.4 shows that any perfect matching of G’ forms a graph isomorphism. It is well-known that
a maximum matching in a bipartite graph can be found in polynomial time [4]. From Claim 4.9,
IS] < |fs(S)| holds for all S C V;. Combining Hall’s theorem [5], we can see that there is at least one
perfect matching in G'.
Therefore, we can compute a graph isomorphism 7 : V3 — V5 from a ring isomorphism ¢ : R; — Ra
in polynomial time.
O

Remark 5.5. In the existing reductions, one ring isomorphism corresponds to one graph isomorphism.
On the other hand, the proof of Theorem 5.1 essentially shows that one ring isomorphism in our reduction
may correspond to many graph isomorphisms, since there may be more than one solutions for perfect
matching of G, and each matching corresponds to a different graph isomorphism.

6 Conclusion and Open Problems

In this paper, we proposed a new reduction from the graph isomorphism problems to the ring isomor-
phism problem, which is based on a simpler and more natural construction of a ring from a graph than
the existing reductions. We also show that one ring isomorphism in our reduction may correspond to
many graph isomorphisms, and we can compute one in polynomial time.

We pose a few open problems which we expect answers.

e Can we reduce the ring isomorphism problem to the graph isomorphism problem, or the hyper-

graph isomorphism problem?

e Is there a polynomial-time quantum algorithm for the ring isomorphism problem? Using specific
structure of rings, we might be able to solve it efficiently using quantum computers.
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