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Abstract

We give a complete Hilbert-style axiomatization for ECTL, which is an extension
of the Computation Tree Logic (CTL) with a modal operator “infinitely often along
some path”.

1 Introduction

We treat extensions of the propositional Computation Tree Logic (CTL) (see, e,g, [5, 9]
for general information on CTL and its neighbors). CTL has eight modal operators VX,
X, VG, 3G, VF, 3F, VU, and 3U. For example, VXa (or IXa), VGS (or IFF), and VYU §
(or v3UJ) represent “a holds for any (or some) next state”, “G holds for any (or some)
reachable state”, and “along any (or some) path, v holds until §”, respectively. There are
a lot of extensions of CTL; among them, the logic CTL* is well studied. CTL* has six
modal operators V, 3, X, G, F, and U. For example, VAFXGXFVp is a CTL*-formula but
not a CTL-formula. Note that, for example, “VG” is a single operator in CTL while this
represents successive applications of two operators G and V in CTL*.

In this paper we treat the logic ECTL (by Emerson and Halpern [3]), which is a logic
between CTL and CTL*. ECTL is obtained from CTL by adding two modal operators
VFG and 3GF where VFGa and dGFj represent “along any path, there exists a state after
which « always holds”, and “there is a path along which  holds infinitely often” respec-
tively (these two modalities are not expressible in CTL; see [3]). ECTL is a reasonable
extension of CTL in the following sense: For any sequence S of the unary modal operators
Vv, 3, X, G, and F where the first element of S is V or d, there is a sequence s’ of the
unary modal operators VX, 93X, VG, 3G, VF, 9F, VFG, and 3GF such that two formulas sp
and s'p are equivalent (this will be shown in Section 2). For example, the CTL*-formula
VAFXGXFVp is equivalent to the ECTL-formula IX3IX3GFp. A CTL*-formula whose out-
ermost operator is V or 3 is called a state formula; hence the above property says that
each unary modality of state formulas of CTL* is expressible in ECTL.

In general, to find a simple Hilbert-style axiomatization is a challenging problem in
the study of non-classical logics. For example, its solutions for CTL* were published
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Figure 1: Property of models (1)
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in the 2000s (Reynolds [7, 8]), while an axiomatization for CTL was given in the 1980s
(Emerson and Halpern [2]). This paper gives a solution for ECTL — we prove that ECTL
is axiomatized by adding the following schemata to CTL.

VG(a — ) — IGFa — IGFp
AGFa « IX3IF(a A 3GFa)
VG(a — IX3IFa) — a — IGFa
VFGa - ~3GF-a

The first schema is a kind of “K-axiom” for 3GF, the second one says that AGFy is a fixed
point of IX3F(p A e), the third one is an induction axiom, and the forth one shows the
duality between VFG and 3GF.

We show the completeness theorem: If a formula is not provable in the above system
of ECTL, then there exists a finite model in which the formula is false in some state. As
usual this is shown by constructing a model, of which each state is a kind of maximally
consistent set; and in this construction, the following properties of models play a key role
to define the accessibility relation. (For a formula 1, the term “i-state” below denotes
any state satisfying 1.)

(1) Let v, @ and 3 be formulas such that v implies both « 3U 8 and —3. If there is a
v-state x, there is a path starting from z along which « holds until 5. Then, on
this path, there must be the last v-state x' before the (3-state, and the next state of
2’ satisfies the formula (o A —v) U B (see Figure 1 where O is an a-state and % is
a (-state).

(2) Let v, @ and 3 be formulas such that v implies both VU 3 and —3. If there is a
v-state x, then there must be a last v-state 2’ before (3-states, and all the next states
of 2’ satisfy the formula (a A —=v) VU 3 (see Figure 2 where () is an a-state and %
is a [J-state).

(3) Let v and ¢ be formulas such that v implies both VFG—¢ and . If there is a v-state
x, then there must be a last v-state 2’ (*.- otherwise we can construct a path along
which infinitely many sates satisfy v and hence ¢), and all the next states of a’
satisfy the formula YG—w (see Figure 3).

Incidentally, the properties (1) and (2) were used by Lange and Stirling [6] for focus games
and by Briinnler and Lange [1] and by Gaintzarain et al. [4] for sequent calculi.

The structure of this paper is as follows. In Section 2 we define models of ECTL and
CTL*, and we show that each unary modality of state formulas of CTL* is expressible
in ECTL. In Section 3 we introduce Hilbert-style axiomatization of ECTL, and we show
derivability of certain formulas and of inference rules. In Section 4 we describe an outline
of a standard completeness-proof for normal modal logics. In Section 5 we introduce
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Figure 2: Property of models (2)
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Figure 3: Property of models (3)
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“consistent c-valuations”, which will become the states of our model. In Section 6 we
give an elaborate definition of the accessibility relation, and we show some lemmas on it.
These definitions and lemmas are the main technical contribution of this paper. Finally
in Section 7 we prove the completeness.

2 Semantics

In this section, we give a standard definitions of formulas and models for ECTL and
CTL*.

ECTL-formulas are constructed from the following symbols: propositional variables
and constants T and _L; unary logical operator —; binary logical connectives A, V, —,
and «<; unary modal operators VX, 9X, VG, 3G, VF, 9F, VFG and 3GF; and binary modal
connectives YU and 3U. CTL* formulas are constructed from the following symbols:
propositional variables/constants and unary /binary logical symbols as above; unary modal
operators V, 3, X, G, and F; and binary modal connective U. Propositional variables are
denoted by p,q, ..., and formulas are denoted by «, 3, ¢,,.... For example, GFVXp,
JGFVXp, and AGFYVYXp are CTL*-formulas and the second one is also an ECTL-formula
while the others are not. Note that the intended meaning of the ECTL-formula pVU ¢ (or
p3Uq) and CTL*-formula ¥(pU ¢q) (or 3(p U q), respectively) are equivalent. Parentheses
are omitted by the convention that unary operators bind more stronger than binary
connectives; A,V,VU,3U, U bind more stronger than — and «; and that oy — ay —

= ap s a; — (g — (- = (ap-1 — @) -+)). For example, VG(a — ) — IGFa —
JGFS (the first axiom of ECTL in the previous section) is (VG(a — 3)) — ((3GFa) —
(3GFB)).

By “model’, we mean any triple (S, R, V) where S is a nonempty set, R is a binary
relation on S satisfying (Vo € S)(Jy € S)(zRy) (we call such a relation serial), and V' is a
mapping from S x PropVar to {t,f} where PropVar is the set of propositional variables.
The elements of S are called states, and R is called the accessibility relation. A model is
said to be finite if the set S of states is finite. A path is an infinite sequence (xg, z1, z, . . .)
of states such that (Vi > 0)(z;Rx;11). If 0 = (xg,21,29,...) is a path, then the state x;
is denoted by o(7), and the path (x,, x, 11, Tpyo,...) is denoted by o |,, which is obtained
from o by deleting initial n elements. For any two paths o and o', we write “o =¢ ¢’” if
and only if ¢(0) = ¢(0). We say that a path o is an z-path if and only if ¢(0) = x.

Truth values of ECTL-formulas are evaluated in each state. The notion “in a model
M = (S,R,V), a state z satisfies an ECTL-formula ¢”, written by “M,z = ¢” (or
“r = ¢” for short), is inductively defined as follows.

rET.z L

rEp<V(z,p) =t

rEa = zlta

rEaNf < rzEaandz =S
Logical connectives V, —, «<» are evaluated similarly.
rE=VXa <= (Vy)(zRy =y E «).

rE IXa <= (Jy)(zRy & y | «a).

r EVGa <= (Vo :z-path)(Vn > 0)(o(n)
r = 3Ga <= (Jo : z-path)(¥n > 0)(c(n)

Q).

).



r = VFa < (Yo :z-path)(3In > 0)(c(n)
r = JFa <= (Jo : z-path)(3In > 0)(c(n)

r = VFGa <= (Vo : z-path)(3In > 0)(Vm (e(m) = «a).

r = 3GFa <= (Jo : z-path)(¥Yn > 0)(Im (e(m) E ).

zEaVUB < (Yo:z-path)(In > 0)(o(n) = B & (Ym < n)(c(m) E ).
zEadUp < (Jo:z-path)(In > 0)(a(n) = B & (Ym < n)(c(m) E ).

In the last two clauses, the state o(n), which satisfies 3, is called the witness of aVU 3
(or a3U ).
Truth values of CTL*-formulas are evaluated in each path. The notion “in a model
= (S, R, V), a path o satisfies a CTL*-formula ¢”, written by “M,c = ¢” (or “o = ¢”
for short), is inductively defined as follows.

oEp<V((0),p) =t.
0o <= o a
cEaNp < ockEFaand o E=f.

Logical connectives V, —, < are evaluated similarly.

o EVa < (Vo' =q0)(d' E ).
oEda < (o' =g0)(0d' E ).
oEXa <= ol Ea.

o Ga <= (Vn>0)(c|, F ).
oEFa <= (In>0)(c|, F ).

cEalf < Gn>0)(c|, =L & (Ym <n)(o|, = @)).

We say that an ECTL-formula (or CTL*-formula) ¢ is valid if and only if M, z(or o) |=
¢ for any model M and any state x (or any path o). Moreover we say that two formulas
v and ¢ are equivalent, written by “p =7, if and only if the formula ¢ < ¥ is valid.

As is mentioned in the previous section, each unary modality of state formulas of
CTL* is expressible in ECTL:

Theorem 1 For any sequence S of the unary modal operators ¥, 3, X, G, and F of CTL*

where the first element of § is ¥V or 3, there is a sequence s of the unary modal operators
vX, 3X, VG, 3G, VF, dF, VFG, and dGF of ECTL such that Sp = s'p.

Proof We have the following equations in CTL*.

W = V. ddp = de. Vdp = dp. Ve = Ve

GGy = Gp. FFp = Fp. GFGyp = FGp. FGFy = GFp.
GXp = XGp. FXp = XFp. VXp = VXVp. IXp = IXFp.
VGFp = VGVFp. IFGy = FF3Gyp.

Vp=p. dp=p.

Using these, we can construct s from §. For example, suppose § = VWIFXFGGXFGXGIV.
We have (1) W3p = Jp, (2) FXFGGXFGXGy = XXXFFGGFGGy = XXXFGy, and
(3) IVp = p. Therefore Sp = VWIFXFGGXFGXGIVp = IXXXFGp = IXIXIXIFGp =
IXIXIXIFIGp. QED



3 Axiomatization

The rest of this paper is devoted to the completeness of Hilbert-style axiomatization
for ECTL; hence, from now on, “formula” will mean “ECTL-formula”. To simplify the
argument, we decrease the number of logical and modal symbols. We adopt T, -, A,
VX, YU, U, and JGF as primitive symbols, and the others are considered to be the
abbreviations:

L ==T. oV¢=-(-pA-1). — and < are defined as usual.
IXp = aVX—p.

VFQD =TVYU @. E|G(,0 = —\VFﬂgo = —\(T YU —\ﬁp).

JFe=T3IUp. VGp=-3F-p=—(T3IU-p).

VFGyp = ~3GF—p.

“Q)” will be used as a variable on {V,3}. For example, “a QU 5 < (BV(aA@X(a QU 3)))”
denotes two formulas “aVUpB < (8 V (a A ¥VX(aVUB)))” and “a3USB <« (B V (a A
IX(a3U 3)))”.

We fix a Hilbert-style axiomatization (axiom schemata and inference rules) of CTL;
for example, the following are due to Goldblatt [5]:

(Tautology) Instances of classical tautologies.

(Kyx) VX(a — ) — YXa — VX[.

(D) IXT.

(VU) aVU [ < (BV (a AVX(aVUfJ))).

(3U) adUS « (BV (aAIX(aIUP))).

a— [ « o o
5 (modus ponens) Yo (VX-necessitaion)
BV (a ANVXy) — v BV (A IXy) — v

(VU-induction) (3U-induction)

aVUpB — vy adupf — vy
We call this system Hepp,. Then our main system Hgopp, for ECTL is defined by adding
the following axiom schemata to Hop,.

(KscF) VG(aw — () — IGFa — IGFS.
(3GF) AGFa < IX3IF(a A IGFa).
(3GF-induction) VG(aw — IXIFa) — a — IGFa.

Note that the forth axiom VFGa «» =3GF—a in Section 1 is a tautology because of the
abbreviation of VFG.

By “I ¢”, we mean “g is provable in Hgcrr”. The purpose of this paper is to show
the soundness and completeness of Hgory, with respect to arbitrary and finite models:

Theorem 2 (Main Theorem) The following three conditions are equivalent for any
formula @o. (1) F @o. (2) po is valid. (3) @o is valid with respect to finite models, i.e.,
M,z = o for any finite model M and any state x.

Proof Soundness (1 = 2 = 3) is easily shown by verifying that each axiom is valid and
that each rule preserves validity of formulas. Completeness (3 = 1) is hard as usual; the
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contraposition (=1 = —3) will be proved by Theorem 41 at the end of this paper. QED

In the rest of this section, we show some lemmas which give a list of provable formulas
and derivable inferences of Hgcorp,. In the following, finite sets of formulas are denoted by
LA . D ={v,%,.--,7}, then A I and \/ I" denote the formulas y; Aya A~ A7,
(or Tifn=0)and v VY V- -V, (or Lifn=0) respectively; moreover if e is one of
the unary operators, then oI denotes the set {ev;, ev,, ... ey, }. By “I' - ¢”, we mean
AL — ¢. As usual, for example, “I" o, 3, A+ 4” means “I"U {«, 5} UA 77,

We say that an inference

F1|_901 le_goz Fnl_(pn
Ak
is derivable if and only if there is a derivation from n formulas A Iy — ¢, ..., NI — ¢n

to the formula A A — ¢ in Hgcpr,. The inference rules of classical logic and of normal
modal logic (VX is the modal operator) are available; for example:

I'EpVvy ¢ AR 'y
AF oV VXTI FWXg FYX(a A B) < YXa A X3

We will tacitly use such inferences.

Lemma 3 (Property of VG) The inference rules

FY = OAYXY e - o
F v — VG (VG-induction) F Gy (VG-necessitaion)

_VGI'Ey oy

VoI FvGp (Ve R) oo Ty (V6L

are derivable, and the following schemata (VG), (Kyg) and (4yg) are provable.

(VG) VGp <« o AVXVGyp.
(Kyg) VG(a — B) — VGa — VGS.
(4dyg) VGp — VGYGy.

Proof VG-induction rule is equivalent to an instance of dU-induction rule:

eV (TAIX~) =y

(3U-ind.)

VG-necessitation rule is obtained from VG-induction rule by replacing v by T using the
fact = VXT. The scheme (VG) is provable from the axiom (3U) where a = T, § = —¢.
The scheme (Kyg) is provable as follows.

(.- VG) (.- VG) (.- VG) (.- VG)
VG(a—fB) — (a— ) VGa — a VG(a—f) — YXVG(a—pfF) YGa — VXVGa
VG(a—p) AVGa — [ VG(a—fF) AVGa — VX(VG(a— ) AVGa)

VG(a—PB) AVGa — [ AVX(VG(a—F) AVGa)
VG(a—[B) ANVGa — VGS

(VG-ind.)

The schema (4yg) is provable using (VG) and VG-induction rule. Derivability of the rules
(VG-R/L) is easily shown (like the rules of the modal logic S4). QED



Lemma 4 (1) YG(a — o/), YXa F VXd.
(2) ¥Gla — '), a QUB F o’ QUB

(3) VG(8 — B), aQUB F aQUS.

(4) ¥G(a — o), 3GFa + IGFa/.

Proof We show only an outline of (2).

(- QU)
GV (A QX(@ QUB)) — o’ QU

BV (aN QX(VG(a—d) — o Q:U B)) — VG(la—d)—ad QU

aQUB — VG(a—d)— o QU (QU-ind.)

QED

Note that Lemma 4(4) is the axiom (K3gg), which will be used in not only the next lemma
but also Lemma 29 in Section 6

Lemma 5 The following inference rule is derivable.

pla] = plo’]

where p|d] is the formula that is obtained from the formula p[a] by replacing one occur-
rence of subformula o by /.

Proof By induction on ¢, using Lemmas 3 and 4. QED

Lemma 5 guarantees that provability of a formula is preserved when we replace a subfor-
mula by another equivalent formula. We will tacitly use this property.

Lemma 6 (Property of YU and 3U) (1) 8+ a QUS.
(2) FTQUT.

(3) aQUBE aV 8.

(4) a QUBE BV QX(a QU B).

(5) a, @X(a QU B) - a QU B.

Proof Use the axioms (VU) and (3U). QED

Lemma 7 The following inference rule, which is a variant of QU-induction, is derivable.

VGA, BV QX((aAvy)QUB) F v
VGA, a QU F ~




Proof First we consider the case that A is empty. We have the following derivation.

BV AX((aNy)QUB) F ~ (assumption) (3.1)
BV (anQX((aA7)QUA) F BV @X((aAy)QUSA)  (tautology)  (32)
BV (@A) A QX((a A7) QUA) F (aAn) QUA (axiom (QU)  (33)
BV (@A QX((@A7) QUB)) F (a A7) QUS (-31,32,33)  (3.4)
aQUB F (aNvy)QUS (" 3.4 and QU-ind.) (3.5)
(aAy)QUB + (any)V (Lemma 6(3)) (3.6)
aQUB F ~ (°3.1,35,36)  (3.7)
For a general case, put § = A\ VGA.
5, BV QX((aANy)QUB) F ~ (assumption)  (3.8)
b F VG((d =) — ) (from Lemma 3) (3.9)

VG((0—=7) =), BVAX(((an(6—=7))QUSB) = BV AX(((aAy)QUP)

(from Lemma 4) (3.10)
5, BV OX((a A (6—7)) QUA) F ~ (- 3.8,3.9,3.10)
BV EX(aN(6—7))QUB) F 0 —7

To this last formula, we apply the former derivation (from 3.1 to 3.7, where “y” = “§ —
~"), and we get the formula o QU 5 + § — ~, which is equivalent to the required formula
0,aQUB F 7. QED

Lemma 8 (Property of 3GF) (1) 3GFy - IX3GFp.
(2) 3X3GFy - IGFyp.
(3) 3GFyp - 3F( A IXIGFy).

Proof We show an outline:

(1) 3GFe F IX3F(e A 3GFyp) (" 3GF axiom)
- 3X((o A IGFy) v IXIF(p A IGF)) (- IFy ko v IXIFY)
F 3X(3GFy V IGFy). (" 3GF axiom)

(2) 3IXIGFp F IX3IXIF(p A IGFy) (*.- 3GF axiom)
- 3X3F(p A3GFy) (- 3X3FY F 3FY)
F 3GFe. (" 3GF axiom)

(3) 3IGFe F IX3IF(e A IGFyp) (" 3GF axiom)
- 3F(p A IX3IGF). (- 3XIFY - IFY and (1))

QED

Note that the 3GF-induction axiom is not used in this section. It will be used in the
proof of Lemma 30 in Section 6.



4 Completeness of K

It is well known that the smallest normal modal logic K is axiomatized by Tautology and
Kyx axioms and modus ponens and VX-necessitation rules, where VX is the only modal
operator (usually written as [J). K is complete with respect to finite Kripke models:

Proposition 9 (Completeness of K) If ¢ is not provable in K, then there exists a

finite Kripke model M = (S, R, V') (R may not be serial) such that M,x W= ¢ for some
res.

In this section, we show an outline of the standard proof of this completeness in order
to utilize it as a base of our argument.

Definition 10 (valuation, e., e:, e*) Let I' be a finite set of formulas. A valuation of
I is a function from I into {t,f}. If v is a valuation of I', then vy and ve are sets of
formulas and v* is a formula as follows.

ve=H¢| ¢l and v(p) = t}.
ve={p| el andv(p) =1}

vt o= /\vt/\/\(—wf).

Definition 11 (e, e >e) Let I' be a finite set of formulas. For any valuation v of
I', we define

vgpvx = 1@ | VX € I' and v(VXyp) = t}.
Then a relation > between valuations of 1" is defined as follows.
V>V = vy Sy = (0(VXp)=t = V'(p)=1t) for any VXp in I

Definition 12 (K-consistent) A wvaluation v is said to be K-consistent if and only if
the formula —(v*) is not provable in K.

Then the required counter-model M = (S, R, V') for ¢ is constructed as follows. S is
the set of K-consistent valuations of Sub(y) where Sub(y) is the set of subformulas of ¢.
R =r1. V(v,p) = v(p). The condition (Jz € S)(M,z = ¢) is shown by the following
propositions.

Proposition 13 For any ¢ € Sub(y) and any v € S, we have the following. (1) If
UW) = t; then M,’U ): ¢ (2) [fv(w) = f, then M,’U b’é ¢

Proposition 14 If ¢ is not provable in K, then there is a K-consistent valuation v of
sub(p) such that v(p) = £.

Our completeness proof for ECTL is an elaborate extension of the above argument.
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5 C-valuations

¢

In our counter-model for Hgcrr,, each state is not a valuation but a “valuation together
with additional information” — we call this a c-valuation (c for “conditional” or “con-
trolled”). The additional information is utilized to control the accessibility between states.
In this section, we define c-valuations and we show some basic properties of them.

Definition 15 (c-valuation, designated formula) Let S be a finite set of formulas
that contains at least one until-formula, where an “until-formula” is a formula of the
form a QU 3. A c-valuation of S is a 4-tuple (F, H,U,v) that satisfies the following three
conditions.

e Both F and H are sets of valuations of S. (F and H are finite because so is S.)
o U is an until-formula in S. (U is called the designated formula of this c-valuation.)

e v is a valuation of S.

Definition 16 (intended formula, consistent) Let F = {v{,v],...,v2} and H =
{wt, vt .. 0"t} be sets of valuations of a set S. The intended formula of a c-valuation

(F,H,a QU B, v) is
VG=(0F) AVG () A+ - AYG=(0T) A ((a/\—'(v?)*/\ﬁ(v;{)*/\- A=) QU 5) A v,

(See Def.10 for “«”.) We say that a c-valuation is consistent if and only if the negation
of its intended formula is not provable in Hgcorry,.

By the definitions, we have:

Proposition 17 The following conditions are equivalent where VG-F* = {VG=(v*) | v €
F} and —H* = {—(v*) | v € H}.

o A c-valuation (F,H,a QU B,v) is consistent.

o VG-F*, (aAN-H*) QUB I —(v7).

o VG—F*, (a/\/\ﬁH*) QUB, vy t \us.

o VGF*, (Oz/\/\ﬂH*) QUG, v \Jue

For example, suppose that S = {p3U ¢, p, ¢} and valuations vy, v, v3 are as follows.

vi(p3Ugq) = vi(p) = vi(g) = t.
va(p3Uq) = va2(p) = t, v2(q)
v3(pIUgq) =t, wv3(p) =wvs(q) =

f.
Then a c-valuation ({v1,vs}, {v2,v3}, pIUq, vs) is consistent if and only if

VG=((p3Ugq) ApA q), YG—((p3Uq) ApA—q),
(p A =((pAUg) ApA—q) A =((p3Ug) A—pA—gq)) FUq, p3Ug ¥ pVa.
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Definition 18 (C(-)) For any finite set' S of formulas, C(S) denotes the set of consistent
c-valuations of S.

C(S) will be the very set of states in our counter-model. From now on, when we write
“C(S)”, we assume that S is a finite set of formulas that contains at least one until-formula.

Lemma 19 C(S) is a finite set.

Proof |C(S)| < 2™2™nm where m (= 2%!) is the number of valuations of S, and n is the
number of until-formulas in S. QED

Lemma 20 If (F,H,a QU B,v) € C(S), then we have the following.
(1) ve F.
(2) If v(B) = £, then v & H.
(3) v(a QUB) = t.

Proof (1) If v € F, then VG-F* F —(v*) by Lemma 3, and the c-valuation is inconsistent
by Proposition 17. (2) If v € H and v(8) = £, then (aAA~H*) QU —(v*) V \/ vg by
Lemma 6(3) (. a A A\ —H* F —=(v*) and G+ \/ vs ), and the c-valuation is inconsistent by
Proposition 17. (3) Similarly to (1) and (2), using the fact (a A A-H*) QUBF a QU S
(". Lemma 4(2)). QED

Lemma 21 Let Ty and Fy be disjoint subsets of a finite set S of formulas, and I' be a
finite set of formulas. If I', Ty b/ \| By, then there is a valuation v of S such that Ty C vy,
Fo C ve, and I',ve |71\/Uf-

Proof By the standard argument as follows. Let o1,09,...,0, be an enumeration of
the set S — (Ty U Fy). We show that there are two disjoint sets T,, and F,, such that
T,UF, =S, Ty CT,, Fo CF,, and I'T, / \/F,. We define T; and F;, for i =1,...,n,
as follows. Suppose T;_; and F;_; are already defined and I', T;_, t/ \/ F;_,, then at least
one of the following holds: (1) I'T;—,,0; / \/Fi—y. (2) I,T;—, I/ VFi—, V 0;. Then
we define (T;,F;) = (T, U {o;},F;_1) if the condition (1) holds, otherwise (T;,F;) =
(Ti—1, Fimy U {o4}). QED

6 Accessibility relation

From now on, we fix a formula ¢, such that ¥ ¢g. The goal of this paper is to show the
existence of a finite counter-model for y. For this purpose, the accessibility relation is
defined in this section.

In the case of K, the set Sub(¢py) is sufficient to construct a counter-model for ¢, (see
Section 4); however we need a larger set, called Sy, for Hgory.

12



Definition 22 (Sy) A set S} of formulas is defined by
S, = Sub(o, TYUT, T 3U T, VX~T)

where Sub(I) is the set of subformulas of the formulas in I'. Then a set Sy is defined by

SO:Sub<{VX(aVUB) | aVUBES)Y U {¥X=(a3UB) | adUGeS,) U
(YX=(T 3U(a A =¥X-3GFa)) | 3GFa € S, )

Sy is defined so as to satisfy the following property:

Lemma 23 (1) Sy is a finite set including po, TVU T, T 3IU T, and VX-T.
(2) Sy is closed under subformulas.
(8) If aVU (B € Sy, then VX(aVU ) € Sy.
(4) If a«3U G € Sy, then VX—(a3U B) € Sp.
(5) If 3GFa € Sy, then T IU(a A =VX-3GFa) € Sy.

Proof Easy. QED

The following definitions (especially Def. 26) are the core of our completeness proof.

Definition 24 (next, Next) Let U= {Uy,Uy,...,Uyn_1} be the set of until-formulas in
So where U; # U; if i # j. We define a function next(-) on U by

next(U;) = U(i+1) mod N)-
Then, for each valuation v of Sy, we define a function Next,(-) on U by
Next,(U) = next™(U), where m = min{m > 0 | v(next™(U)) = t}.

For example, if U = {Uy, Uy,...,Us}, v(Up) = v(Us) = t, and v(U;) = v(Us) =
v(Uy) = £, then Next,(Uy) = Us and Next,(Us) = Uy. The formula Next,(U) is defined
only if there exists a formula U; such that v(U;) = t.

Definition 25 (3GF-condition, witness condition) Two conditions on a c-valuation
(F, H,a QU B,v) of Sy are defined as follows.

(3GF-condition) If v(3GFy) = £, then v(p) = £, for any IGFy in Sy.

(witness condition) v(f) = t.

Definition 26 (~) We define a binary relation ~ on C(Sy) as follows. (F,H,U,v) ~>
(F'H U V') if and only if all the conditions below are satisfied.

(0) (F,H, Uy, (F,H U v € C(Sy). (See Def. 18 for C(Sy).)
(1) vi>v'. (See Def. 11 for>.)

13



Table 1: Admissible next states of (F, H, U, v).

When U = (---VU---) | witness cond. When U = (---3U---) | witness cond.
Yes No Yes No
JGF-cond. Yes | © & JGF-cond. Yes | © VRS
No| & & No| & h&

(2) (F',H' U, V') is one of the following forms

(F, 0, Next,(U), v')

(F, HU{v}, U, V")
(FU{v}, 0, Next,(U), v")
(Fu{v}, 0, U, o)

+223

where Table 1 specifies the suits (O, &, #, or &) depending on the conditions of

(F,H,U,v).

For example, if U is an JU-formula and (F, H, U, v) satisfies neither the IGF-condition

nor witness condition, then (F',H', U’,v") must be & or &.

Our counter-model is My = (C(Sy), ~», Vo) where V4 will be defined in the next sec-

Let © = (F,H,U,v) be a state of M. For each until-formula o QU g in Sy, if
v(a QU ) = t then we need a witness (or witnesses) (i.e., a state y such that
x ~> -+~ y and y satisfies 3). The designated formula represents top-priority
until-formula of which we seek a witness (or witnesses).

If x satisfies the witness condition, this means x itself is a witness of the
designated formula, and then we shift the top-priority in the next states ©
and &.

If x fails in the witness condition and the designated formula is o QU 3, then z
is a v*-state and v* implies both =3 and o QU (. In this case, as is explained
in Section 1, there is a last v*-state ' before (-states. Then the state < is
intended to be a next state of not x but a’.

If z fails in the 3GF-condition, then x is a v*-state and v* implies both ¢ and
VFG—p for some . In this case, as is explained in Section 1, there is a last
v*-state ’. Then the states # and & are intended to be next states of not x
but z’.

tion. M, is expected to have a property that each state (F,H,a QU 3,v) satisfies its
intended formula /\(VGﬂf*, (aANN\—H") QU 5, v*). According to this expectation, the
above Definition 26 can be intuitively explained as follows.

In the rest of this section, we show some important properties concerning the relation

(Fo, Ho, Up, vo) ~ (F1, H1, Ur, v1) ~ (Fa, Ha, Us, vg) ~»

in (C(So)
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Lemma 27 For any until-formula U in Sy and any c-valuation (F',H',U’",v") in C(Sy),
the until-formula Next, (U) is defined and it is different from U.

Proof Lemmas 6(2) and 23(1), and consistency of (F', H', U’,v") guarantee that o'(TVUT)
v'(T3UT) = t. This fact and the definition of Next, (U) imply this Lemma 27. QED

Lemma 28 (1) There is no infinite ~+-sequence ((F;, Hi, U, v;)(i=0,1,2..)) such that all
the designated formulas Uy, Uy, Us, ... are a same formula.

(2) Suppose IGFp € Sy. For any infinite ~-sequence ((F;, Hi, U, v;)(i=012..)), there
is a number k such that (Vi > k)(v;(3GFp) = £ implies v;(p) = £). In other
words, in any infinite ~-sequence, the IGF-condition (for AGFy) always holds after
somewhere.

Proof (1) Assume that an infinite sequence ((F;, H;, U;, Vi) (i=0,1,2..)) satisfies U; = Uy
for all . Lemma 27 and definition of ~~ show that each ~--step is defined by < or &, and
the witness condition always fails. Then Lemma 20 shows that either F; C F;i1 (in &)
or (F; = Fiyqp and H; € H,yq) (in ) for each i. However, such an infinite ~+-sequence
cannot exist because F; and H; are subsets of a finite set.

(2) Assume that an infinite sequence ((F;, H;, Us, vi) (i=0,1,2...)) contains infinitely many
c-valuations that fail in the 3GF-condition for 3GFp. Then it contains infinitely many &
or &. This means that F; C F;,4 for all i, and F; C F;,; for infinitely many ; however
this is impossible as (1). QED

Lemma 29 I[f a c-valuation (F,H,U,v) does not satisfy the AGF-condition, then IGFv* -

*

-v.

Proof By the premise, there is a formula ¢ such that 3GFy € v and ¢ € v,. Then
we have (1) 3GFp + —w*, and (2) v* F ¢, which implies (2*) 3IGFv* + 3GFy using
Lemma 4(4). The facts (1) and (2%) imply IGFv* F —v*. QED

Lemma 30 Let (F,H,U,v) be a c-valuation in C(Sy) and VX be a formula in So. If
v(VXe)) = £, then we have the following.

(1) There is a valuation v' such that v > ', V() = £, and the c-valuation Q is consis-
tent.

(2) If the designated formula U is an YU-formula and (F,H,U,v) does not satisfy the
witness condition, then there is a valuation v' such that v > ', v'(¢) = £, and the
c-valuation $ is consistent.

(8) If (F,H,U,v) does not satisfy the AGF-condition, then there is a valuation v’ such
that v > ', V'(¢) = £, and the c-valuation # is consistent.

(4) If the designated formula U is an YU-formula and (F, H,U,v) satisfies neither the
AGF-condition nor the witness condition, then there is a valuation v' such that vi>v’,
V(1) = £, and the c-valuation & is consistent.
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Proof (1) First we show

VGF™, vy I . (6.1)
Assume otherwise, then we have

VXVG—F™, YXvg v = VX2,

and the c-valuation (F, H, U, v) would be inconsistent (i.e., VG—F*, (w\/\{—'H*}) QU B, v, F
\ v where U = a QU [3) because of the facts

VG (v;") F YXVG—(v;*) for all v; € F (" Lemma 3)
and
VX € vs (premise of the lemma) and VXvyg vy C vs. (6.2)

Now the fact (6.1) and Lemma 21 imply existence of the required valuation v’ such that
Vg pyx C V', ¥ € Vg, and VG-F* vy I \/ v's. (Q is consistent because Next, (U) € v's.)
(2) Let U = VU 3. We define a formula vy by v = a A A =H*, and we will show

VG=F", (YA )VU B, vepox 1 9, (6.3)

which implies the existence of the required valuation v" as (1). Note that the failure of
the witness condition means

ﬁ € Vs. (64)

Now assume that the claim (6.3) does not hold, then we have the following derivation.

VG-F*, (YA-0")VU B, vgpux F 2. (assumption)
VYXVG-F*, VX ((yA=0*) YU B), VXvg v = VX0

VG-F*, BVVYX((yA-0*)VUB) + —w. (" (6.2),(6.4), and Lemma 3)
VG-F", AVUB ot (". Lemma 7)

This contradicts the consistency of (F,H, U, v).
(3) As the proofs of (1) and (2), we show

VG-F", VG", vy 9.

Assume otherwise, then we have the following derivation.

VGF", V6", vy b 1. (assumption)
YXVG-F*, WXYG—0*, WXugpe F VX0,

YXVG-F*, YXVG—* F —w. (. (6.2)) (1)
YXVG-F* F v* — IXTIFv™.

VG-F* F VG(v" — IXIFv™). (".- Lemma 3)

VG-F* F v* — JGFv*. (*.- 3GF-induction axiom)

VG-F* F . (" Lemma 29)
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This contradicts the consistency of (F,H, U, v).
(4) Let U = VU 3. As the above proofs, we show

VGF™, VGw*, aVUS, vyw 7 1.

Assume otherwise, then we have the following derivation.

VG-F", VGw*, aVUB, vyw F . (assumption)
YXVGF*, YXYG-0*, YX(a WU B), YXvgp - VX,

VXVG-F*, YXVG*, aVU B, VXuy vy E BV VXY (".- Lemma 6(4))
VXVG-F*, YXVG—* F —w. (. (6.2),(6.4) and Lemma 20(3))

Here we reach the step (f) of the proof of (3), and the remaining steps are exactly same
as (3). QED

Lemma 31 Let (F,H,U,v) be a c-valuation in C(Sy). If U = o 3U B, then we have the
following.

(1) If (F,H,U,v) does not satisfy the witness condition, then there is a valuation v’
such that v>v', v'(a3U B) =t and the c-valuation < is consistent.

(2) If (F,H,U,v) satisfies neither the IGF-condition nor the witness condition, then
there is a valuation v' such that v > v, v'(a3UB) = t and the c-valuation & is
consistent.

Proof (1) Put v =a A A—H*. Similarly to the proof of Lemma 30(2), we show
VG-F*, (yA—w")3U B, vgwi, «FUB L.
Assume otherwise, then we have the following derivation.

VG-F*, (yA—w")3U B, vgwi, «FUB F L. (assumption)
VG-F", vepox, (YA0™)IUB F L. (o (yA—0")FU B a3U B, by Lemma 4(2))
VXVG—F*, VXvy v, IX((yA—0*)3UB) F L.

VG-F*, BV HX((’)//\_'U*) JU 5) Fo=0* (0 YXug e € v, B € v¢, and Lemma 3)
VG-F*, y3aU B F - (".- Lemma 7)

This contradicts the consistency of (F,H,a3U 3, v).
(2) Similarly to the proof of Lemma 30(4), we show

VG=F", VG—w*, a3U S, vy, adUS I/ L.

Assume otherwise, then we have the following derivation.

VG-F", VGw*, vy, UGB F L. (assumption)
YXVYGF*, WXYG0", VXvg v, IX(@3UB) - L.

YXVGAF*, YXYG—0*, VXug e, aTUB - B. (.- Lemma 6(4))
YXVG—F*, YXVG—v* + —w*. (. VXvgpy C v, B € ve, and Lemma 20(3))

Here we reach the step (f) of the proof of Lemma 30(3), and the remaining steps are
same. QED
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7 Proof of completeness

As is mentioned in the previous section, our counter-model My for g is (C(Sy), ~, Vo)
where C(Sy) and ~ are already defined. Here we define the mapping Vy : C(Sy) x
PropVar — {t,f} as follows.

Vo(F, ’, U,v), p) = {Zﬁi?trary Ei Z zz;

Lemma 32 (Main Lemma) The following hold for any formula ¢ in Sy and any c-
valuation (F,H,U,v) in C(Sy). (1) If v(e) = t, then Mo, (F,H,U,v) = . (2) If
v(p) = £, then Mo, (F,H,U,v) I~ ¢.

Proof By induction on ¢ using the Lemmas 33, 34, 37, 39, and 40 below. QED

Lemma 33 (Truth condition for T,—,A) Let (F,H,U,v) be a c-valuation in C(Sy),
and =) and Y1 A\ o be formulas in Sy.

(1) v(T) =

(2) If v(—)) = t, then v(¢)) = £.

(3) If v(=p) = £, then v(¢) = t.

(4) If v(¥1 A2) = %, then v(ihr) = v(2) =

(5) If v(ey A ibe) = £, then v(Yy) = £ or v(1he) =

Proof (1) If v(T) = £, then the c-valuation (F,H, U, v) would be inconsistent because
of the fact = T and the definition of the consistency (Prop. 17). Proofs of (2)-(5) are

similar using the facts (=, v F L), (F (=) V), (Y1 Abe E 1), (01 A by - 1hy), and
(Y1, 2 b1 A iby). QED

Lemma 34 (Truth condition for VX) Let (F,H,U,v) be a c-valuation in C(Sy) and
VXY be a formula in Sy.

(1) Ifv(VXp) = t, thenv'(¥) = t for any c-valuation (F',H', U’ ,v") such that (F, H,U,v) ~>
(F'H U V).

(2) If v(VXv) = £, then there is a c-valuation (F',H',U',v') such that (F, H,U,v) ~»
(F',)HL U V) and o' () = £.

Proof By the definition of ~» and Lemma 30 QED

Lemma 35 (Seriality) The relation ~ is serial; that is, for each c-valuation (F, H,U, v)
in C(Sy), there is a c-valuation (F',H', U’ v") such that (F, H,U,v) ~ (F',H' U v').
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Proof We have YX—T € Sy (Lemma 23) and v(VX—T) = £ (*. otherwise (F,H, U, v) is
inconsistent by the axiom D). Then Lemma 34(2) implies the existence of (F', H',U’,v').
QED

Lemma 36 Suppose (F,H,U,v) € C(Sy) and aVU B € Sy. If v(aVU () =1 and v(a) =
t, then there is a c-valuation (F',H',U',v") such that (F, H,U,v) ~ (F',H U v") and
V(aVUB) =0 (6) = £.

Proof By the definition of consistency and Lemmas 6(1), 6(5), and 34(2) (for ¢ =
aVU (). Note that VX(a VU ) € Sy by Lemma 23. QED

Lemma 37 (Truth condition for VU) Let (Fy, Ho, Uy, vo) be a c-valuation in C(Sy)
and aVU 3 be a formula in Sy.

(1) Ifvo(a VU B) = t, then for any infinite ~-sequence ((F;, Hi, U, vi) i=0,1 2...)) 1 C(So)
there is a number k > 0 such that vi(8) =t and (Vi < k)(vi(a) = t).

(2) If vo(aVU B) = £, then there is an infinite ~-sequence ((Fi, Hi, Ui, ;) (i=01,2...)) i
C(So) that satisfies ((vi(68) = £) or (Ji < k)(vi(e) = £)) for any k > 0.

Proof (1) Given ((F;, H;, Ui, vs)(i=0,1,2...)), Lemmas 6(3) and 6(4), the definitions of con-
sistency and > imply the fact:

(Vi)((vi(aVU B) =t and v;(8) = £) =
(vi(@) = t, v;(VX(aVUB)) = t, and v (aVU 3) = t)>

(Note that VX(aVU3) € Sy by Lemma 23.) We have vo(awVU ) = t by the premise,
then the above fact implies either (Vi)(vi(aVUB) = t and v;(8) = £) or (3k)(vk(3) =
t and (Vi < k)(v;(a) = t)). We show that the former is impossible; this completes
the proof of (1). Assume (Vi) (v;(a VU 3) =t and v;(8) = £), then Lemma 28(1) and the
definitions of “Next” and “~" imply that there exists a c-valuation (Fy, Hy, Uy, vx) whose
designated formula Uy is VU 3. Because this c-valuation fails in the witness condition
(" assumption), the next c-valuation (Fpi1, He+1, Upt1, Vg+1) must be & or &, and Uyyq
is still VU (. Iterating this argument, we have Uy, = aVU 3 for all x; this contradicts
Lemma 28(1).

(2) We show how to define an infinite ~-sequence ((F;, H;, Us, Vi) (i=0,1,2...)) such that
each c-valuation (F;, H;, U;,v;) satisfies at least one of the following conditions:

(1) vi(aVUB) =v;(B) = £.

(I 37 <i)(vj(a) =1).

The first c-valuation (Fo, Ho, Uy, vo) satisfies the condition (I) because of vy(aVU 3) = £
(premise), Lemma 6(1), and the definition of consistency. Suppose a sequence (Fy, Ho,
Up, vo) ~ «++ ~> (Fp, Hp, Uy, vy,) is already defined; then we define the next c-valuation
(Frs1s Hps1, Unga, ng) as follows: If vj(a) = £ for some j < n, then the next node is
an arbitrary c-valuation obtained by Lemma 35; otherwise, (F,, H,, Un, v,) satisfies the
conditions “v,(a) = t” and (I), and the next node is obtained by Lemma 36. QED
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Lemma 38 Let (F,H,U,v) be a c-valuation in C(Sy) and a3U B be a formula in Sy.

(1) If v(a3UB) =t and v(B) = £, then there is a c-valuation (F',H',U',v") € C(Sp)
such that (F, H,U,v) ~ (F' H U V') and v'(a3U B) = t.

(2) If the designated formula U is a3U B and v(B) = £, then there is a c-valuation
(F',H  a3U B0 € C(Sy) such that (F,H,a3US,v) ~ (F H a3US,v) and
V(a3UB) = t.

Proof (1) VX=(a3Up) € Sy by Lemma 23; then existence of the required c-valuation
is guaranteed by the definition of consistency and Lemmas 6(4), 33(3), and 34(2). Note
that IX(a3U ) = =VX—(a3U B). (2) By Lemma 31. QED

Lemma 39 (Truth condition for 3U) Let (Fy, Ho, Uy, vo) be a c-valuation in C(Sy)
and o 3U 3 be a formula in Sy.

(1) If vo(a U B) = t, then there is an infinite ~-sequence ((F;, Hi, U, v;) (i=0,1,2...)) in
C(Sy) that satisfies vi(5) =t and (Vi < k)(v;(a) = t) for some k > 0.

(2) Ifvo(a3U B) = £, then for any infinite ~>-sequence ((F;, Hi, U, v;) i=0.1 2...)) 1 C(Sy)
and any k > 0, we have vg(B) = £ or (i < k)(v;(a) = £).

Proof (1) We define ((F;, H;, Ui, v3) (i=0,1,2..)) consisting of three parts. The first part is
(Fo, Ho, Uo, vo) ~ (F1, H1,Up,v1) ~> « -~ (Foy Hay Ug, v4) where (Vi < a)(Ui # o 3U S,
vi(@3UB) = t, and v;(B) = £), va(a3UP) = t and (U, = a3US or v,(f) = t).
This part is constructed from (Fo, Ho, Uy, vg) by iterated applications of Lemma 38(1).
The existence of such a number a is guaranteed by Lemma 28(1) and the definition
of “Next”. The second part is (Fu, Ha, U, Va) ~ (Fai1, Har1, Uss1, Var1) ~> -+ ~
(Fr, Hi, Uy, vg) where (a < Vi < k;)(UZ = «a3UQG, v(«3UP) = t, and v;(B) = f) and
ve(B6) = t. This part is constructed from (F,, H,, Uy, v,) by iterated applications of
Lemma 38(2). The existence of such a number k is guaranteed by Lemma 28(1). The
third part (Fy, Hk, Uk, vk) ~> (Frs1, His1, Ugs1, V1) ~> -+ is constructed by infinite
iteration of Lemma 35. The condition (Vi < k)(v;(c) = t) is guaranteed by the definition
of consistency, the fact (Vi < k)(v;(a3U3) = t and v;(f) = £), and Lemma 6(3).

(2) Given ((F;, Hi, Ui, vi)(i=0,1,2..)), Lemmas 6(1) and 6(5) and the definition of con-
sistency imply the fact:

(Vi) (vi(ozElU B =f = (Ui(ﬁ) — £ and (vi(a) = £ or v;(¥X—~(a3U B)) ))
(Note that VX=(a3U B) € Sy by Lemma 23 and that IX(a3U 5) = =VX=(a3U 3).) We
have vo(av3U ) = £ by the premise, hence the required condition (Vi) (v;(8) = £ or (3j <

£ (-

i)(vi(@) = £)) holds by the above fact and “v;(VX—(a3U 3)) =t = v;41(a3IU3) =
the definition of > and Lemma 33(2)).
QED

Lemma 40 (Truth condition for 3GF) Let (Fy, Ho, Uy, vo) be a c-valuation in C(Sy)
and AGFY be a formula in Sy.
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(1) If vo(3GFY) = t, then there is an infinite ~-sequence ((F;, H;, Ui, vi)(i=0,1,2..)) i
C(Sp) such that (Vi)(35 > i)(v;(¢) = t).

(2) If vo(3GFy) = £, then for any infinite ~-sequence ((Fi, Hi, Ui, v3) i=0,1,2...)) in C(Sp)
there is a number i such that (Vj > 1)(v;(y) = £).

Proof (1) The formula 3F(¢» A IX3GFv)), which is equal to T JU(y A =VX-3GFe)), is in
So by Lemma 23. Hence the definition of consistency, the fact vo(3GFy) = t (premise),
and Lemma 8(3) imply vo(T IU(yp A -¥VX-3GFy)) = t. We apply Lemma 39(1) and we
get a finite sequence (Fo, Ho, Ug, vg) ~= -+~ (F',H' U’ ') (the “first and second parts”
in the proof of Lemma 39(1)) such that v'(¢) A =¥X-3GFy) = t. Then Lemmas 33 and
34(2) imply that v'(¢)) = t and that there is a c-valuation (F”, H"”,U” v") such that
(FH L U W) ~ (F'H, U 0") and 0" (3GFy) = t. Tterating this argument, we gat the
required infinite sequence ((F;, H;, Us, vs) i=0,1,2...)) -

(2) Given ((F;, H;, Ui, vi)(i=0,1,2..)), Lemmas 8(2) and 33 and the definitions of consis-
tency and > imply the fact:

(Vi) (vi(acw) —f = (0(~YX~3GFy) = £ and v;41(IGFY) = f))

(Note that IX3GFy is equal to =VX—-3GFe and is in Sy by Lemma 23.) This implies
(Vi)(v;(3GFy) = £) because of the premise vo(3IGFy)) = £. Then the existence of the
required number 7 is guaranteed by Lemma 28(2). QED

Finally the main result of this paper is proved:

Theorem 41 (Completeness of Hgcrr) Mg is a finite model, and Mg,z = o for
some state x. (po is a formula, fived at the beginning of Section 6, such that t/ g, and
My was defined at the beginning of this section.)

Proof Lemma 21 shows that there is a valuation v of Sy such that v, /' \/ vz and v(pg) =
f. Then put z = (0,0, TYUT,v); x is consistent by the definition of consistency and
Lemmas 6(2) and 23(1), and we have Mg,z [~ ¢y by the Main Lemma 32(2). Finiteness
and seriality of M is guaranteed by Lemmas 19 and 35. QED
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