ISSN 1342-2812

Research Reports on
Mathematical and
Computing Sciences

A proof of the completeness theorem for the modal
logic with transitive closure of accessibility relation
Ryo Kashima
December 2009, C-266

Department of
Mathematical and
Computing Sciences
Tokyo Institute of Technology

ssres C: COMPUier Science




A proof of the completeness theorem for the modal
logic with transitive closure of accessibility relation

Ryo Kashima*
December 2009

Abstract

We give a new proof of the completeness theorem for the smallest normal modal propositional
logic K with the additional modal operator representing transitive closure of accessibility relation.

1 Introduction

In Kripke models, the modal operator [ is interpreted as
wkEOp <<= k¢ for any  such that wRx

where w and z are possible worlds and R is the accessibility relation. Then we introduce a new modal
operator T by

wkEO% <= 2| ¢ for any z such that wR*x
where R is the transitive closure of R. Intuitively 07y means the infinite conjunction as follows:
Ofp < OpAOdpeAO0OpA---.

This paper treats the smallest normal modal propositional logic with the operators (0 and (I as above.
This logic will be called Ko+ .

The relationship between [J and 0% in Kog+ is equal to that between the operators E (“everyone
knows”) and C' (“common knowledge”) in the common knowledge logic, since

Cp < EpNEEQANFEEEpAN---.

Moreover the relationship is similar to that between the operators X (“next time”) and G (“globally”)
in the temporal logic, since

Gp < OAXpAXXpA---.

There are axiom systems for the common knowledge logic and the temporal logic, and the completeness
(i.e., a formula is provable in the system if it is true in every model) have been proved by using cananical
models and filtrations (see, e.g., [1] and [2]). Of course the argument can be applied to Koo+ — an
axiom system of Ko+ is defined similarly to the common knowledge logic or the temporal logic, and the
completeness can be shown by using canonical models and filtrations.

The purpose of this paper is to give an alternative proof for the completeness of Kom+. We use a
variant of semantic tableaux.

In general, completeness of a logic is shown by constructing a counter-model for a given unprovable
formula. In the canonical model methood, we first construct a big model (canonical model, which is an
infinite model), then we process it by certain methods (e.g., filtrations), and finally we get a counter-
model. In our method, on the other hand, we first make a small model (consisting of one world), then
we add worlds step by step, and finally we get a counter-model. A point is that no infinite models occur
in our method.

This method can be applied to the common knowledge logic and the temporal logic. We hope this
will shed a new light on the study of these logics.
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2 Formulas, models, and axomatizations

Formulas of Kgg+ are constructed from the following symbols:
e Propositional variables. (The set of propositional variables is called Prop.)
e Logical connectives A and —.
e Modal operators (0 and (™.

We will use letters p,q,... to denote propositional variables, and letters a,(3,...¢,1,... to denote

formulas. Other connectives (—, V) and constants (L, T) are defined by the usual abbreviations:

eV = () A), o — 1 = = (A1), L = pA—p,and T = =(pA—p). Parentheses are omitted by the

convention that =, [J and (O bind more stronger than other connectives, A and V bind more stronger than

—,and that oy — as = -+ = a, = a1 — (ag — (- = (@p—1 — @) --)). For example, the axiom

scheme (A2) below is (O(a — B)) — ((Oa) — 0B), and —a A B — O™y V= ((—a) AB) — ((O%) V).
A Kripke model for Koo+ is a triple (W, R, V) as follows.

e W is a nonempty set. (The set of possible worlds.)
e R is a binary relation on W. (The accessibility relation.)
e V is a function from W x Prop to {T,F}.
The transitive closure of R is denoted by R™; that is, z Ry holds if and only if
r=aqgRa1R- - Ra, =y

for some ag, a,...,a, (n>1). Let M = (W, R, V) be a Kripke model. The notion “a formula ¢ is true
at a world w in M” | written by “M,w | ¢”, is defined by inducion on ¢ as follows.

e MfwEp <— V(wp=T.

MwlEaNf < MwkEaand M,wEpS.

e MwkE-a <<= Muwla

e MwEOa <= M,z «for any z such that wRz.
e M,wEUO'a <= M,z «afor any z such that wR'x.

We say that a formula ¢ is valid if and only if M,z |= ¢ for any Kripke model M and any world x in M.
A proof system of Kpp+ is as follows (cf. the axiomatization of linear temporal logic in [2, §9]). The

axiom schemes are

(Al) instances of classical tautologies,

(A2) O(a — 8) = Oa — 0O (‘K axiom’ for O),

(A3) O — B) —» Ota — O3 (‘K axiom’ for OF),

(A4) Ofa — O (‘4 axiom’ for O7),

(A5) Ofa — Oa, and

(A6) Oa A O« — Oa) — O%a (‘induction axiom’)

and the inference rules are

a—f

(R1) g

(modus ponens), and

(R2) DL"F (generalization for D+).
o

Another aximatization is there (cf. the axiomatization of common knowledge logic in [1, §3.3]): The
axiom schemes are (A1), (A2), and



(A7) Ota — Oa A OO,
and the inference rules are (R1) and

(R3) Dia (generalization for O), and

a— OB A )

induction rule).
RY) a0 | )
Theorem 1 These two systems are equivalent.

Proof We show the following.
(#) The latter scheme (A7) and the rules (R3, R4) are provable and derivable in the formaer system.

(%) The former schemes (A3,A4,A5,A6) and the rule (R2) are provable and derivable in the latter
system.

(Proof sketch of #): (A7) and (R3) are easily shown by using (A4), (A5), (R2) and others. (R4) is
shown as follows. First we have

a— O@FAN) = fha— OBA) S Of(BAra—0O(BA)) = a— Of(BAa—DO(BAq)). (2.1)
On the other hand, an instance of (A6) is
OB A) AOT(BAa—OBAQ)) —O(BA). (2.2)

Then

a— 0@ Aa) @Ded Of(BAa) = a— 0O

(Proof sketch of &): (A3) is inferred by (R4) from O« — 8) AU — OB A O« — 8) AO%),
which is implied by (A2), (A7) and others. (A4) is inferred by (R4) from O — O(O%a A O%a), which
is implied by (A7) and others. (A5) is easy. (A6) is shown as follows. By (A2), we have

Oa A (e — Oa) — O0a. (2.3)
An instance of (A7) is

O (a — Oa) — O(a — Oa) A0O(a — Oa). (2.4)
Then (2.3) and (2.4) imply

Oa A O« — Oa) — O0a, (2.5)
and (2.4), (2.5) and others imply

Oa A O a — Oa) — O(a AOa A O« — Oa)), (2.6)
which induces (A6) using (R4). (R2) is shown as follows.

a = arT B QaarT) = T-0@AT) & 7 0% — Ot

QED

By “ ¢”, we mean “p is provable in (any one of) the above systems”. The purpose of this paper is
to show

(F ) < (pis valid).

The soundness (=) is easily shown: all the axioms are valid, and all the inference rules preserve the
validity of formulas. The rest of this paper will be devoted to proving the completeness (<).



3 Special formulas

In this section, we show provability of certain formulas which will be used in the next section.

Two formulas « and (3 are said to be provably equivalent when F (o — )N (B — «). U ' =
{Y1:Y2y---+Yn} is a finite set of formulas, then “ ( I' )= ¢” means “F (yy A2 A+ A7y,) — 7. Note
that we do not mind permutations or duplications in (71, ..., 7,) because, for example, ((71AY2)Ay3) — ¢
and ((y2 A1) A (v3 A1) — ¢ are provably equivalent.

Lemma 2 (1) If - ( p1,02,...,0n )=, then F { ¢1Vp,0aVp,...,0nVp )= YVp.
(2) I (prspa, oo )= 0, then = (p—p1,p= 02,0, p= o )= p—).
(8) If E { 01,02, ., pn Y=, then F ( Op1,0pa, ..., Op, )= 0.
(4) If E (01,02, .., on Y=, then b ( O%py, 0%, ..., 0%, Y= 0.

Proof (1) and (2) are properties of classical logic. (3) and (4) are properties of normal modal logics
(i-e., systems containing the axioms scheme Al, A2, and A3, and the inference rules R1, R2, and R3).
QED

Lemma 3 Define formulas (1),(2),...,(5) as follows.

(1) Or. (2) Of(~a—0Or). (3) OYa—0Op).
(4) ONr - w). (6) O(r—a— 08— w)).

Then we have
F((1),(2),(3),(4),(5) )= O%w.

Proof We define ¢ = a — 018 — w) (therefore (5) = OH(1 — £)). Since - OB — w) — 008 — w)
(. AT), we get

- OB — w) — 0) (3.1)

by (R2) and others. Let (5') = 0(r — a — O — w)) and (5”) = OHOr — O(a — OB — w))). We
have

F((1),(5") )= O¢, and (3.2)

F((2),(5") )= O%(-a — 0¢); (3.3)
hence, by (3.3) and (3.1), we get

F{((2),(5") )= O%na v OB — w) — ),
which is equivalent to

F((2),(5") )= 0O%¢ - 08). (3.4)
Then (3.2), (3.4) and the induction axiom (A6) imply

F((1),(2),(5",(5") )= 0% (3.5)

Next we define ¢ = a — 0(8 — w) and (4') = O0(7 — w). We have

F((2),(3),(4),0%" )= 0w (3.8)



On the other hand,
F{(),4"))= Dw (3.9)

where (4”) = O(1 — w). Therefore, by (3.8), (3.9) and the fact - Ow A O'w — O%w (-.- induction
axiom AG), we get

F((1),(2),(3),®), (4. 0% )= O'. (3.10)
Finally (3.5), (3.10), and the facts
FA) =), F@4) -, FE)—=6) FE6)—6E")
imply the conclusion:
F((1),(2),(3),(4),(5) )= O'w.
QED

Lemma 4 Suppose o,0’,7,7" and w are formulas such that
(a) Fo— Or,
(b) Fo — 07, and
(c) =o' — Or.
Then we have
(d) -{oc—-0"r - w), c >0t -0 -0 - w)) )= 0 — Ow.
Proof By Lemma 3 (o = ¢’ and 8 = 77), we get
F{(Or, O%(=0’ — Or), O’ — 0O7'), O (r »w), Of(r — o' - O7(7 —w)) )= 0w,
which implies
F(Or, OYr - w), O (r — ¢ - O - w)) )= 0w

because of the facts - O (-’ — O7) (.- (¢)) and F O’ — O7’) (.- (b)). Then (d) is obtained by (a)
and Lemma 2(2). QED

In the rest of this section, a natural number N > 2 and formulas w,o;,7; (i = 1,2,..., N) are fixed.
A formula is called a spaecial formula if and only if it is of the form

75 = I (ms) = 050 = O (70 = -+ = 0 = THrgmy = @)+ ) )
for some natural number m and some function f that satisfy the following conditions.
e 1 <m<N.
e f is an injection (one-to-one) from {1,2,...,m} to {1,2,...,N}.
o f(1)=1.
The set of spacial formulas is called SP, which is a finite set. For example, if N = 3, then
SP:{01 — O — w),
o1 — O%(1 — 09 — Of(mp — w)),
T3 — W)), (3.11)

To — 03 — |:|+(7'3 — w)))7

(

(

o — O — o3 — O

oy — O — o9 — O
(

—~ o~ —~

o1 — O — 03 = O%(13 = 02 —» 012 = w))) }.

SP consists of sixteen formulas if N = 4.



Theorem 5 (Main Theorem on Special Formulas) Suppose that
(1) Fo1VoaV---Voyn, and
(2) Fo;, — 0O, fori=1,2,...,N,
where N > 2. Then we have
F(SP )= (01 — Ow).
This theorem, which is the goal of this section, will be proved later.

A formula is called a key formula of type Iif and only if it is of the form

OﬂUHD%%@‘”ﬂm*D%EQ_*”HUWMHDWQWV*W”)> (3.12)

(the underline will be used later) for some natural number m and some functions f and g that satisfy
the following conditions.

e 1 <m<N.

e f is an injection from {1,2,...,m} to {1,2,...,N}.

e ¢ is a function (not limited to injection) from {1,2,...,m} to {1,2,...,N}.
.« f(1)=g1)=1.

O (Viefl,...,m})E <i)(f() = 9(2)).

The set of key formulas of type I is called KeyI, which is a finite superset of SP. For example, if N = 3,
then Keyl consists of seventeen formulas as follows.

Keyl = SP (see (3.11)) U { o1 — O%(r1 — 02 — O%(11 = w)),

oy — O — 03 — O (1 — w)),

( *

( (
op — O — oy —» O (1 — 03 = 01 — w))) (1 =1,2,3),
o1 — O n — 0s = O = 03 = Of(1; —w))) (H=1,2),
oy — 0% — 03 — O (1 — 09 —» O(1; = w))) (i =1,2,3),
oy — 0% — 03 — O (13 — 09 —» OF(1, = w))) (k= 1,3)}.

Lemma 6 - ( SP )= ¢ for any key formula ¢ of type I.

Proof For any key formula ¢ of type I, there is a special formula ¢* which is embedded in ¢ and
F { px )= . For example, if ¢ is

oy — D+(T1 — 09 — |:|+(T1 — 03 — |:|+(7'3 — 04 — D+(73 — 05 — |:|+(7'1 — 0g — |:|+(7'5 —w))))))s
then o is
o1 — O — 03 = Of(r3 — 05 —» OT(15 — w)))),
which is embedded in ¢ as
01— O — 0y = 011 — 03 — 013 = 04 — O%(13 — 05 — 011 — 06 — O (15 — w))))))-

In general, @+ is defined as follows. Let ¢ be the fomrula as (3.12). Without loss of generality, we suppose
f(@) =i for all i. Then, by the property ©, we have

(V1) i > g(i).



Now we define a sequence a1, as, ... of natural numbers by
ay = g(m), az41=glay—1)forz=1,2,...

By @', this sequence is strictly decreasing, and o is
Oa, — D+<Taz —0a;, — D+<Taz—1 — = 0, = O, = 00, — O (70, »w)) - ))

where a, = 1. The fact - ( p*x ) = ¢ is obtained from + O™(r, o(m) — w) — O%(7gm) — w) by
appropriate apphcatlons of Lemma 2(2), 2(4) and the fact “+ ( Ota ) = O8 implies - (O%a ) =
Ot — o — OM4)". QED

A formula ¢ is called a key formula of type II if and only if there is a formula 1 which satisfies the
following conditions.

e ¢ is a key formula of type I as (3.12) where m < (N —1).

e ¢ is obtained from ¢ by deleting the underlined ‘7,(,,,) — in (3.12).

The natural number m is called the depth of ¢. For example, if N = 3, then there are just three key
formulas of type II:

o — 0. (depth = 1)
o1 — O — 09 — OMw). (depth = 2)
oy — O (r — 03 — O%w). (depth = 2)

Lemma 7 Suppose that
(1) Fo1VoaV---Vopn, and
(2) Fo;—0Or, fori=1,2,...,N,
where N > 2. Then
F({Keyl )=
for any key formula ¢ of type II.

Proof ¢ is of the form
o5 = 01y = -+ = Tpm-1) = O (Tytm-1) = 05my = T) - ).
We will abbreviate this to

® — Tf(m) — O'w.

That is, “e” denotes the context “ o )~ OH(rg(1) = -+ = 0f(m—1) — O (Tgm-1) = ”. Therefore, for
example ® — 0f(m) — OH(Ty(m) — w) is the fomrula (3.12), and @ — 01 — O%w is just oy — O%w when
=1.

We define a set U of natural numbers by

U is not empty because of the definition of key formula of type II. Then we prove this Lemma 7 by
induction on |U]; in other words, we prove this lemma for any ¢ of depth (N — 1), ¢ of depth (N — 2),
, i of depth 1, successively.
(Case 1: |U| = 1; depth of ¢ is N —1.) For any ¢ € {1,...,m}, the formula

* = 0fmy = 07y = w) (3.13)
is a key formula of type I. Therefore we have

F(Keyl)= o — 0 — O((ri) V) VoV Trm)) — w) (3.14)



because of the fact

F{ Ty —w, Tre) =W, ooy Tiam) =W )= (Tray VTre) VooV Tm)) — w
and Lemma 2(4) and 2(2). Let u be the only element of U. Similarly to (3.14), we have

F(Keyl)= o — o) — O ((1p1) V1p) VoV Tm)) — 0w — O (7 — w)) (3.15)
because the formula

o — 0pmy — O (15 — 0w — O (70 — w))

is a key formula of type I for any ¢ € {1,...,m}. On the other hand, by Lemma 4 (0 = 0f(mm, 0’ = 0w,
T= (Tf(l) V Ty VeV Tf(m)), 7' =1T,), we get

F(opm) = O (Tray VoV Tpim)) = w), (3.16)
Ty = O (Tr) Vo oV Tymy) = 0w = O (1w = w)) ) = 04(m) — O'w. |

Note that the hypotheses (a), (b), and (c¢) of Lemma 4 are shown by the hypotheses (1) and (2) of this
Lemma 7. Then (3.14), (3.15), (3.16) and Lemma 2 imply

F(Keyl )= o — 0, — 0w, (3.17)

which is the required formula.
(Case 2: |U| > 1; depth of ¢ is less then N — 1.) By the same argument of (3.14), we obtain

F{(Keyl)= e — Of(m) — D+((Tf(1) VTgiy V-V Tf(m)) —w). (3.18)
On the other hand, the formula
¢ = 04y = O (750 = 0w — O'w))

is a key formulas of type II with greater depth for any ¢ € {1,...,m} and any u € U. Therefore by the
induction hypothesis,

F{Keyl)= o — Tfim) — D+(Tf(,») — o, — O%w)),
and then
F(Keyl)= o — 0 — O ((rra) Ve VTram) = (0w, V- Voy,) — 0T —w)) (3.19)

where U = {u1,...,ux}. Now (3.18), (3.19), and Lemma 4 (¢ = 0f(m), 0" = (0y, V-V ou,), T =
(Tf(l) VeV Tf(m)), T = T) imply

F(Keyl )= o — o¢4m) — Ofw

similarly to (3.17). QED

Proof of Theorem 5 Since (07 — %w) is a key formula of type II, we get Theorem 5 by Lemmas 6
and 7. QED

4 Making a countermodel

If p is a frommula, then the expressions ‘@: T’ and ‘@:F’ are called signed formulas. A semantic diagram
is a finite tree whose nodes are associated with finite sets of signed formulas and whose edges are labeled
‘0 or ‘O%. Set(a) denotes the set of signed formulas that is associated with the node a. If a node b is
a Orsuccessor (or O*=successor) of a node a, then we write a<Ub (or a<?" b, respectively). Morcover we
write a < b if and only if a<"b or a<U"b. The transitive closure of < is written by <. Figure 1 is an
example of a semantic diagram, in which Set(a) = {a:T,3:T,y:F}, Set(b) = (), a<Pb, b<D+e, a < b,
b<e afe a<gb, ake anda« ahold. In the following, I', 4, ... will denote sets of signed formulas,



Figure 1: A semantic diagram.

L) Lo L
JaiT, BT, viF |

Figure 2: Semantic diagrams S and 7.

S,7,... will denote semantic diagrams, and a,b,... will denote nodes of diagrams. By “p €1 x” (or
“o €p xX7), we mean “(¢:T) € Set(x)” (or “(¢:F) € Set(x)”, respectively).

For each diagram S, we define a formula Neg(S) (called ‘negation of S’) inductively as follows. If a
set

{o1: T, 02:T, ooy om:T, ¥1:F, o:F ... 4, F}

is associatsed with the root of S, and subdiagrams Sy, 8o, . . ., Sg are connected with the root by O-edges
and 71,75, ...,7; are connected with the root by [1™-edges, then Neg(S) is the formula

LV =91 Vopa Ve Vo, Vb Vg Ve VbV
O(Neg(S1)) v O(Neg(S5)) V - - v O(Neg(Si))V
*(Neg(T1)) v O¥(Neg(Ts)) V -+ - V T¥(Neg(T3)).

For example, the negation of the diagram of Figure 1 is provably equivalent to
~a V=BV vOON=8Ve) VOS¢ vOHpvOrLvOG V).

A diagram S is said to be consistent if and only if I/ Neg(S).

Let S and 7 be semantic diagrams and a be a node of S. By ‘S —(ll— 7’, we mean the diagram obtained
by joining & and 7 in which a and the root of 7 are merged into one node. For example, if S and 7 are

diagrams as Figure 2, then S —T— 7T is the diagram as Figure 3.

Figure 3: Semantic diagram S s

(3] (4]
R
] [LE




Lemma 8 Let S,7,71,T5,...,7, be semantic diagrams (n > 0) and a be a node of S. If
E( Neg(71), Neg(7z), ..., Neg(7,) )= Neg(7),
then we have
- ( Neg(S + 71), Neg(S + ), ..., Neg(S + T,,) )= Neg(S + T).
Proof By Lemma 2 and the definition of Neg(). QED

Let L be a finite set {A1, A2, ..., A} of formulas where \; and A; are distinct if ¢ # j. We say that a
set A of signed formulas is a valuation of L if Ais {A; :e1, Ay :eg, ... A\, :e;} (e; is T or F). There are
2k distinct valuations of L.

For a set I" of signed formulas, we define a set I of signed formulas by I} = {o:T | (Op:T) € I'}.
For example, {Tpy: T, Ops:F, Ofps: T, =—Opy: T, DD(pyT}S = {¢1:T, Ops:T}.

Now we show a lemma, in which (3) is the novelty of our completeness proof.

Lemma 9 (Consistency preserving extensions of diagrams) Let L = {A1, Ao, ..., At} (B > 1) be
a finite set of formulas. We have the following.

(1) If a semantic diagram S is consistent and a is a node of it, then there exists a valuation A of L
such that the diagram S —T— (i.e., the diagram obtained from S by adding A to the node a) is
consistent. The process of making S Jar from S will be called “mazximalization for a with respect
to L”.

(2) Let I' be a valuation of L and S be a diagram as Figure 4; that is, Set(a) = I' U{Ow:F} for some
node a of S. If S is consistent, then there exists a valuation A of I such that the diagram T of
Figure 5 is consistent. The process of making T from S will be called “fulfillment of Oy :F for a
with respext to 7.

(3) Let I'y be a valuation of L and S be a diagram as Figure 6; that is, Set(a) = I', U {T%p: F} for
some node a of S. If S is consistent, then one of the follwoing conditions holds.
(I) There is a valuation A of L such that the diagram T of Figure 7 is consistent.
(II) There are valuations Iy, Iy, ..., Iy, and A of L such that m > 2 and the diagram T of Figure
8 is consistent.

The process of making T from S will be called “fulfillment of O%w:F for a with respect to "

Note that, in Figures 4-8, U and Vi,Va,...,V, are subdiagrams where U may be null (this means the
node a is the root) and n > 0.

Proof
(1) Since F { =A\;, A; )= L, one of the diagrams S i and S + is consistent (otherwise
F Neg(S) by Lemma 8). Iterating this argument, we can chose 1, e5,...,e; (o, € {T,F}) such that

S —T—’ PVRL PP UL DYDY VAEY TA ‘is consistent.

(2) For any set A of signed formulas, we define the formula ((A)) to be ﬁNeg(). For example, if
A={0a:T, OB:T, O%:T, O%:F}, then {(A)) is provably equivalent to Oa A OB A Oy A =075 and
(ALY is provably equivalent to o A 3. Note that

F(A) — OgAD)
because - Oag A -+ Ada, — O(a; A+ Aag). Now let W be a diagram as Figure 9. We have
F Neg(W) — Neg(| I',0p:F ) (4.1)

because Neg(W) is provably equivalent to the formula (I")) — Oy VO({I3 ) — ), which implies (using
the K axiom) (I')) — Oy vV (O(I7) — Op), and then {I') — Op. Now the consistent diagram S of

Figure 4 is equivalent to S —T— I''Op:F| Then (4.1) and Lemma 8 imply that S j— W is consistent.

10



Figure 4: Diagram S of Lemma 9 (2).

Vl V2 PR Vn

Figure 5: Diagram 7 of Lemma 9 (2).

VAVYARRN YT

Figure 6: Diagram S of Lemma 9 (3)

Vl V2 .. Vn

al I, O%:F |

Figure 7: Diagram 7 of Lemma 9 (3-1).

VAVYARR Y/ YT
[0

11



Figure 8: Diagram 7 of Lemma 9 (3-II).

| Db, A, g:F |
D+
| Luoil. Tw
D+

Figure 9: Diagram W

]

I, Op:F

Figure 10: Special path from I'; to ¢:F

| Flé‘, p:F |
on ]

Figure 11: Special path from I'; to ¢:F

| Db, ¢:F |
Ei

| Lol I

ot

N
| oL, |
+

E
E

| nLL |
Lm

|
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Finally we apply the maximalization (i.e., Lemma 9 (1)) to the top node of W in § i W, and we get the
required diagram 7 of Figure 5.

(3) We say that a diagram is special path from I'y to ¢:F if and only if it is of the form as Figure 10
or Figure 11 for some valuations I,..., I, of L such that I'},I%,..., I}, are mutually distinct. There
are finitely many distinct valuations of L, say A,, A, ..., Ax (N = 2F > 2 because k > 1); therefore the
number of all the special paths from I'; to ¢:F is also finite. Then let {W;, W, ..., Wp} be the set of
special paths. In the following, we will show

- { Neg(Wh), Neg(Wh), ..., Neg(Wp) ) = Neg(| I, O:F ). (4.2)

The negation of a special path is provably equivalent to the formla
(D) = O ((0RE) = (1) = (- = O ((Lnoa D) = (0 = T (L) = 9) ) ):

and the formula Neg(| I',,0%p:F |) is provably equivalent to
(1) — O
Moreover we have

F (A V(A V-V (AN

becasue this formula is a tautology. Therefore we can apply Theorem 5 ( {o1,09,...,0n8} = {{(4.)),
(A2), -y (ANDY, o1 = (W), opay = (1) Tra) = (GiL), w = ¢ ), and we get (4.2). Now the

consistent diagram S of Figure 6 is equivalent to S —T— I,0%:F| Then (4.2) and Lemma 8 imply that

there is a special path W such that S —T— W is consistent. Finally we apply the maximalization to the top
a
node of W in § + W, and we get the required diagram 7 of Figure 7 or Figure 8. QED

We fix a formula ag, and the set of subformulas of «y is called Sub(c). We define some conditions
on a node a of semantic diagrams as follows.

[Sub(ap)-maximality] ¢ € Sub(ag) < (¢ €1 a or ¢ €f a).
[O-correctness| If a < b and Oy €7 a, then ¢ €1 b.

[O-witness property] If Oy €f a, then the following condition holds.

Ib(a<"b and ¢ €f b). (W)
[J*-witness property] If (% €f a, then the following condition holds.
Im > 1,3by, 3by, ..., 3by (a< by < by<P7 . <7, and ¢ f byy). (&)

We say that a node x is set-fresh if and only if the condition (y < x = Set(y) # Set(x)) holds for any
node y. Then the following statement on a semantic diagram 7 is called diagram-model condition with
respect to Sub(ayg), which is the key notion for our completeness proof.

e 7 is consistent;
e all the nodes of 7 are Sub(ayp)-maximal and O-correct; and

e all the set-fresh nodes of 7 satisfy -witness and [(0*-witness properties.

Lemma 10 Ift/ ag, then there exists a semantic diagram T such that the diagram-model condition holds
with respect to Sub(ag) and the root contains the signed formula «g:F.

Proof We define a procedure to construct semantic diagrams 7y, 77,75 ..., such that 7; is consistent
and all the nodes of 7; are Sub(ag)-maximal and O-correct.
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[Construction of 7]
The one node diagram is consistent because I ap. We apply the maximalization with respect to

Sub(ap) (Lemma 9 (1)). Then we obtain a diagram whose only node is Sub(ag)-maximal and contains
ap:F. This is the diagram 7.

[Construction of 7;; from 7;]

If 7; satisfies the diagram-model condition with respect to Sub(ay), then we stop the procedure and
we get the required diagram. Otherwise there is a node, say a, which is set-fresh and O-witness (or
O*witness) property fails; that is, there is a formula O¢ (or O%p) € a such that the condition # (or
&) does not hold. Then we apply the fulfillment of Ol : F (or O%p : F) for a with respect to Sub(ayp)
(Lemma 9 (2) or (3)), and the resulting diagram is 7;11. The node a will be called a growing point. Note
that the fulfillment preserves Sub(ag)-maximality and O-correctness; the latter is shown as follows. For
example, if vy : T is an element of a node Fjg, I'j 4, |in the special path, then (Ou:T) € I';4, (otherwise
(0w :F) € I'j+, and the diagram would be inconsistent—the negation of the diagram would be provable),

and then ¢ : T is an element of the next node Fjﬂ; I'jio|

We show that the above procedure must terminate (hence we eventually get the required diagram).
Otherwise an infinite sequence 7y, 77,75 ... is produced. Then consider the infinite diagram (J;°, 7;.
This infinite tree is finite branching because we can apply at most p times fulfillment for each growing
point where p is the number of (- or (0% formulas in Sub(cg). Therefore there is an infinite path which
contains infinite many growing points; however this is impossible because each growing point must be
set-fresh and the number of set-frech nodes in one path cannot be greater than 2/SuP(@o)l, QED

Lemma 11 If a semantic diagram T satisfies the diagram-model condition with respect to Sub(ay), then
the following hold for any node a of T .

(1) If p €f a, then ¢ €1 a.

(2) If o A €1 a, then p €1 a and ¢ €T a.

(8) If o A1) € a, then ¢ €F a or ¥ €F a.

(4) If ~p €T a, then ¢ E€F a.

(5) If = € a, then ¢ €7 a.

(6) If O%p €1 a and a < b, then 0% €1 b and v €1 b.

Proof

(1) If ¢ €F a and ¢ €7 a, then 7 would be inconsistent.

(2) oAy €1 aand o &1 a (or ¢ &1 a), then ¢ € a (or ¥ € a) by Sub(yg)-maximality, and then
7 would be inconsistent because = =(o A ) V ¢ (or F (o A) V).

(3),(4),(5): Similar to (1) and (2).

(6) This is divided into the following four: (6-1) If O%p €1 a and a<Ub, then Oty €1 b. (6-
2) If O% €7 a and a<Tb, then ¢ €1 b. (6-3) If O%p €1 a and a<"'b, then O €1 b. (6-4)
If Otp €7 a and a<"'b, then ¢ €1 b. The claim (6-1) is verified as follows. If O%p €1 a, a<Ub,
and O% ¢t b, then 0% €r b by Sub(pg)-maximality, and then 7 would be inconsistent because
F-OfevO@OtpVv---) (.- F O% — O0%). The claims (6-2), (6-2) and (6-4) are similary shown using
the facts F Ot vO(eV--+) (- FO% — Op), = -Ofp v OOt v---) (- F ONp — O ), and
F OtV O V) (- F O — Otp). QED

Theorem 12 (Completeness) If ag is valid, then - ayg.

Proof Suppose t/ ag. We will show that M, w t# ag for some Kripke model M and some wourld w in
M. By Lemma 10, there is a semantic diagram 7 such that the diagram-model condition holds with
respect to Sub(ayg) and the root contains the signed formula ag:F. We define M = (W, R, V) as follows.

e IV is the set of nodes in 7.
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e akRb <<= a<borJa(ag < a, Set(ap) = Set(a), and ap < b).
e Va,p)=T <= pera
Using the diagram-model condition of 7 and (6) of Lemma 11, we can show the following:

(i) If Op €1 a and aRb, then ¢ €1 b.

)
(i) If Oy €F a, then there is a node b such that aRb and ¢ €f b.
(iii) If O% €1 a and aR™b, then ¢ €7 b.

(iv) If Oy €f a, then there is a node b such that aR*b and ¢ €f b.

Then we have:
(1) If p €1 a, then M, a | .
(2) If ¢ €f a, then M, a [~ ¢.

These are proved simultaneously by induction on ¢, using (1)—(5) of Lemma 11 and (i)-(iv) above. The
claim (2) implies that M is the required model because the root of 7 contains ag:F. QED
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