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The First Eigenvalue of (c, d)-Regular Graph

Kotaro Nakagawa and Hiroki Yamaguchi

Abstract

We show a phase transition of the first eigenvalue of random (c, d)-regular graphs, whose in-
stance of them consists of one vertex with degree ¢ and the other vertices with degree d for ¢ > d.
We investigate a reduction from the first eigenvalue analysis of a general (c, d)-regular graph to
that of a tree, and prove that, for any fixed ¢ and d, and for a graph G chosen from the set of all
(c, d)-regular graphs with n vertices uniformly at random, the first eigenvalue of G is approximately
max {d, ¢/ Ve = d + 1} with high probability.

1 Introduction

Spectral analysis of graphs plays key roles in various fields of mathematical sciences, such as infor-
mation science, combinatorics, statistics, physics, economics and sociology [2, 7, 5, 3, 9]. This is
in general to analyze eigenvalues and eigenvectors of matrices related to graphs expressing certain
relations; in particular, the first (largest) eigenvalue and its corresponding eigenvector are important
for understanding the typical structure of graphs. In many contexts, it has been important to analyze
random symmetric matrices defined as adjacency matrices of random graphs.

Motivated by such needs, the first eigenvalue of random symmetric matrices has been studied in
depth; (see e.g. [S] and references herein); however, the analysis is still not sufficient, in particular, for
sparse random matrices that are important for constructing approximate solutions of various combina-
torial problems [9]. One of the important questions is to understand the influence of the fluctuation
of degrees. For example, one may naturally expect that the first eigenvalue (and its corresponding
eigenvector) would be affected if there are some vertices with large degree; but how much is it af-
fected? Understanding such influence would reveal the meaning of “hub node” in a network in various
situations.

As a first step for understanding this question, Kabashima and Takahashi proposed [6] to study
a random graph ensemble that typically generates, e.g., almost d-regular graph with one exception
vertex that has much larger degree ¢, and among several results, they heuristically and asymptotically
analyzed the influence of the large degree vertex to the first eigenvalue of the adjacency matrices of
such random graphs. The purpose of this paper is to give a rigorous analysis to what they derived by
the statistical mechanical method.

Now we state our results precisely. Throughout this paper, we identify a graph and its adjacency
matrix. For a graph G, the notation G is also used to denote G’s adjacency matrix; thus, we denote
by 4;(G) the first eigenvalue of the adjacency matrix of graph G. For two graphs G and G’, we
consider them equivalent iff they have the same adjacency matrices under a fixed indexing of vertices.
We consider in this paper random (c, d)-graphs G defined below and analyze the eigenvalue of their
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Figure 1: Asymptotic behavior of 1;(G) for a fixed d.

adjacency matrices G. For any ¢ > d, a graph is called (c, d)-regular graph if it consists of one vertex
with degree ¢ and the other vertices with degree d. We use G, .4 to denote the set of all simple (c, d)-
regular graphs with n vertices. Note that G, . 4, may be empty for some combinations of ¢, d, and n; but
in this paper, we consider only the case where G, . 4 is not empty.

It is clear that the first eigenvector of any d-regular graph is 1 = (1, 1, ..., 1)T and the first eigenvalue
is d. Now how much is it affected with one vertex with larger degree ¢? By the statistical mechanical
method, Kabashima and Takahashi [6] heuristically showed that

26 {d c } d if c¢c<dd-1), n
1 ~rmaxid, ———— ¢ = ]
Ve—-d+1 \/:W if ¢>dd-1).

holds for a typical graph G € G, .4 (see Fig. 1). In this paper, we give both lower and upper bounds on
A1(G) that asymptotically match to (1) for a random graph G uniformly chosen from G, .4 withn > 1
and ¢ > d > 3 (if such a graph exists).

Here is the outline of our analysis. We first show lower and upper bounds of G € G, .4 Where it
contains a (c, d, k)-complete tree, a tree defined as a rooted tree which consists of the root with degree
c and nodes with degree d and leaves with degree 1, and all leaves have depth k (defined in Definition
2.1).

Theorem 1.1. For any fixed ¢ and d, if a graph G € G4 contains a (c,d, k)-complete tree as a
subgraph and k — oo when n — oo, then we have
max {d,

} < 1,(G) < max {d, ;} +o(1).

c—d+1

c
Ve—d+1

This theorem states that the upper bound tends to the lower bound, which is the same as (1), as a
sequence of (c,d)-regular graphs with n vertices contains a sequence of (c, d, k)-complete tree with
increasing k.

Next, we show that, for fixed ¢ and d, a sequence of (c, d)-regular graphs G chosen from G, . 4 uni-
formly at random contains a sequence of (c, d, k)-complete trees with increasing k with high probability.
This together with Theorem 1.1 proves our main result stated as follows.



Theorem 1.2. For any fixed c and d, and for a graph G chosen from G, . 4 uniformly at random,

max {d, ;} < 41(G) £ max {d,

c—d+1

c
R — 1
Vc—d+1}+0( )

holds with probability greater than 1 — o(1),

This paper is organized as follows. In Section 2, we define some notations and technical terms,
including “regularized (c, d, k)-complete tree”, the main technical tool of our analysis. In Section 3, we
analyze an asymptotic value of the first eigenvalue of the regularized (c, d, k)-complete tree. In Section
4, we relate the first eigenvalue of a general (c, d)-regular graph to that of the regularized (c, d, k)-
complete tree. In Section 5, we show that a sequence of random (c, d)-regular graphs with n vertices
contains a sequence of (c, d, k)-complete trees with increasing k with high probability. The final section
is devoted to summaries of this paper and additional researches. In this paper, we explain some details
of derivations in Appendix.

2 Preliminaries

For an integer n > 1, we use the notation [n] := {1,2,...,n}, and the notations of vectors 0 :=
0,0,... ,0)T and1:=(1,1,..., 1)T for any dimension.

For a vector v, let v, denote the x-th element of v, and ||v|| denote the Euclid norm of v. For a matrix
A, let A, denote the (x, y)-element of A, and for a symmetric matrix A, let A;(A) denote the i-th largest
eigenvalue of A. Note that all matrices we consider in this paper are symmetric.

For a graph G, we use V(G) and E(G) to denote respectively the set of vertices and that of edges of
G. For a graph which contains self-loops, we consider that contribution of one self-loop to the degree
of each vertex is one. A graph G is called simple if G has neither self-loop nor multiple edge. Recall
that we identify a graph and its adjacency matrix.

Let G4 denote the set of all simple (c, d)-regular graphs with n vertices as we introduced above,
we use _Qvn,c,d to denote the set of all (c, d)-regular graphs with n vertices which may not be simple. For
a graph én,c,d, we denote V(G) by {v, v, ...,0,} where v; is the vertex with degree c and v, . . ., v, are
vertices with degree d.

We define the depth of a vertex on G € én,c,d as follows:

Definition 2.1. For a vertex v € V(G), the depth of v, denoted by dp(v), is defined by the minimum path
length from v to v.

In particular, the depth in T takes values from O to k, the root has depth 0, nodes have depth 1 to k — 1,
and leaves have depth k. Note that the number of vertices in depth 4 is c(d’)"'.

For fixed ¢ and d, we use T} to denote the (c,d, k)-complete tree, and d’ := d — 1 to denote the
number of children of nodes of the T7.

We define a certain modification of a (c, d, k)-complete tree that is used in our analysis.

Definition 2.2. The regularized (c, d, k)-complete tree is a (c, d)-regular graph constructed by adding
d’ self-loops to all leaves of (¢, d, k)-complete tree.



Figure 2: (c, d, k)-complete tree Ty and regularized (c, d, k)-complete tree Ty for ¢ = 4,d = 3,k = 2.

For fixed ¢ and d, we use T} to denote the regularized (c, d, k)-complete tree and we use the notation
Ar(k) = /ll(f"k). We also use terms “root”, “node” and “leaf” for T} as well as Ty; the root of T is the
vertex with degree c, a leaf of T} is a vertex whose depth is k, and nodes are other vertices of T;. The
adjacency matrix Ty is written as follows; (Tk)u,, =d’ if vis aleaf, and (f"k)vv/ = (Tt),w otherwise.

In this article, vertices of Ty as indices for vectors and matrices are arranged in increasing order of
their depths, from the root to leaves.

For G € G, (.4, we define two numbers 6(G) and A(G); 6(G) is the maximum number of k such that
G contains a (¢, d, k)-complete tree, and A(G) := max,cy () dp(v).

In this paper, we use the big-O notation and the small-o notation (with respect to n) as follows: for
non-negative functions f(n) and g(n) which are defined for infinite non-negative numbers,

f(n) <0(gm) © In>0;Iv>0;Yn > v; f(n) < ng(n),
f(m) <o(gn) & Vn>0;Av > 0;Vn = v; f(n) < ng(n).

We always consider that ¢ and d used for degrees are constant.

3 Spectral analysis of (c, d, k)-regular tree T,

In this section, we prove our lower and upper bounds of At(k) for any fixed ¢ and d. Throughout this
section, big-O and small-o notation is used with respect to k. We state the main result of this section:

Theorem 3.1. For any fixed c and d, we have

max {d, } < At(k) < max {d, } + o(1).

c c
Ve—-d+1 Ve—-d+1
To avoid complicated notation, we use notations T := Ty and Ay := Ap(k). Let f be the eigenvector
of T corresponding to Ar.
We use the following special structure of f, this property is called as f is spherically symmetric
(around vy );



Lemma 3.2. For any pair v,v’ € V(T') where dp(v) = dp(t”), we have f, = f.

See the survey [4] for detail.

For all h, 0 < h < k, we define fj, := f, for any v € V(T such that dp(v) = h. This notation is
well-defined according to the above lemma. Then f is described by k + 1 numbers fy, fi,..., fy. Fora
vertex v in depth £, the element of T at v is written by

cfi for k=0,
(Tfo=2foor +d forr1  for 1<h<k-1, 2)
fk—l + d'fk for h=k.

Note that the vector 7' f is also spherically symmetric. Then, the equation At f = T f are written by the
following recursion:

At fo = ch, (3)
A1fn = fu1 +d fur for 1<h<k-1, )
Arfi = fim1 +d fi. &)

If we set f; to any positive number, then all f; for 0 < & < k — 1 are determined by (4) and (5) and
fi > O0forall 0 < h < k— 1. By Perron’s Theorem, this implies that f is the unique eigenvector
corresponding to At.

3.1 Lower bound of At
We prove our lower bound of At:

Lemma 3.3.

A > max {d, CC_ d’} ) (6)

Proof. Since all sums of rows are not less than d, we have At > d. Thus, we show At > ¢/ Vc — d’ for
¢ > dd’ below. Recall that f is the eigenvector of T} corresponding to A. We set f; := 1, then f is
determined by the recursion (4) and (5). By standard calculation, we have an explicit formula for f} as

_ gLl ghrhel . BEh gk h

7
i o o (M
where a + 8 = At and of3 = d’ (see Appendix A.5.1). We assume @ < 3, then we have
At — 22— 4d At + A~ 4d’
= ———"—— and gB= — ®)

Since At > d > 3 implies At —4d’ > 1, it is easy to see that 0 < @ < 1 and 8 > d’, hence the
denominator of (7) can not be 0 for d > 3 (see Appendix A.5.2). Let o, = Xy jop a'f’; then we have
o =pop-1 + o Using this, (7) can be written as

fi = Borepn1 + " —d oy 9)



(See Appendix A.5.3). Substituting this to (3) and by Soj—1 = o, — ", we have
Ar(B—=d +vyp) =c(1 —a+y)

where vy, = a"/oy,_1. Hence

c(l —a+y)
= — (10)
TR —a+ /)
(see Appendix A.5.4) then, we have
¢ ¢ Yk
Csarsc(1 ) 11
gst=g * T4 (11)

Now by substituting (8) to (11), we restate the above lower bound as

Bt Ap(J2 —4d = 2¢ > 0.

Let ¢(A1) denote the LHS formula of this inequality. Note that the function ¢(x) is increasing for
x > 2Vd’, hence (&) = 0 for some & > 2 Vd’ implies At > &. Under the assumption ¢ > dd’ > 2d’,
we have

C _ C — N2 ’
¢(W)_ — (Vle-2a)? - c +2d)
=% (e=2d-(c-2d")) =0,
c—d

and 2Vd' < ¢/ Ve —d’ (see Appendix A.5.5). Thus, we have At > ¢/ Ve — d’, which is our desired
bound. m]

3.2 Upper bound of At

First, we prove our upper bound of At in the case ¢ > dd’ by modifying the proof of the above lower
bound.

Lemma 3.4. Forc > dd + 1, we have

c—d

At < \/c_ (1+0(@)™)). (12)

Proof. We analyze the upper bound of the upper side of inequalities (11). For this, we give a more
precise upper bound of 1/(1 — @), that is

L . 2(d’)>. (13)

We derive this bound in Appendix.
Substituting (13) to (11) and by y; < /8! < 1/(d’)*"!, we have

2
/lng{l +2(d’)27k}§§{1 +W}' (14)



Letp = 1 +2/(d’)*=3, this inequality is restated as

A2+ Ay A3 — dd’ = 2cp < 0. (15)

(See Appendix A.5.6). using (8). Let y(A1) be the LHS formula of this inequality. Note that the
function y(x) is increasing for x > 2 Vd’. Hence y/(£) = 0 for some & > 2 Vd’ implies A < &.

We determine & > 2+Vd’ such that ¢(¢) = 0. By reforming the equation, we have a necessary
condition of ¢ as

(€ -20p) = (- 4d). (16)
(See Appendix A.5.7). By calculation, we have
2 2.2
QVIY < —— <& <L (17)
c—d c—d
(see Appendix A.5.8), hence
cp ¢ =k
At < < 1+0((d)
o=z S ve=g U role@)
O

Next, we prove an upper bound in the case ¢ < dd’, that is done by a different way to the previous
proof.

Lemma 3.5. For ¢ <dd’, we have
Ar<d+0(@)") if c<dd -1, (18)

Ar<d+0(@)"?) if c=dd. (19)

To prove this, we introduce another matrix B and its characteristic polynomial ®(x). Let B be a
(k + 1)-dimensional matrix, defined by B = (B; j)f.‘j:O such that

By = Bjp = Vo, (20)
Bijs1 = Bii = Va' for 1<i<k-1, 1)
By =d', (22)

Bij=0 otherwise. (23)

Note that B is a symmetric and tridiagonal matrix.
We first show that 7" and B have the same first eigenvalue. See Appendix for the proof.

Lemma 3.6. 1;(B) = At.

Let ®(x) = det(x] — B) be the characteristic polynomial of B. It is known that the characteristic
polynomial of a tridiagonal matrix is determined by a 3-term recursion, which is derived by recursive
row expansion of determinant. That is

O(x) = xDy(x) — cDy—1(x) (24)



where the sequence of polynomials @ (x) is defined by

Op(x) = 1, (25)
O(x)=x-d, (26)
Op(x) = xOpp_1 (x) — d' Dp_r(x) for 2<h<k (27)

(see Appendix A.5.9).
As shown below, the eigenvalue of B that is greater than d is only the first one A; that is, others are
smaller than d, which is stated as follows. See Appendix for the proof.

Lemma 3.7. 4,(B) <d.
Corollary 3.8. For any & > 2Vd' such that ®(&) > 0, we have At < &.

Proof. Leté > 2 Vd’ be a number that satisfies ®(¢) > 0. By the recursion of @, we have ©,(d) = 1
forall 0 < h <k, and ®(d) = d — ¢ < 0. Hence there exists a root xy of ®(x) on the interval d < x < &.
Lemma 3.7 implies that xq is exactly Ar. |

Proof of Lemma 3.5. We show a small number > 0 such that ®(d + ) > 0. This implies that
d<Ar <d+n.
Letay, = ©p(d+n) for 1 < h <k, then ®(d +n) = (d + n)ay — cax—1. Now we determine explicit

formulas of ag, ay, ..., a; by the following recursion:
ap=1,
a; =1+n,

ap = (d+nap- —d'aps.
By similar calculation to derive (7), we have an explicit formula for a;, as

NS N
ap=(+n) V—Z — uv V—Z (28)

where yu + v =d +nand uv = d’ (see Appendix A.5.10) . We assume that u < v, then we have

d+n—-~d+n?-4d d+n+ \d+n)?-4d
u= 5 and v= .

2

Again, it is easy to see that 0 < ¢ < 1 and v > d’, hence the denominator (28) can not be 0. Let
Th = Yisjon #'v/; then we have 7, = vty + . Using this, (28) can be written as
ap=(1+n =+ (29)

(See Appendix A.5.11).
Then, we can rewrite ®(d + 1) as

dd’" - cu
d/

<D(d+n)=(1+n—u)( +n)7k-1—(c—d—n)uk- (30)



See Appendix for this technical calculation. Since u < 1 and 74_; > V™! > (¢&')* ' and dd’ — ¢ > 0, we

have
’

d/
Now we prove (18) by (31). Suppose ¢ < dd’, we have

O +1) > n(d <4 n) @) = (c—d-nu. (31)

O(d + 1) = n(dd" - )(d' Y2 = (c —d - k.

Hence, if we set

c—d

= @7y <01

n

we have O(d + 1) > 0. Thus, by Corollary 3.8, (18) follows.
Next, we prove (19). Suppose ¢ = dd’, (31) can be written as

O(d +n) = 7@ = (c — d - pu*.

Hence, if we set

V1 +4(c-d)@)k!
- z(d/)k—l

<0 ((d/)—k/Z)

we have O(d + i) > 0. Thus, by Corollary 3.8, (19) follows. |

4 Reduction from graph to tree

We introduce a way to relate the above spectral analysis of trees to that of general (c, d)-regular graphs.
For any graph G € G, .4, we relate 11(G) to Ar(k). More specifically, we show the following lemma;

Lemma 4.1. For any G € G, .4, we have
Ar(A(G)) < 41(G) < A1(6(G)). (32)

Combining this lemma with Lemma 3.3, 3.4 and 3.5, we have our main technical result, Theorem
1.1.
We prove the lower and upper bounds of Lemma 4.1.

Proof of Lemma 4.1 (Lower bound). We use the notation A := A(G) and At := At(A) in this proof. Let
f be the eigenvector of T corresponding to Ar. For 0 < h < A, f, := f,forv € V(Ty) such that
dp(v) = h.

We can see {f;} is non-increasing sequence, i.e. fa < fa—1 < --- < fy by the following induction

fac1 = Arfa—d fa = fa

o1 = Anfn—d fio1 2 dfy — d frn
=fi—d(fu—fix1) (I<h<A-1)



For all 1,0 < h < A, define L, C V(G) by
Ly ={v e V(G) | dp(v) = h}.

Note Ly = {v1} and Lp # 0. By the definition of dp and L;, every v € Ly has edges only to vertices in
Ly ULy VU Ly,q; thus every Ly, for 0 < h < A, is not empty.
Let g be a |V(G)|-dimensional vector, indexed by vertices in V(G), defined by g, := f, forv € L;,. We
show below that g Gg > Atllg||?, which is sufficient for the lemma because A;(G) = max,,_() v Go/|lv|?.
Consider any vertex v of G, and let 4 be the index such that v € L. At first, consider the case that
h is neither O nor A. Then v has edges to vertices in L,_; U L, U L4 and v is connected at least one
vertex in Lj_;, hence we have

Gg=d-(p+q@)  frr1+q-fn+p- fni

for some p > 1 and ¢ > 0. Since {f;} is non-increasing sequence, we have

Ggy=d—-(Pp+qQ) - fos1+q-fu+ P foa
> d fi1 + fo-1 = Avfin = A19,.

Similar arguments hold for the case # = 0 or & = A. Thus, we have (Gg), > Arg, for all vertices v.
Hence,

9"Gg= ) g,Ggrzar ) g?=ilgl’,
veV(G) veV(G)

which is our desired bound. m]

Proof of Lemma 4.1 (Upper bound). Let k = 6(G), T be the (c, d, k)-complete tree contained in G, and
T be the tree constructed as T} from T} on the same vertex set V(T). We define a graph H as follows;
(1) V(H) := V(G), (2) the set of vertices V(T') on H has same connection to that of 7, (3) all other
vertices are isolated and have d self-loops. The adjacency matrix of H is written as H,y = T, for
v, € V(T) and Hy, = d forv € V(H)\V(T) and H,, = 0 otherwise. Since each of V(T') and {v} for
v € V(H)\V(T) forms a connected component on H, we have A;(H) = max{Ar(k),d} = Ap(k).

We introduce a kind of edge-elimination transform &, for v,v” € V(G) to construct H from G. We
show below that &,y does not decrease the first eigenvalue of a graph. &,y is defined as this: remove
the edge (v,v") and add a self-loop for each of v and v (see Fig. 2.) Note that each transform &,, for
(v,v") € V(G) x V(G) is commutative. Let L C V(T) be the set of all leaves of 7. We obtain H by
applying &,y for allv € L and v’ € V(G)\V(T), and for all v,v" € V(G)\V(T).

We show that the transform &, does not decrease the first eigenvalue of a graph. Let G| be any
graph, which may have self-loops and multiple-edges, and G, = &,,(G). In respect to adjacency
matrix, the transform G; — G, is described as addition G; — Gy + D,y where D,, is a matrix
defined by D,, = Dyy = 1, D,y = Dy, = —1 and other elements are 0. It is easy to see that D,, has
eigenvalues A1(D,y) = 2 and A;(D,y) = 0 for i > 2; hence D, is positive semi-definite. This implies
A1(G1) £ 41(Gy). Therefore, we have 4;(G) < A;(H) = A1(k) ]

10
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Figure 3: &,y

See the text for definition and meaning of symbols.
Outline:
Generate a wiring W uniformly at random from ‘W, . 4 and output g(W).

Generation of Wiring:
Fix a rule function r : P — [2m] such that r(P) ¢ U(P) for all P € P.

1. P() = 0.
2. For t := 1 ~ m, do the following:
(@) a:=r(Pi-1);

(b) choose b € [2m] \ (U(P;-1) U {a}) uniformly at random:;
(¢) P;:= Py Ula, b;
3. Output wiring Pp,.
Rule Function:
r(P) := min R(P)

Figure 4: Graph generation method

5 Tree depth of random (c, d)-regular graphs

Finally, in this section, we give our spectral analysis of a random (c, d)-regular graph, thereby showing
our main theorem, Theorem 1.2 . For this, it suffices to show that a random graph in G, .4 contains
a tree with sufficient large depth w.h.p. Here we first specify a method of generating a graph in G, 4
uniformly at random, and analyze the tree depth of generated graphs.

5.1 Random graph generation method

First, we explain a method to generate a random graph in G, .4 for given n, ¢ and d. This method
generates a simple graph uniformly, and this fact will be proved in the following. Figure 4 shows its
outline.

We introduce some notions and notations that are used in this section. We fix n, ¢ and d, then the
number of edges of any G € G, .4 is also fixed to m = (c + (n — 1)d)/2. Let V; be the set {1, ..., c} and
foreachi € {2,...,n},let V;bethe set {c +d(i—-2)+1,...,c +d(i — 1)}. We identify each set V; as
vertex v; of the generated graph. Note that | J}_, Vi| = 2m. For any a € [2m], we use {(a) to denote the
index of V; to which it belongs; that is, a € V(4 and ¢(a) = max{0, [(a — ¢)/d]} + 1.

11



A wiring W is a set of unordered pairs such that

G W={w|w=1{a,b}, a,b € [2m]}, and
(i1) each i € [2m] appears exactly once over all w € W

Let ‘W, .4 be the set of all wirings. A subset P of some wiring W € ‘W, .4 is called a partial wiring,
and let  be the set of all partial wirings. For P € P, let U(P) denote the set defined by U(P) = | ep .
Note that U(W) = [2m] for any wiring W € W, . 4 Intuitively, each (partial) wiring defines a graph as
illustrated in Figure 5. Precisely, we use a function g that maps a partial wiring P to some subgraph
of én,c,d. Let g denote the function defined by g(P) = A (recalling that we identify a graph and its
adjacency matrix), where

Ajj = I{{a, b} € P | {{(a), L(b)} = {i, j}}I.

Below, we sometimes treat V; as a vertex v;; and use, e.g., dp(V;).

Vi V2 V3 V4 V5 V6 VT
[ I I I I I I ]
AR REL ERHER RENEEDBLE

vd vH

An example of partial wiring. Here P = {{1, 8},{2, 12}, {6,14},{9, 16}, {10, 15}} is illustrated, where
one example pair {6, 14} is focused by a heavy line.

Figure 5: A partial wiring and the corresponding graph

We generate a wiring by adding wires incrementally. At each step r > 1, we add one wire to so
far constructed partial wiring P;_;. For this, in our method, we use some rule function r to pick one
element a € [2m] that has not been used by P,_; that is, r(P,—1) € [2m] \ U(P;—1). Then choose b
randomly from remaining elements, i.e., b € [2m] \ (U(P;-1) U {a}).

For our analysis, we need a generation method that is easy to calculate the depth of the regularized
(c,d)-complete tree in g(W), and for this, we would like to generate a partial wiring as a tree grows
from v;. Our rule function r is defined for this motivation. For any P € %, let R(P) be the set of all
v € [2m] \ U(P) such that dp(V¢y)) < dp(Ve) for any u € [2m] \ U(P). Then we define the rule
function r as r(P) = min R(P) (see Fig. 6 for an example).

We now show that the method of Figure 4 generates simple graph uniformly. This fact is immediate
from the following two lemmas.

Lemma 5.1. “Generation of Wiring” in Figure 4 generates wiring uniformly.

12



Vi V2 V3 V4 V5 V6 VI
[ I [ I I I I ]
I A NABNEOEERLNEEEDEE!

dp= 0 //f\ R(P) = {6,11, 14}
o | ! r(P)=6

°
v
An example of the rule function. Here R(P) = {6, 11, 14}, and the rule function chooses smallest
oneie. 6

Figure 6: Example of rule function r

Proof. To prove this lemma, we show that the probability of generating W is the same for all W ¢
Wicd-

For any fixed W € ‘W, . 4, we discuss the probability that our method generates Py, P, ..., P, such
that P,, = W. Note that this event holds iff P, C W for all ¢ € [m].

Note first that Pr[Py € W] = 1 since Py = (. Consider any ¢ > 0, and we analyze Pr[P;,; C W | P, C
W]. Thus, suppose that P, € W. Let {a, b} be a wiring added to P; to have P;;; = P, U {a, b}. Recall
that the method determines a by a = r(P;). Then b should be uniquely determined in order to have
{a,b} € W (and hence P,.; C W), because every element of [2m] appears exactly once in W. Thus, the
probability that P,,; C W is that of the event that this particular b is chosen from 2m — 2¢ — 1 elements;
hence, Pr[P;y CW | P, C W] =1/2m—-2t-1).

Thus it follows that the probability that W is chosen by the generation method of wiring is

—_

3

1
2t -1

m
Pr[P.i CW|P;CW]= ]_[
t=1

Il
(=]

t

Clearly, this probability is the same for all W € W, . 4. m]

Lemma 5.2. Any simple graph corresponds to the same number of wirings. More precisely, for any
simple graph G € G 4, there are

]_[ IVal! = el(@)"!

keln]
wirings mapped identically to G by function g.
Proof. Consider any graph fixed, and enumerate all of its edges in the lexicographic order ey, e, . . . , €.
We count inductively the number of wiring corresponding to this sequence of edges. Consider any

s > 0 where the correspondence has been fixed for ey, ..., ey; let eg.; = {v;,v;}. Then, there are
V|- IVJ’.I wirings {a, b} such that a € V] and b € VJ’.. where V! (resp. VJ’.) is the set of element of V;
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(resp. V;) that are not used by ey, ..., e,. From this observation, it is easy to see that the number of
wiring corresponds to ey, ..., e, is [T, [Vil! = (ehHdH . m]

Corollary 5.3. For every simple graph G € G, 4, the probability that the generation method of Figure
4 outputs G is the same.

5.2 Tree depth analysis

We show that a random graph generated as Figure 4 contains a (c, d, k)-complete tree with some in-
creasing function k w.r.t. n with probability 1 — o(1). For this, we first consider a graph g(W) € én,c,d
for a random wiring generated by our method and analyze the probability that it contains a (c, d, k)-
complete tree. Let PT(G) and SG(G) denote respectively the event that G contains (c, d, k)-complete
tree and the event that G is a simple graph.

Lemma 5.4. Define k by k = |log, n'/* —log, ¢ + 1]. For any n, and ¢ > d, let W denote a random
wiring uniformly chosen from W, . 4. Then we have

Pry[PT(g(W))] = 1 —o(D).

Proof. Let W be a random wiring uniformly chosen from ‘W, . ;. From Lemma 5.1, we may assume
that W is generated by the method of Figure 4. Thus, consider the process of generating W, and let
Py, Py, ... Py, (= W) be the partial wirings generated at each iteration.

Let my = ZI}{,:() c(d")"! be the number of edges of (c, d, k)-complete tree, and m’ := 2[n'/47, then we
have my, < m’ by our choice of k. Then, from the choice of our rule function, we can see that if g(P,,)
is a tree, then it should contain a (c, d, k)-complete tree. Therefore, for the lemma, it suffices to show
that g(P,y) is a tree.

For any ¢t € [m], we analyze the probability that g(P;) has no cycle, where by “cycle” we allow it
is formed by self-loops or multiple edges. Note that the connectivity of g(P;) is guaranteed by our
choice of r provided g(P;) has no cycle. Now we assume that g(P,_;) has no cycle and estimate the
probability that no cycle is formed by P, := P,_; U {a, b} at the ¢-th iteration. Recall that a is fixed as
r(P;-1) and the choice of b determines whether a cycle is formed. It is easy to see that cycle is formed
if and only if V) N (U(P;-1) U {a}) # 0, and that there are at most ¢ + d’(t — 1) ways to choose b such
that Ve N (U(P;-1) U {a}) # 0 holds. Hence, we have

Pr[ a cycle is formed by adding #-th edge ]
c+d'(t-1) c+d(t-1)

T 2m-2t—-1 c+dn-1)-2t-1
c+d(@-1)+Q2t+1)

Tc+dn-1)-2t-1+Q2t+1)

< c+dit—1)+rt+1 < dit+c/d)+t+1
c+din-1) - din+c/d)

- d(t+c/d) + dt _ 2t+c/d.

T dn+c/d) n+c/d

using the relation that x/y < (x + z)/(y + z) forany y > x > 0 and z > 0.
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Thus,
Prw[PT(g(W))] = Pr[ g(P,y) is a tree ]
i 2t +c/d 2’ +c/d\"
= 1:1[(1_ n+c/d)2(1_ n+c/d )
_ m’ 2m’ + c/d)
n+c/d

>1
By substituting m’ = 2[n!'/4], the last term is O (1/ \/ﬁ), hence we have Pryy[PT(g(W))] > 1 — o(1) as
desired. O

Now, we consider the case that a simple graph generated uniformly. Here we use G and W to
denote a random (c, d)-regular simple graph and a random wiring under the corresponding uniform
distributions. To be specific, by, e.g. “Prg[event]” we mean the probability that the event holds when a
graph G is chosen from G, . 4 uniformly at random.

Lemma 5.5. Define k by k = |log, n'/* —log, ¢ + 1|. For any n, and ¢ > d, let G denote a random
simple graph in G, . 4 generated uniformly at random. Then we have

Prg[PT(G)] = 1 — o(1).
Proof. We assume that there exists a positive number €; such that
Prg[PT(G)] £ 1 — ¢,

for infinitely many n (where G, .4 # 0), say {n;};, and derive a contradiction.

We first show that Priy[SG(g(W))] > e, for some constant €;. The result of Bender and Canfield (see
remarks on page 297 of [1]) is used here. Among other results, they show that the number of simple
graphs in G, . 4; more specifically, as a special case of their analysis, we can show that the number
of simple (c, d)-regular graphs with n vertices (which is denoted as G(J — I, (c,d,...,d), 1) by their
notation) is

(Zm)! _bZ_h
) e . W + 0(1), (33)
where
b cc=1D+m-1dd-1)
2(c+ (n—1d)
-1 - -1
Y cc—d) <S40,
2 cd-1)+(m—-1dd-1) 2
Then, since each simple graph with degree sequence (c,d, . . .,d) corresponds to c!(d!)*~! wirings (see

Lemma 5.2), the number of wirings W such that g(W) becomes a simple graph is

(33) x @) ! = %e-bz—b +o(1)xcl(d)". (34)
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On the other hand, the total number of wirings is

H(zj)/m': 2mn;:1!’

j=1

which is larger than c!(d!)*~!.
Hence, we have
2"m!

Prw[SG(g(W))] = e 727D 4 o(1) x cl(d!)"! -
(2m)!

_1)2 _
= exp{—(d 41) - d2 ! —0(1)}+0(1).

Therefore, there exists an positive constant & such that Pryy[SG(g(W))] > 6.
Then we have

Pry [=PT(g(W))]

Pryy [-PT(g(W)) A SG(g(W))]

Pry [=PT(g(W)) | SG(g(W))] X Prw[SG(g(W))]
Prg[-PT(G)] X & > € 6&.

\%

\%

That is, with at least some constant probability, g(W) does not contain (c, d, k)-complete tree for all n
of the infinite sequence {n;};. This contradicts to Lemma 5.4. ]

6 Concluding Remarks

We prove that, for any fixed ¢ and d, and for a graph G chosen from the set of all (c, d)-regular graphs
with n vertices uniformly at random, the first eigenvalue of G, denoted by A;(G), is approximately
max {d, c/Ve—d+1 } with high probability. To prove this, we introduce and analyze the first eigen-
value of the regularized (c, d, k)-complete tree, denoted by Ar(k), and relate 1{(G) to Ar(k), and show
that, for fixed ¢ and d, a sequence of (c, d)-regular graphs G chosen from G, .4 uniformly at random
contains a sequence of (c, d, k)-complete trees with increasing k with high probability. More precisely,
the bounds of Ar(k) is divided into the following three cases,

() d < Ar() < d+0((@)*) ifc<dd -1,
(i) d < Ar(k) <d + 0((4’)—%) if ¢ = dd',
(iif) < Ap(k) < —= (1+0(W@)*)) ife=dd +1.

c—d c—d

Thus, our main results Theorem 1.1 and 1.2 can be stated more precisely by considering these three
cases.
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Appendix Technical analysis

Here we give some technical analysis omitted in the main text.

A.1 The calculation to derive (13)

Since ¢ > dd’ + 1, we have At > —‘g;l = and since At > d, @ = d’/B and B is increasing with respect
")+
dd’'+1

to A, a is decreasing with respect to At. Hence, by substituting At = W’ we have
")+

1] dd'+1 (dd’ +1)2
<oV T \wesl M
2| @y +1 @y +1
_ 1) dd+1  |dd +1)? = 4d'((d')* + 1)
2| Jar+1 ) +1
1
= ————ldd' + 1 - \(dd'? +2dd’' + 1 — 4(d')} - 4d’
2+ d)? + 1 { }
1
= ————{dd' + 1 - (dd' -2d" + 1)?} (35)
2\ @) +1
1
= ————(dd' + 1 -|dd’ - 2d' + 1)
2@ +1
1
= (dd' + 1 —dd’ +2d - 1) (36)
2@ +1

a \/ @r _ [,_ 1
Jar+1 N@?r+i - (d)?
cfio oy Ly
B @y 4(@)?? 2(d’)?

where (35) follows by the equality:

(dd' -2d' +1)°
= (dd')? - 2d(d')* + dd’
—2d(d'? +4d')* = 2d' +dd' —2d + 1
= (dd')? —4d(d')* + A(d')? +2dd" - 4d’ + 1
= (dd')? —4d')’ +2dd’ —4d’ +1,

and (36) follows by dd’ —2d’ + 1 > 0 for d > 3. Therefore, we have ﬁ <2(d")>.
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A.2 The proof of Lemma 3.6

Proof of Lemma 3.6. Recall that the matrix B is the symmetric and tridiagonal matrix as

0 e
ve 0 Na 0
V&' 0

B: .
0] 0 Va
V&' d |

We define a transformation C. Let g be a |V(T")|-dimensional vector which is spherically symmetric
as fand for0 < h < k, let g, = g, for any v € V(T such that dp(v) = h. Let C be a transform that
maps the spherically symmetric vector g to the (k + 1)-dimensional vector g’ = (g, 9} - - - » g;) defined
by g, =goand g, = g \e(d)h=1 for 1 < h < k. Note that C is invertible and isometric, i.e. ||g|| = |lg’]|.

To prove the equality of this lemma, we use the fact

fTf
At = ——. 37
ETTTE G7
By (2), we have
R k—1
SIS = folef) + D e@Y ™ flfat +d fust) + €@V filfior +d' fo)
h=1
k—1
=2 ) @) fufurr + cd) f2. (38)
h=0

Let f' = C(f), we can rewrite (38) as
k-1
2NEf i +2Nd Y fr i +d () = (F)BS,
h=1

hence At = fTTf/IFIP = (FYTBF /IfIIP.
The last term must achieve the maximum value of the Reighley quotient (g’) Bg’/|lg’||> where g’ # 0,

and the maximum value is exactly 4;(B). If not, then g := C(g’) satisfies the inequality

T4 T+

f1f _ 979

AR llgl*

which contradicts to (37). Therefore, At = 1;(B). m]

T

A.3 The proof of Lemma 3.7

We use Sturm’s Theorem to count the number of roots of the characteristic polynomial @ on an interval
[d, b] for an arbitrary large b. (See [8] for detail of this method.)
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Definition A.1. Let [a, b] be any closed interval on the line of real numbers, a sequence of polynomials
P = Po, P1,--.,p1 is called a Sturm sequence iff all of the following condition hold: (1) p;(x) # 0 for
all x € [a,b), 2)forall1 <i<Il—-1andall ¢ € [a,bl, pi(¢) = 0implies pi—1(€)pi+1(€) <0, (3) for all
¢ € la,b], po(€) = 0 implies py(&)p1(£) > 0.

For a Sturm sequence {p;}, let N(¢) denote the number of sign changes (zeros are not counted) over
the sequence {p;(£)}.

Proposition A.2 (Sturm). For a polynomial p, if a sequence of polynomials p = po, p1, .. ., pi forms a
Sturm sequence on |a, b] and neither a nor b is a multiple root of p, then the number of distinct roots
of pis N(a) — N(b).

We use the fact that for the tridiagonal matrix B, the sequence of polynomials @, @y, Oy_y,...,Dg
forms Sturm sequence on any interval where @ is the characteristic polynomial of B and @, for 0 <
h < k are defined by (25)-(27).

Proof of Lemma 3.7. For sufficiently large by, we have N(b) = 0 for any b > by since the coefficients
of the highest degree terms of ® and @, for 1 < h < k are positive and ®y(x) = 1. The other side, we
have N(d) = 1 since ®;(d) = 1 forall 0 < h < k and O(d) = d — ¢ < 0. Therefore, there exists exactly
one root of ®(x) not less than d by Sturm’s theorem. This implies 4;(B) < d. O

A.4 The calculation to derive (30)

O(d +n) = (d+m {1+ -y +4 = {0+ n—wrn + 4}

k T ! k-1
=@+ m{(d+n-pwre + ) -c <1+n—m(7—7)+u } (39)
k—1
= an=wf@m = Shrey s @t + (=% - gt
k k
= an-pfdrm - Bhacr+ @t + Aen-p%- - (40)
dd’ - -1
=(1+77—ﬂ)( d,cﬂ+n)m-1—{%—(d+n)}ﬂk
dd —
=(1+n—u)( d,c“+n)rk_1—<c—d—n>uk (41)

(39) is derived by vrp_p = T)—1 —,uh‘1 ,and (40) and (41) are derived by uv =d’ andu+v=d’ + 1 +n.

A.5 Detail explanation for some technical points

Below we give detail explanations for technical points that we omitted due to space limit.
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A.5.1 derivation of (7)

By equation (4),
Arfu = fuo1 +d fin
(@+B)fn = fo-1 +aBfrr1
St —afn = B — afns1)
fiv=afy = B(fier —afi)

- substituting A7 = @ + fand d’ = af

By equation (5), fi—1 = A7 — d’ where we choose f; = 1. Therefore,

1 —afi

Similarly, we have

Jn-1 =B

By subtract (43) from (42), we have

(ﬁ _ a)fh — ﬂk—h+1 _ d/(ﬂk—h) _ ak_h+1 + d/(ak—h)

Bk—]‘H—] _ ak—h+] _ d/(IBk—h

A.5.2 justification fora < 1 and 8 > d’

We prove 8 > d’, and since d’ = a3, this clearly shows @ < 1. By definition of §3,

1 1
Bz s+ N +1P-dd)=s(d+d ~1)=d.

Hence 8 > d'.

A.5.3 derivation of (9)

By definition of o, we have (ﬁh —ah) (B8 — @) = op,—1. Using this, (7) can be written as

B Ar - d - )
BB - d).

My —d - )

&M - d).

4
fn=0k—p —d Op-p-1.

Since o, = Bop—1 + o, we have

k—h
o =Bokp1 + " —d oy

21
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A.5.4 derivation of (10)
Substituting (9) to (3), we have
ArBoiet + & = d'oy1) = c(Bokon + @ = d o).

We divide this equation by o1, then we have

k doin + k _ k
il 2] < i =)
Ok-1 Ok-1

afop_o + of — of
= c|l-
Ok-1

_ C(l_a/(,&fk_2+a/k_l)+ ak )

Ok-1 Ok-1
Since oy—1 = Bok-n + o1, we have
k k-1 k
a a(Boi_y + @) a
oo ) < it
Ok—1 Boio+ @ Ok-1

k
= c(l—a/+a/—).
Ok-1

ArB-d +y) = c(l-a+y)

Therefore,

Ar c(l —a+yy)
B —a+%)
A.5.5 justification of ¢/ Ve —d’ > 2Vd'
Since ¢ > dd’, we have
c S dd’
Ve-d ~ Ndd -d
o dd
\/d/Z

d=d +1=Nd?*+2d +1.
Since &’ > 2, we have Vd’2 + 2d’ + 1 > V4d’' = 2Vd’, and hence ¢/ Ve — d’ > 2Vd'.

A.5.6 derivation of (15)
Letp =1+2/Vd’*=3,(14) is restated as,

BAr < cp.
By definition of S,

24 Ay 22— 4

2

IA

cp
~20p + A%+ Ay AJ 3 — 4d’

22

o
\



A.5.7 derivation of (16)

The necessary condition of /(£) = 0 is

_§2+§-‘\/§m _ 0
2

cp _
2ep = E+ENEE-4d

2ep—£" = ENE -4

(E-20p) = £&-4d).

A.5.8 derivation of (17)

& —2cp) = EE-4d)
& —dcpe? + 4P = & -4d'E

(o-d)¢ = &p°
& = ?p?
co—-d
Since p > 1,
22
2. P
<
&< c—d
A.5.9 derivation of (24)
We denote matrices By, . .., By iteratively as follows.
By = (d)
0 Va
B, =
Va' d
0 V& 0 -~ 0
VT
- 0
B = . B
0

Using this, by definition of the matrix B, B can be written as

Ve 0 -~ 0

0
\e
=10

B—. By
0
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First, we show that ®;(x) = det(x/ — B;). Since ®(x) = det(x] — B;), we need to prove that for all A,
2>h>k,
det(xI — By,) = xdet(xI — Bj_1) — d’ det(xI — Bj_)

is holds. We prove this by cofactor expansion.

X _\/E 0O --- 0
NT
det(x/ — By) = 0 xI — By
0
~Nd' -~Nd& 0 ... 0
= xdet(x] — Bj_1) — (— Va’ det xI — By )
0

= xdet(x] — By_1) — d’ det(xI — Bj,_»).
This implies ®;(x) = det(x/ — B;). Similerly, we can derive that
O(x) = det(x] — B) = xdet(x] — By) — cdet(x] — By_1),
and since ®;(x) = det(x/ — B;), we have
DO(x) = xDPp(x) — cDp_1(x).

A.5.10 derivation of (28)

substituting ¢ and v to (d + n)ap—1 — d’aj—», we have

ap+1 —pap = v(ap — pap-1)
= V(a1 - pay)
= Y +n-w.
Similarly,
aps1 —vap = @1+ - v).
Therefore,
v-way = VU +n-p-p"(1+n-v)

(L + " =@/ = (1 + " + v
(1 + Ot — @y — ! + v
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A.5.11 derivation of (29)
By standard calculation, we have,
v-wa, = +p0/" =" =+l
L+ 0" ="y =+ gy + = !
A+ ="y = p = "y + v = ). (44)

By definition of 7, we have - ,uh) /(v — @) = t5—1. Using this, (44) can be written as
an = (1 +m)They — prpg + 1

Therefore,
ap = (1+10 -y + "
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